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Chapter 1

Introduction

1.1 Motivation

Quantum field theory (QFT) has been the basis for much of our understanding of
modern physics. It explains the behavior of elementary particles all the way to the
expansion of the Universe. It is the language in which many laws of Nature can be
written. However, most of our understanding of QFT is derived from perturbative
expansions or numerical analysis. This means that we still have much to explore if
we want to understand the world of non-perturbative phenomena.

The pursuit of exact results for fully interacting QFT led to the development of
supersymmetry, topological field theories, conformal field theories, integrable sys-
tems, and many more. This is because in these simpler or more symmetric setups,
it is possible to obtain explicit formulas for the partition function and correlation
functions. Having explicit formulas makes it easier to see new symmetries, which
are not apparent from the Lagrangian. They also sometimes reveal hidden dualities
between completely different theories.

The two examples of exactly solvable systems that we will be investigating are
3d N “ 2 supersymmetric gauge theory [1–4] and 3d Chern-Simons (topological)
theory (CS) [5–7]. Although these theories are completely different, we will see that
Wilson loops in Chern-Simons theory are dual to a 3d supersymmetric gauge theory
for certain values of their couplings.

This duality was first discovered by Ooguri and Vafa [8] and was further devel-
oped by Labastida and Mariño [5] where they derived it in the context of string theory
and M-theory. Essentially, they constructed two M-theory setups. In the first, its
effective description is the Wilson loop in Chern-Simons theory, whereas the effective
description of the second counts BPS particles in the 3d N “ 2 theory. The de-
generacies of BPS states associated with Wilson loops in Chern-Simons theory are
named Labastida-Mariño-Ooguri-Vafa (LMOV) invariants, after they conjectured
that these numbers are always integers.

The above M-theory construction is very reminiscent of the 3d-3d correspondence
[9, 10]. This correspondence assigns a three-manifold to a 3d N “ 2 theory. Al-
though both dualities involve the same 3d theor and remarkably similar string theory
setups, they are distinct. For example, in the 3d-3d correspondence, we compute
the Chern-Simons partition function on the knot complement1, while in the LMOV

1The knot complement is the three-manifold we construct by removing a tubular neighborhood
(thickened knot) around the knot K from the three-sphere, S3zT 2

K.
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framework we calculate Wilson loops in Chern-Simons theory on the three-sphere.
The interested reader may consult [11–14] for current research on those topics.

Thanks to Witten’s work [15], we know that Wilson loops in 3d Chern-Simons
theory on the three-sphere are knot invariants for any gauge group and represen-
tation [16]. For instance, SUp2q in the fundamental representation produces the
famous Jones polynomial, whereas SUpNq again in its fundamental representa-
tion yields the Hoste, Ocneanu, Millett, Freyd, Lickorish, Przytycki, and Traczyk
(HOMFLY-PT) polynomial [17, 18]. The dependence on N is encoded in an addi-
tional parameter. This makes HOMFLY-PT a two-variable polynomial, which in the
case N “ 2 reduces to the Jones polynomial. There is another polynomial invariant
that encodes the previous two known as superpolynomial [19]. The superpolynomial
is defined as Poincare characteristic of HOMFLY-PT homology, or in more physical
terms, as Wilson loops of (less rigorously defined) refined Chern-Simons theory.

There are two advantages of linking Chern-Simons theory to knot invariants.
First, because Chern-Simons is a gauge theory, we can study Wilson loops for

various representations. In other words, if we choose symmetric representations of
SUpNq, we are able to construct an infinite sequence of knot invariants labeled by
the highest weight states (Young tableaux). Given that representations in gauge
theory are referred to as colors, these infinite families of knot invariants are called
colored Jones, HOMFLY-PT or superpolynomials, respectively.

The second advantage is that we can study the large color limit of the theory.
The leading contribution of the large color asymptotic expansion is encoded in an
algebraic curve named A-polynomial. The A-polynomial controls the entire spectrum
of classical BPS states and plays an analogous role to the Seiberg-Witten curve for
the 4d N “ 2 theory [20, 21].

Nevertheless, the A-polynomial is much more than just an ordinary algebraic
curve. It can be reinterpreted as a classical Hamiltonian system that can be quan-
tized [22]. The result of this quantization is the quantum A-polynomial. That is, a
linear operator that produces a Schroedinger-like equation (recursion relation) for
the sequence of colored knot invariants [23, 24]. Mathematically, the A-polynomial,
for N “ 2, is defined as an SL2pCq characteristic variety of the knot complement
[25]. Analogously to the previous knot polynomials, the A-polynomial can also be
generalized to the SUpNq case with an extra parameter encoding the N dependence
[26]. From there, we may further generalize it to the super-A-polynomial [27]. A
very important knot invariant is also encoded in the A-polynomial, namely the hy-
perbolic volume of the knot complement. This is at the heart of the long-sought-after
volume conjecture, which states that the hyperbolic volume of a knot is the leading
term in the asymptotic expansion of colored Jones polynomials [28, 29].

A great leap forward in our understanding of the relation between Chern-Simons
theory and 3d N “ 2 theory occurred recently after noticing that colored knot in-
variants are special cases of a family of q-series named quiver series [30, 31]. These
q-series arise naturally in the field of quiver representation theory [32–35]. A quiver
is simply a directed graph whose nodes represent vector spaces and the arrows repre-
sent the morphisms between them. This field aims to study and enumerate distinct
classes of isomorphisms in certain families of vector spaces. These enumerative in-
variants are called motivic Donaldson-Thomas invariants. They were conjectured
by Kontsevich and Soibelman [36], and later proven by Efimov [37], to be positive
integers.
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The above relation is called knots-quivers correspondence, and it allowed for the
first time to prove the integrality of the LMOV invariants for various infinite families
of knots [31]. Plus, it yields new explicit formulas for colored superpolynomials,
together with a rigorous constructive definition of colored superpolynomials. In
addition, it was further discovered that quivers can be directly related to the 3d
N “ 2 theory in more generality than knots [38–41]. Meanwhile, we stress that only
certain quivers can be associated with knots and for specific values of the matter
parameters.

The main goal of this thesis is two-fold.
First, in the context of knots-quivers correspondence, we show that, in general,

there exists a large family of quivers that can be associated to the same knot [42].
We then find symmetry transformations that relate the equivalent quivers. Phys-
ically, this corresponds to a large web of dualities between different parameters of
the 3d N “ 2 theory. To illustrate the rich combinatorial structure of the equivalent
quivers, we represent them using a colored graph, which we call colored symmetry
graph. The nodes of the symmetry graph are equivalent quivers and the edges stand
for transformations relating equivalent quivers. Finally, we explain how colored
symmetry graphs can be constructed from a purely combinatorial object named
permutohedra, that is why we also refer to them as permutohedra graphs. Permu-
tohedra are geometric representations of the permutation group in the form of a
convex polytope [43]. This brings a surprising new combinatorial feature to knots
and BPS particles.

Second, given the crucial role the A-polynomial plays in knot theory, we extend
the concept from knots to the more universal case of quivers, and we introduce
objects that we call quiver A-polynomials [44]. To do so, we derive a set of recursion
relations for the coefficients of the quiver series and express them in terms of a
set of linear operators in several variables 2.We demonstrate that it is possible to
reduce the set of linear operators to a single linear operator that we refer to as the
quiver quantum A-polynomial. The reason being that in the case where the quiver
is associated to a knot, after a change of variables, it reduces to the quantum A-
polynomial of a knot. We then obtain the classical quiver A-polynomial from the
quantum one as the leading contribution of the asymptotic expansion of the quiver
generating function.3

We expect this thesis to be a valuable contribution to the growing body of
literature on knot theory, quiver representation theory, and the community of exact
results. We also would like this to serve as a comprehensive review and introduction
to the topic together with state-of-the-art results.

The results of this thesis are also presented in 4:

• J. Jankowski, P. Kucharski, H. Larraguível, D. Noshchenko and P. Sułkowski.
Permutohedra for knots and quivers. Phys.Rev.D 104 (2021) 086017.

• H. Larraguivel, D. Noshchenko, M. Panfil and P. Sułkowski, Nahm sums,
quiver A-polynomials and topological recursion. J. High Energy Phys. 2007,
151 (2020).

2These are analogous to the Schwinger-Dyson equations for the partition function [45].
3In [44] we also explored the inverse procedure of starting from the classical quiver A-polynomial

and derive the quantum one using topological recursion.
4These two references above are cited in the text as [42] and [44], respectively. During my

bachelor degree I also coauthored a paper [46], which is unrelated to the content of this thesis.
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1.2 Outline
The organization of the thesis is as follows.

In chapter 2 we review the necessary concepts and background that we will
use throughout the thesis. We begin by presenting the 3d N “ 2 gauge theory
Lagrangian and explaining how it reduces to a q-series. Then, the analogous q-series
can be seen as a generating function for Wilson loops in 3d Chern-Simons theory.
Next, for the mathematical background, we discuss in more detail how the quiver
q-series naturally arises in quiver representation theory. We also carefully explain
the appearance of knot invariants in 3d Chern-Simons theory.

We finish the first chapter by presenting the M-theory formulation of the duality
between 3d N “ 2 gauge theory and 3d Chern-Simons theory, or knots-quivers
correspondence.

In chapter 3 we focus on the symmetries and dualities of the quiver partition
function for quivers associated with knots via the knots-quivers correspondence. We
present various examples in which we find a plethora of quivers that we can assign
to each knot and explain the appearance of the permutohedra in detail. We give
the physical interpretation as a monumental web of dualities between large families
between distinct 3d N “ 2 SUSY gauge theory. We find a baffling number of
equivalent quivers for various knots and we conjecture that it grows factorially with
respect to the number of crossings of the knot diagram.

Later, in chapter 4 we introduce the concept of a quiver A-polynomial, we derive
the analogous of the Schwinger-Dyson equations for the quiver series and obtain the
quantum and classical A-polynomials for various quivers. We also determine various
classical quiver A-polynomials whose explicit quantum A-polynomials have yet to
be found. Finally, we classify the quiver A-polynomials according to their genus.

In chapter 5 we summarize our key results along with their main implications
in the framework of the knots-quivers correspondence. Moreover, we discuss the
challenges we find in each of our approaches and state the main challenges behind
our conjectures. Finally, we comment on future research directions and list open
questions related to our research.
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Chapter 2

Background material

In this chapter, we will provide a quick overview of the physical and mathematical
concepts this thesis builds upon. We begin by introducing the Lagrangian of 3d
N “ 2 supersymmetric gauge theory. Next, we argue how the partition function for
that theory reduces to a q-series. This particular q-series appears in the context of
quiver representation theory, where it is referred to as the quiver generating series of
the Donaldson-Thomas invariants. We do not expect the reader to be familiarized
with quiver representation theory, so we give a brief explanation of what quiver
representation theory is, and how the Donaldson-Thomas invariants are encoded in
the quiver series.

Then we switch gears and present the relevant results we will be using from
the 3d Chern-Simons theory. Having discussed those concepts, we will use them to
introduce the colored HOMFLY-PT polynomials, which are a sequence of polynomial
invariants of knots.

Finally, we will see that from topological string theory arises the conjecture that
the partition function of 3d N “ 2 gauge theory is dual to the generating function
of colored HOMFLY-PT polynomials. We will see how to interpret this duality as
a geometric transition between strings propagating on the deformed conifold, and
strings propagating on the resolved conifold.

2.1 Supersymmetric gauge theories in 3d

The first theories in our list are the 3d N “ 2 SUSY gauge theories. These are
a marvelous source of exact results and insights into non-perturbative physics [47].
They enjoy a rich web of infrared dualities (e.g. level-rank duality, mirror symmetry,
Aharony duality, particle-vortex duality [1, 47, 48]). They describe the low-energy
physics of certain brane configurations in topological string theory [10]. They can
be studied from the point of view of AdS4{CFT3 correspondence [49–51]. They
have deep connections to quantum integrable systems and 2d CFTs and references
therein [1]. Most importantly, for us, they are the 3d N “ 2 part of the 3d-3d
correspondence. This builds a bridge from 3d N “ 2 gauge theories with topological
quantum field theories and further distant areas of mathematics, such as topological
invariants of 3d manifolds and modular forms. This at the same time relates their
BPS spectra to Gromov-Witten invariants, Donaldson-Thomas invariants and lattice
path counting [40, 41, 52].

For all the above reasons and more, we decided to kick off by reviewing the pe-
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culiar physical effects that occur in 3d gauge theories (topological charges, parity
anomaly, particle-vortex duality, and infrared dualities)1. Then, we will go one step
further and present the SUSY version. We will review the field content of the super-
multiplets, the algebra of supercharges and the SUSY transformations that leave the
Lagrangian invariant. We will briefly comment on how SUSY localization ensures
that the semiclassical approximation is exact. Finally, we will present the quiver
series whose leading (classical) contribution in the asymptotic expansion (WKB)
coincides with the SUSY theory. This leads to the conjecture that such quiver series
is the full quantum partition function, not just in the classical limit.

Our review of 3d gauge theories will follow a logic similar to that presented in
Tong’s great lectures on gauge theory [7, Sec 8]. Regarding the SUSY theory, our
derivation follows Closset and Kim’s wonderful introductory notes on 3d N “ 2
gauge theories [1, Sec 2 & 4]. Lastly, for the reader who wishes to learn more about
state-of-the-art research between 3d N “ 2 theories and quiver series, we strongly
recommend the original papers of Ekholm, Kucharski and Longhi [38, 39].

2.1.1 Supersymmetric multiplets

We begin by presenting the 3d N “ 2 theories on which we will work. We will in-
troduce their supersymmetric multiplets and construct the explicit Lagrangian. We
will encounter three main peculiarities when working with gauge theories in three
dimensions compared to the others. These are the Parity anomaly, topological sym-
metries and the particle vortex duality. We will briefly explain their appearance and
what they imply for our models. See [1, 7, 53] for a more detailed and pedagogical
explanation.

We will only consider the 3d N “ 2 SUSY theories in R2 ˆ S1. Our convention
for the spinor matrices is as follows

pγµq
β

α “

"

σ3
“

„

1 0
0 ´1

ȷ

,´σ1
“

„

0 ´1
´1 0

ȷ

,´σ2
“

„

0 i
´i 0

ȷ*

, (2.1.1)

where σ1,2,3 are the Pauli matrices and α, β “ ˘ are the spinor indices, which we
can rise or lower with ϵαβ. We can easily see that they are a representation of the
Clifford algebra tγµ, γνu “ δµν thanks to the property γµγν “ δµν ` iϵµνργρ.

The careful reader will quickly notice that in 3d the gamma matrices (2.1.1) are
actually half the size of the more familiar ones in 4d. In 4d, for massive free fermions,
we have four particles, two particles with spins ˘1{2 and two antiparticles with
spins ˘1{2. CPT symmetry is preserved because we can interchange particles and
antiparticles. Additionally, P (parity) is also a symmetry because we can interchange
(anti)particles with opposite spins.

On the other hand, for massive free fermions in 3d, we have half the number of
particles, just a particle and antiparticle. So CPT is a symmetry, but P is broken.
When coupled to an Abelian gauge field, this will lead to an anomaly, which in turn
shifts one of the coupling constants of our theory.

Now that we have the spinor matrices, we can use them to write the SUSY
algebra. We have four real supercharges Qα and sQα, which form a representation of
the N “ 2 SUSY algebras with the following anticommutation relations

tQα, sQβu “ 2γµαβPµ ` 2iϵαβZ, tQα, Qβu “ t sQα, sQβu “ 0, (2.1.2)
1All the theories we will be considering are Abelian gauge theories
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where Pµ is the 3d momentum and Z is a real central charge.
For a N “ 2 gauge theory, there are two supermultiplets:

1. Vector multiplet V which transforms under the adjoint representation.

2. Chiral multiplet Φ in a (possibly reducible) representation R of GGauge.

We will be concerned only with Abelian gauge theory; or, in other words, the
gauge group is of the form

GGauge “

m
ź

i“1

Up1qg,i, (2.1.3)

for some m P N.
This means that we have m vector multiplets V i with i “ 1, . . . ,m in the Wess-

Zumino gauge, which takes the form of

V i
“ pσi, Ai

µ, λ
i, sλi, Di

q, (2.1.4)

where σi are real vector fields, Ai
µ are Abelian gauge fields, λi, sλi are gaugini and

Di are auxiliary fields.
These fields transform under SUSY as

δσj
“ ´ ζ isλj ` sζjλj, (2.1.5a)

δAj
µ “ ´ i

`

ζjγµsλ
j

` sζjγµλ
j
˘

, (2.1.5b)

δλj “iζjDj
´ iγµζj

ˆ

Dj
µσ

j
`

1

2
ϵµνρF

νρ,j

˙

, (2.1.5c)

δsλj “ ´ isζjDj
` iγµsζj

ˆ

Dj
µσ

j
`

1

2
ϵµνρF

νρ,j

˙

, (2.1.5d)

δDj
“ζjγµDj

µ
sλj ´ sζjγµDj

µλ
j, (2.1.5e)

where we replaced the i superindex by j to avoid confusion with the imaginary unit
i and j is not contracted. SUSY parameters ζj and sζj are generic constant spinors
in R2ˆS1. In addition, F j

µν “ BµA
j
ν ´BνA

j
µ are the field strengths and Dj

µ “ Bj
µ´iAj

µ

are the gauge covariant derivatives.
Next, the matter fields lying inside the chiral multiplet are

Φi
“ pϕi, ψi, F i

q, (2.1.6)

where ϕi are complex scalar fields, ψi are Dirac spinors and F i are auxiliary fields.
These fields transform under SUSY as

δϕj
“

?
2ζjψj, (2.1.7a)

δψj
“

?
2ζjF j

`
?
2iσj

sζjϕj
´

?
2iγµsζjDj

µϕ
j, (2.1.7b)

δF j
“ ´

?
2iσj

sζjψj
` 2iσj

sζjsλj ´
?
2isζjγµDj

µψ
j. (2.1.7c)

We also have the anti-chiral multiplet sΦi “ psϕi, sψi, sF iq, which is the CPT con-
jugate of Φi. sΦi takes values in the conjugate representation sR and its SUSY trans-
formations are analogous to (2.1.7).

Finally, the SUSY transformations of Φ and sΦ imply the SUSY algebra

δ2ζj “ δ2
sζj “ 0, tδζj , δsζju “ ´2iζjγµsζjDj

µ ´ 2iζjsζjσj, (2.1.8)

where we now see that the central charges are Zj “ σj.
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2.1.2 Topological and global symmetries

In d “ 3`1 Abelian gauge theories, we have two conserved currents. The first is the
electric current, which is the result of gauge invariance and acts on Wilson lines. The
second one is the magnetic current (formed out of the dual-field strength), which
is a result of the Bianchi identity on the dual-field strength and it acts on ’t Hooft
lines. These two are examples of generalised symmetries, also known as higher form
symmetries and the operators they act on are non-local2.

In d “ 2`1 EM we can construct analogous symmetries. We have the conserved
current for the dual field strength

Jµ
Top “

1

4π
ϵµνρFνρ, QTop “

ż

R2

d2xJ0
Top “

1

2π

ż

d2xB, (2.1.9)

which again is conserved thanks to the Bianchi identity. The normalization factor
1{4π is such that the charge QTop takes integer values. This charge is associated
with a topological symmetry Up1qTop. This symmetry acts on monopole operators,
which is different from the 4d case, because these are actually local operators [7, sec
8].

The gauge theories we are considering have continuous global symmetries. It is
of advantage to promote the global symmetries to local ones by introducing external
fields (background fields) 3, see [54, Chap 16] for an extensive treatment of the topic.

GGauge “

m
ź

i“1

Up1qg,i. (2.1.10)

As we shall see, the presence of Abelian symmetries in 3d theories is different
from that in other dimensions. This is because in the classical case they will give
rise to the mass parameters mE called real mass. In the quantum case, these real
masses will lead to anomalies which, in turn, induce effective couplings.

We can group the external fields into a single vector multiplet

V i
pEq “ pσi

pEq, A
i
µpEq, λ

i
pEq,

sλipEq, D
i
pEqq. (2.1.11)

However, we do not want these external sources to break SUSY. Therefore, the
condition that they are compatible with SUSY transformations imposes the following

σi
pEq “ mi

E, Ai
pEq “ δλipEq “ δsλipEq “ Di

pEq “ 0, (2.1.12)

where mi
E P R are constants called real masses. The name masses is because, as

we will see in the next subsection, when we vary the action w.r.t. external fields
and substitute its equations back into the chiral Lagrangian (2.1.19), they effectively
become masses σi “ mi

E for the complex scalars ϕ and the spinors ψ

Li
m “ sϕi

`

mi
E

˘2
ϕi

´ i sψimi
Eψ

i. (2.1.13)

In our particular example, it happens that all global symmetries are also topolog-
ical symmetries Up1qt,i. However, this is not the case when we consider non-Abelian
gauge fields, e.g., GGauge “ UpNqg. This is because the global symmetries still have
a non-trivial center Up1qg P UpNqg, but they do not lead to a topological symmetry.
This is easily seen since the field strengths of a non-Abelian gauge field do not satisfy
the Bianchi identity as in the Abelian case (2.1.9).

2They are non-local because they are defined on a curve C P R3 rather than a point x P R3.
3This has nothing to do with the auxiliary fields.
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2.1.3 The Super Lagrangian

Without further ado, let us dive into the 3d N “ 2 SUSY gauge theories on R2 ˆS1.
The usual derivation of the Lagrangian for this theory is by dimensional reduction
from a 4d N “ 1 SUSY gauge theory [47, 48]. Here we will start directly from the
Electromagnetism-Chern-Simons-matter Lagrangian in 3d without any superpoten-
tial. The Lagrangian in its most general form consists of three terms.

The 3d N “ 2 SUSY Lagrangian can be written as

LGeneral “

m
ÿ

i“1

«

Li
EM ` Li

CS `
ÿ

j‰i

Li‰j
CS ` Li

ΦsΦ

ff

. (2.1.14)

First, the SUSY Electromagnetic Lagrangian terms are of the form

Li
EM “

1

e20,i

„

´1

4
F i
µνF

µν,i
`

1

2
Di

µσ
iDµiσi

´ isλiγµDi
µλ

i
´

1

2
Di2

ȷ

, (2.1.15)

compared to (2.2.1) we see the appearance of three additional terms that supersym-
metrize it.

Next, we have SUSY Abelian Chern-Simons Lagrangian

Li
CS “

ki
4π

“

ϵµνρAi
µBνA

i
ρ ´ 2Diσi

` 2isλiλi
‰

, (2.1.16)

where ki P Z are the Chern-Simons (couplings) levels. The first term in the brackets
is known as the Abelian Chern-Simons Lagrangian. The remaining terms are there
to preserve supersymmetry.

Now we introduce the interactions (mixing) between m distinct terms of the form

Lj‰l
CS “

kjl
2π

`

iϵµνρAj
µBνA

l
ρ ´ Djσl

´ Dlσj
` isλjλl ` isλlλj

˘

, (2.1.17)

where kjl P Z are the mixed Chern-Simons levels. The extra terms are needed to
preserve supersymmetry as well.

A distinguished mixing term is between a gauge Up1qg,i with a global symmetry
that appears as a background field. As we have already mentioned, in our example,
those global symmetries are also topological symmetries Up1qt,Ti

and so their mixing
kiTi

“ 1 produces a special term in the Lagrangian known as the Fayet-Iliopoulos
(FI) term

Li
F I “ ´ξiDi, ξi “

1

2π
mTi

E , (2.1.18)

where mpTIq is a real mass for the topological symmetry.
Lastly, for the matter fields we have the Chiral Lagrangian

Lj
sΦΦ

“ Dj
µ
sϕjDµiϕj

´ i sψjγµDj
µψ

j
´ sF jF j

` sϕjDjϕj

` sϕjσj2ϕj
´ i sψjσjψj

`
?
2i
`

sϕjλjψj
` sψj

sψjϕj
˘

, (2.1.19)

where the real masses discussed in (2.1.13) are implicit in σj
pEq

“ mj
E. Lastly, we

point out that we will be working without a superpotential W “ 0.
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2.1.4 Effective couplings and moduli space of SUSY vacua

We start by integrating out the auxiliary fields F i and Di, use their equations of
motion as Lagrange multipliers, and substitute their value back into the Lagrangian
(2.1.14). Then, the resulting potential for the chiral and vector scalars ϕi and σi

reduces to

U “

m
ÿ

i“1

$

&

%

e20,i

«

|ϕi
|
2

´ ξi ´

m
ÿ

j“1

kijσ
j

ff2

` mi2
E |ϕ|

2

,

.

-

, (2.1.20)

where the moduli space of the SUSY vacua is determined by the condition U “ 0 and
is parametrized by ξi, kij and mi

E. There are two main branches, the Higgs branch
and the Coulomb branch. For the Higgs branch, we need σi “ 0 and Upϕiq “ 0.
This branch usually has a broken gauge symmetry. Furthermore, this branch cannot
exist for generic values of mi

E.
Moving on to the Coulomb branch, where ϕi “ 0 and Upσiq “ 0. Again, for

generic FI and Chern-Simons couplings, this branch may not exist. Nevertheless,
when this phase does exist, the gauge symmetries are generally unbroken, and the
branch is parametrized by σi and the dual-photon/monopole operators.

To quantize our theory, we follow the standard convention for Chern-Simons
contact terms for the R-Symmetry [1]. For a chiral multiplet Φi with charge Qpjq

i “

δij under a Up1qg,j gauge field of R-charge r, we have

kij “
´1

2

m
ÿ

l“1

Q
plq
i Q

plq
j , kiR “

´1

2
Q

pRq

i pr ´ 1q, krr “
´1

2
pr ´ 1q

2, (2.1.21)

where kij, kiR and kRR are the mixed Up1qi ´Up1qj, mixed Up1qi ´Up1qR and pure
Up1qR contact terms, respectively.

For the vector multiplet, we have kRR “ 1{2. Then, we compute the contact
terms by summing all chiral and vector multiplets.

Next, we take the limit of heavy fermionsmi
E Ñ ˘8, which allows us to integrate

out all fermions. This gives rise to the following effective action of the one-loop
contribution

Seff “ log det piγµDµ ` mq
mÑ˘8
ÝÝÝÝÑ

i

4π

signpmq

2

ż

R2ˆS1

d3xϵµνρAµBνAρ. (2.1.22)

The above is the so-called parity anomaly, which produces the following correc-
tions to the Chern-Simons couplings

kEffective
ij “ kij `

1

2

m
ÿ

l“1

signpml
EqQ

plq
i Q

plq
j “ kij `

1

2
δij. (2.1.23)

Analogously, there is another effective coupling arising from the background fields

kEffective
iR “

1

2
Q

pRq

i signpmi
Eq “

1

2
δiRsignpmi

Eq. (2.1.24)

Finally, we can interpret all Chern-Simons contact terms as a renormalization of
the FI parameters

ξi,Effective
“ ξi `

m
ÿ

j“1

kEff
ij σj

`

m
ÿ

R“1

kEff
iR mR. (2.1.25)

Hence, the 1-loop contributions can be easily accounted for by replacing the UV
parameters in (2.1.14) with the effective ones.

17



2.1.5 Vortex partition function

Given the fact that we are dealing with supersymmetric theories with explicit UV
Lagrangian description (2.1.14) we are able to apply localization to compute their
partition function. This technique is possible because the Hamiltonian is Q-exact.
In other words, it can be expressed as the anti-commutator of SUSY charges H “

tQ, sQu, where Q|0y “ 0 by construction. This implies that the ground-state energy
of SUSY theories is always zero, H|0y “ 0. Hence, any Q-closed observable will be
identically zero

xQpΨqOy “ 0. (2.1.26)

In the Lagrangian formalism, it translates to the Lagrangian being Q-exact as a
form w.r.t. δζi and δ

sζi . This means that we are free to add any Q-exact terms to
the Lagrangian and the v.e.v of any Q-closed observable should be invariant under
such deformation

L ` τLQ´exact “ L ` τδζδsζJ ùñ
d

dτ
xOyτ |τ“0 “

´i

ℏ
xδζiδsζiJOy “ 0, (2.1.27)

where τ is an arbitrary parameter.
Thus, we can compute xOyτ for any value of τ . In particular, we can take τ Ñ 8

and apply the saddle point expansion

xOy|τÑ8 “

ż

MClassical

dϕcOpϕcqZ
1´loop

pϕcqe
´βSrϕcs, (2.1.28)

where MClassical “ tϕ “ ϕc|δSrϕs{δϕ “ 0u is the set of classical solutions to the
Euler-Lagrange equations. The nice feature is that due to the fact that the observ-
able is independent of τ the saddle-point expansion is exact. This means that the
whole partition function localizes to the semi-classical limit.

It can be proven [1, sec 3] that the kinetic terms of the matter and vector
multiplets are Q-exact

Li
Q´exact “

1

e20,i
δζiδsζip. . . q `

1

g2i
δζiδsζip. . . q, (2.1.29)

which means that we can take the weak coupling limit e0,i, gi Ñ 0 for the path
integral.

The particle-like finite-energy classical solutions to the E-L equations in our set-
up are vortices. They are charged under U j

t p1q and correspond to configurations of
ϕj “ ρjprqeiα

jpθq winding asymptotically around R2. They are analogous to the 4d
string solutions and 2d instantons. They are called topological solitons. Hence the
name, vortex partition function, ZV

4.
The partition function was first calculated in [2] using equivariant localization.

Later it was also calculated using Higgs branch localization in [55]. We will not

4Technically, the 3d ZR2
ˆS1

V for N “ 2 is known as the K-theoretic vortex partition function [3,
11]. This because it can be considered as a K-theoretic lift of the 2d vortex partition function ZR2

V

for N “ p2, 2q. This is from simple dimensional reduction ZR2
ˆS1

V

βÑ0
ÝÝÝÑ ZR2

V where β is the radius
of S1.

18



reproduce the long computation of ZR2ˆS1

V explicitly. Instead, we will present a
conjectured general formula in terms of q-series proposed in [39, sec 5]

ZV “

8
ÿ

d1,...,dm“0

p´qq
řm

i,j“1 Cijdidj
xd11 . . . xdmm

pq2qd1 . . . pq
2qdm

, (2.1.30)

where di are called the vortex numbers and they correspond to the vortex charges
and we introduce the q-Pochhammers in the denominator

pxqd “ px; q2qd “

d
ź

k“0

p1 ´ xq2kq. (2.1.31)

Then the identification of variables is of the form

Cij “ kEffective
ij “ kij `

1

2
δij, log xi “ ξi,Effective, q “ eℏ. (2.1.32)

This is an essential result, and the q-series (2.1.30) will play a pivotal role in this
thesis. As we shall see, the web of dualities will become apparent when we see that
several knot invariants can also be brought to this form.

2.1.6 Index and BPS particles

Now that we have reached the summit with an explicit form for the vortex partition
function (2.1.30), we can begin our descent and study all other quantities that follow
from it. It was discovered in [3, 4, 11, 56] that both the partition function and the
index for 3d N “ 2 theory on S2 ˆ S1 or on the squashed three-sphere S3

b “

tpz1, z2q P C|b|z1|
2 ` b´1|z2|2 “ 1u, factorizes into a product of the vortex partition

function (2.1.30) and the anti-vortex partition as

ZS3
b “ ZV pqqZanti-Vprqq, q “ eiπb

2

, rq “ q1{b4
“ eiπb

´2

. (2.1.33)

From this and other string theory arguments that we will present in section 2.3.2
we can interpret the vortex partition function as an index

ZV “ Trp´1q
ReβHq2J`R

m
ź

i“1

xfii , (2.1.34)

where R is the charge of the R-symmetry URp1q5, q can be interpreted as the fugacity
associated with rotations around R2, J is the generator of those rotations and xi are
the fugacities associated with the topological symmetries Ut,ip1q.

The small difference between a partition function and an index lies only in the
innocent insertion of the prefactor p´1qF , where F counts the number of fermions in
a given state [57]. This is combined with the fact that in SUSY theories all excited
states E ą 0 have degeneracy two, one state being bosonic and another fermionic.

5Where the relation between p´1qR and p´1qF is q Ñ ´q.
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This means that the index receives contributions only from the zero energy states
E “ 0. These states saturate the Bogomolnyi-Prasad-Sommerfield (BPS) bound6

m ě |Z| (2.1.35)

where m is the mass in the representation of the extended symmetry algebra and Z
is the central charge.

To extract the degeneracy of the BPS spectrum, or count the number of BPS
particles, we first introduce the q-exponential7, which for us will be the infinite
q-Pochhammer symbol (2.1.31)

Eqpxq “

8
ź

k“0

p1 ´ xq2kq “

8
ÿ

k“0

qp
k
nqxk

pq2qk
“ exp

«

´1

1 ´ q2

8
ÿ

k“1

xk

krksq2

ff

, (2.1.36)

where rksq2 “ p1´q2kq{p1´q2q is known as a q-number, since rksq2 Ñ k when q Ñ 1.
Having the q-exponential, we can define the q-plethystic exponential as

EPqrfpxqs “ exp

«

´1

1 ´ q2

8
ÿ

k“1

fpxkq

krksq2

ff

“

8
ź

d“1

8
ź

k“0

p1 ´ xdq2kq
ad . (2.1.37)

Lastly, we can rewrite (2.1.34) as

ZV “

8
ź

pd1,...,dmq‰0

8
ź

k“0

8
ź

jPZ

´

1 ´ xd11 . . . xdmm q2k`j`1
¯p´1qj`1Ωd1,...,dm;j

, (2.1.38)

where Ωd1,...,dm;j counts the number of BPS particles with a given spin j and fla-
vor charge di. In its current state, it is not clear from (2.1.38) that Ω should be
a non-negative integer, besides the physical argument that we are counting BPS
particles. Moreover, a priory we have no good argument why given a set of vortex
numbers pd1, . . . , dmq we would have only finitely many particles with a given spin
j. Nonetheless, this is not actually a conjecture, but a theorem. We will not go into
the details of the proof, just explain how this q-series (2.1.30) appears naturally in
a branch of mathematics called quiver representation theory that we will introduce
in the next subsection.

2.1.7 Quiver representation theory

In the last couple of subsections, we have reduced the study of 3d N “ 2 theory
to the study of certain q-series (2.1.30). These series are quite universal in the
sense that they appear in several different contexts in physics and mathematics,
from partition functions of 2d CFTs [58] to modular forms [59], knot invariants [31]
Donaldson-Thomas theory [36].

For us, the working definition of a quiver is a directed graph Q formed from a
set of m vertices Q0 and a set of arrows between them Q1. For example, Q “ tQ0 “

tx1, x2, x3u Y Q1 “ tx1 Ñ x1, x1 Ñ x2, x2 Ñ x3, x3 Ñ x1uu.
6The original bound was derived from classical field theory and used to obtain the classical vac-

uum solutions, but supersymmetry was not involved. It so happens that the same inequality arises
in supersymmetric theories where it is related to short multiplets that preserve supersymmetry.

7This function it is also known as the quantum dilogarithm. This is because the diloga-
rithm is defined as Li2pxq “

ř8

k“1 x
k{k2 and some authors define the q-dilogarithm as Li2,qpxq “

ř8

k“1 x
k{ pkrksqq.
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Figure 2.1: The explicit graph of the quiver Q. By convention we ignore orientation
of self loops, eg. x1 Ñ x1.

Another way to encode the information of the graph of Q is by means of its
adjacency matrix C. That is, an m ˆ m matrix whose entries are defined as Cij “

t# arrows xi Ñ xju. We will commonly refer to C as the quiver matrix. Moreover,
we will be working only with symmetric quivers, those which have the same number
of arrows from xi Ñ xj as from xj Ñ xi. These obviously lead to symmetric quiver
matrices Cij “ Cji.

Now comes the relation to representation theory. We can associate with every
quiver node xi a vector space Vi over a field F of dimension di. Likewise, we can
associate to every quiver edge xi Ñ xj a linear map fij : Vi Ñ Vj. We call the set of
vector spaces Vi and maps fij a quiver representation.

As in many branches of mathematics, we are interested to describe the properties
of quiver representations up to isomorphism. In this case, a morphism between
quiver representations is a set of linear maps gii : Vi Ñ Wi, such that

fijpgiipViqq “ gjjpfijpViqq, (2.1.39)

and gii are invertible. All-in-all, this is a very complicated way to say that two quiver
representations are equivalent if we can obtain one from the other via a change of
basis in each vector space.

The natural question then arises as how many of these equivalence classes there
are for a given dimension pd1, . . . , dmq? As innocent as it might look, this is a very
complicated question in general. In particular, because for standard fields F “ R,C
the group of isomorphisms, change of basis, of Rdi ,Cdi are GLR,Cpdiq, respectively,
which have an uncountable number of elements.

Therefore, a more sensible first attempt is to work with a finite field F “ Zq for q
prime. There, mathematicians established that the generating function for counting
nonequivalent quiver representations for a symmetric quiver Q, with quiver matrix
C is the q-series we obtained from the vortex partition function (2.1.30)

PCpx1, . . . , xmq9ZV px1, . . . , xm; k
Eff

q. (2.1.40)

Furthermore, the BPS particles exactly correspond to the number of nonequiv-
alent quiver representations of C at dimension pd1, . . . , dmq. There in the context
of quiver representation theory, Ωd1,...,dm;j are known as motivic Donladson-Thomas
invariants (DT).

Finally, it were Knotsevich and Soibelman [36] who conjectured that for a given
quiver representation there are finitely many equivalent classes. That translates to
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the statement that for a given dimension vector pd1, . . . , dmq there are only finitely
many values of j for which Ωd1,...,dm;j ‰ 0. This crucial conjecture was later proven
by Efimov [37] using all the power of Hall algebras.

To summarise, 3d N theoriy is characterized via a set of effective Chern-Simons
couplings kEff

ij “ Cij which are in one-to-one correspondence with a symmetric
quiver Q and BPS particles correspond to motivic DT invariants. The great advan-
tage of this correspondence is the physical implication that there are only finitely
many BPS particles of a given vortex number and spin.

2.1.8 Classical limit

Before moving to Chern-Simons theory and knot invariants, we bring our attention to
the fact that the vortex partition function (2.1.40) has a singularity at q “ eℏ

ℏÑ0
ÝÝÑ 1.

This singularity arises from the q-Pochhammer in the denominator8. If we perform
an asymptotic (WKB) expansion in powers of ℏ

logPCpx1, . . . , xmq „

8
ÿ

k“´1

ℏkSkpx1, . . . , xmq, (2.1.41)

where the leading (classical) term S´1px1, . . . , xmq is computed from

p´1q
Ciixi

m
ź

j“1

z
Cij

j ` zi “ 1, log zi “ xiBxi
S´1. (2.1.42)

The system of equations is known as Nahm equations9, since he derived them
while studying 2d rational conformal field theories. In Nahms context though, he
was considering Cij P Q and xi “ qBi , with Bi P Q.

This is a set of non-linear polynomial equations which in general have multiple
solutions. Furthermore, a priori it is not even clear that a solution exists at all.
Nevertheless, it was showed in [60] that these equations can be seen as a result of
an optimization problem. Hence, by showing the function is convex, they were able
to conclude that there is always a unique solution where 0 ă zi ď 1. They were
considering the case where xi “ 1. However, this result generalizes straightforwardly
to the x-dependent one. This because the x-dependent function is convex for 0 ă

xi ă 8.
It is also worth mentioning that there is always only one solution of these equa-

tions which is analytic at zero, with zipx1 “ 0, . . . , xm “ 0q “ 1

zi “

8
ÿ

d1,...,dm“0

bd1,...,dm;ix
d1
1 . . . xdmm “

8
ź

d1,...,dm“1

`

1 ´ xd11 . . . xdmm
˘´di rΩd1,...,dm . (2.1.43)

From its series expansion around xi “ 0 we can extract the classical BPS parti-
cles, or numeric DT invariants

rΩd1,...,dm “
ÿ

jPZ

p´1q
jΩd1,...,dm;j. (2.1.44)

8Which in fact is singular at all roots of unity q Ñ eiπk{l for k, l coprime.
9Not to be confused with Nahm equations arising from monopole physics in gauge theories.
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The condition zipx1 “ 0, . . . , xm “ 0q “ 1 can be understood as a boundary
condition arising from PCpx1 “ 0, . . . , xm “ 0q “ 1.

These set of equations appear in various contexts, Bethe anzats of integrable
spin chains, or in the case of the leading contribution of an ideal gas of particles
with fractional spin statistics (fractons) [61, 62]. It was also conjectured that for
the case where Cij is associated with a knot, the equations (2.1.42) are related to
the gluing equations for hyperbolic triangulations of the knot complement [59].

Another interesting appearance of those equations is their relation to algebraic
K-theory. First, Zagier proved that for m “ 1 there are only three values of C “

0, 1{2, 1 for which (2.1.40) becomes a modular form. Later, Nahm conjectured that
the q-series becomes a modular form for certain Cij and Bi such that the solution to
his equations (2.1.42) is a torsion element of the Bloch group [63]. This conjecture
was later proven by Garoufalidis [64]. However, it is not an if and only if statement,
given that Vlashenko and Zwegers [60] were able to obtain modular forms for m “ 2
whose zi were not torsion elements of the Bloch group.

2.2 Chern-Simons theory in 3d

Chern-Simons theory plays a central role in the 3d N “ 2 theory, the SUSY the-
ory contains a set of Chern-Simons couplings, so it is logical to start by properly
introducing it.

A natural way to derive the Chern-Simons action from physical arguments, as
presented in [65]. It is well known that in 4d electromagnetism (2.2.1)10 is the most
general Abelian gauge invariant action. However, in 3d the situation is different,
since it can be shown that the most general Abelian gauge invariant action is

S3dEM “

ż

R2,1

d3x

ˆ

´1

4e20
FµνF

µν
`

k

4π
ϵµνρAµBνAρ

˙

, (2.2.1)

where the last term is known as the Abelian Chern-Simons term, k is a coupling
constant and µ, ν, ρ “ 0, 1, 2. Actually, this is not gauge invariant in full generality.
After a gauge transformation, the action has an extra term which is a total derivative
of the form

k

4π

ż

R1,2

d3xBµ pαϵµνρBνAρq . (2.2.2)

This means that the gauge invariance of Chern-Simons in general depends on
the boundary conditions of Aµ on our manifold. In our case of interest, this term
will vanish. For a more careful discussion, we encourage the reader to see Tong’s
lectures on gauge theory [7, Sec 8]. There he discusses what happens to (2.2.2) in
the presence of magnetic flux, and how it imposes k P Z.

Surprisingly, the Chern-Simons term is not just gauge invariant but also invariant
under arbitrary changes of coordinates. This is due to the fact that it is independent
of the metric. This leads to the well-known topological invariance of Chern-Simons
theory.

A natural generalization is to extend this result to non-Abelian gauge theories.
Still we can go a bit further, we may ask, what is the most general non-Abelian

10Replacing R2,1 Ñ R3,1 and µ, ν “ 0, 1, 2, 3 in the action.
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gauge theory in 3d that it is also metric independent? The answer turns out to be

SCS “
k

4π

ż

M

d3xTrϵµνρ
ˆ

AµBνAρ ` i
2

3
AµAνAρ

˙

, (2.2.3)

where Aµ “ Aa
µT

a and T a are Hermitian matrices generators of a compact simple
Lie group G in the adjoint representation. Notice that now we are integrating over
an arbitrary (real) compact oriented three-manifold M ; but from the (2.2.1) we
started from R2,1 which is clearly a non-compact three-manifold, why the abrupt
change? The argument is that, when we consider only the Chern-Simons term it is
metric independent, so might as well consider R3. Moreover, because this theory is
well defined up to the point at infinity R3 Y t8u we may include it. This makes
our three-manifold compact, R3 Y t8u – S3. From there, we might just take an
arbitrary compact three-manifold.

As it stands, (2.2.3) is not fully gauge invariant. This because, as explained in
[6, Chap 3], under a gauge transformation

Aµ Ñ AΩ
µ “ Ω´1AµΩ ´ iΩ´1

BµΩ, (2.2.4)

with Ω P SUpNq the action (2.2.3) is not invariant. Because it transforms as

SCSrAU
µ s “ SCSrAµs ` 2πkΓrΩs, (2.2.5)

where
ΓrΩs “

1

24π2

ż

M

d3xϵµνρTr
`

Ω´1
BµΩΩ

´1
BνΩΩ

´1
BρΩ

˘

. (2.2.6)

We can prove that this functional is invariant under smooth deformations of Ω.
This implies that ΓrΩs depends only on the homotopy class of Ω. When G “ SUp2q

we know π3pSUp2qq – Z and the value of ΓrΩs is an integer 11. Classically, the term
Γ does not affect the field equations of Aµ. Nevertheless, we want to quantize the
theory using the path integral formalism.

ZpMq “

ż

rDAµseiℏ
´1SCSrAµs. (2.2.7)

There, ΓrΩs will be an overall phase and in order to get rid of its contribution we
need to impose that k P Z 12. In the case when G “ SUpNq the standard embedding
of SUp2q into SUpNq suffice to conclude again that k P Z. That is why k is often
refereed to as the Chern-Simons level.

There is another subtlety we should discuss. The fact that the Chern-Simons
action is metric independent is not enough to guarantee that the quantum theory
will be topological. This because there might be anomalies coming from the measure
A that spoil the diffeomorphism invariance of the path integral (2.2.7). In the case
of Chern-Simons, there is such an anomaly and it is called framing anomaly and
makes (2.2.7) transform as

ZpMq Ñ exp

„

πicf

12

ȷ

ZpMq, c “
kd

k ` y
, (2.2.8)

11In fact, when M “ S3 we have ΓrΩs “ 1.
12In the case of Chern-Simons we can absorb the ℏ´1 prefactor in the definition of k and we will

omit it from now on.
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where c is the central charge of the 2d Wess-Zumino-Witten theory with group G, f
is the amount of framing, d is the dimension of G and y is the dual Coxeter number
of G (where GpNq “ SUpNq, then y “ N) [5, Sec 2]. Atiyah then showed that
framing is a choice of trivialization of the bundle TM ‘ TM . On top of that, he
proved that different choices are parametrized by integers, implying that f P Z.
Thus, the canonical choice is f “ 0. From now on, we will always be working in
canonical framing.

To summarize, Chern-Simons is a topological gauge theory. To preserve those
symmetries in the quantum case

• (Non-Abelian) Gauge symmetry ùñ k P Z.

• Diffeomorphism ùñ f P Z and canonically f “ 0.

Now we pay attention to the observables of the theory. For these too, we de-
mand that they preserve gauge and diffeomorphism invariance. Then the natural
candidates are Wilson loop operators

WC
R pAq “ TrRUC , UC “ P exp ie

¿

C

Aµdx
µ, (2.2.9)

where e is the "charge" that we will set it equal to 1, UC is the holonomy of Aµ

around the oriented loop C Ă M and P stands for the path-ordering, due to the
non-Abelian nature of G. To compute the vacuum expectation value of (2.2.9) we
insert it into the path integral

xWC
R y “

1

ZpMq

ż

rDAsWC
R pAqeiSCS “ PK

R pa, qq. (2.2.10)

The amazing result is that when we choose G “ SUpNq (we will stick to this
choice from now on) (2.2.10) can be written as a polynomial in the following variables

q “ exp

ˆ

iπ

k ` N

˙

, a “ exp

ˆ

iπN

k ` N

˙

, (2.2.11)

where PK
R pa, qq is the colored HOMFLY-PT polynomial, colored 13 by the represen-

tation R. This because when (2.2.10) is in the fundamental representation, PK
˝ pa, qq

and the loop is a knot C “ K, then (up to different conventions of normalization)
the resulting polynomial is the (uncolored) HOMFLY-PT polynomial of a knot [17,
18] .

It is worth remembering that the representations R are labelled by their highest
weight state, which in turn can be represented by a Young tableaux. In addition, we
point out that just as the path integral has a framing anomaly, the knot invariants
are uniquely defined (up to normalization by the unknot) and a choice of framing.
Framing transformations act on colored HOMFLY-PT as an overall factor

PK
R pa, qq Ñ alpRqfqκRfPK

R pa, qq, κR “ lpRq `
ÿ

i

`

l2i pRq ´ 2ilipRq
˘

, (2.2.12)

where lpRq is the number of boxes in the tableaux and lipRq is the number of boxes
in the i-th row.

13This is the standard name from gauge theories like QCD.
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The fact that Chern-Simons is an exactly solvable theory means that we can
compute the expectation values of Wilson loops (2.2.10) exactly. To perform that
computation, we use the skein relations that will be introduced in the next sub-
section. In short, the skein relations provide an algorithmic method to compute
(2.2.10) in a finite sequence of steps. Nevertheless, this sequence becomes increas-
ingly harder and complex as one works with larger Young tableaux. Therefore, it is
convenient to introduce a generating function which encodes the knot invariants for
all values of the color. This is called the Ooguri-Vafa generating function [8]

xZpU, V qy “ xexp

«

8
ÿ

n“1

1

n
TrUnTrV n

ff

y “
ÿ

R

PK
R pa, qqTrRV, (2.2.13)

where V “ exp
”

i
ű

rAµdx
µ
ı

P SUpĂMq and it can be considered as an external source.
To get the last equality we have used the Froebenius formula for characters of
irreducible representations plus the fact that detU “ detV “ 1. Lastly, (2.2.13)
makes sense when we consider N Ñ 8 while keeping ĂM finite but large.

We will be working with symmetric representations R “ Sr of SUpNq, which
depend only on r P N, then (2.2.13) reduces to

PK
px, a, qq “

8
ÿ

r“0

xr

pq2qr
PK
r pa, qq, (2.2.14)

were we set TrrV Ñ xr for x P C and pq2qr “ pq2; q2qr “
śr

k“1p1 ´ q2rq is the
q-Pochhammer (a choice of normalization). Lastly, the first term PK

0 pa, qq “ 1.
We can not emphasise enough the importance of the above generating function

(2.2.14). Since, the knots-quivers correspondence is written as an identity between
(2.1.40) and (2.2.14).

Before we go any further, we will explain in the next subsection how exactly are
Wilson loops in Chern-Simons theory related to knot invariants.

2.2.1 Knot theory

Since Chern-Simons is a topological field theory, it is natural that its observables will
be related to topological invariants of three-manifolds. In the case of knot theory,
our three-manifold will be the three-sphere, M “ S3. Our observables, Wilson loops,
may be any closed path (embbeding) K : S1 ÝÑ S3 up to homotopies. What do
we mean by homotopies? In essence, smooth deformations of the loop S1 without
cutting it or taking it outside S3 14.

This is the mathematical definition of a knot K. For us physicists, the most
important fact is that all physical information of the observable depends only on
the topology of the knot and can be written in terms of knot invariants.

There are three important families of knots we will be constantly referring to
through out this work, the first is the torus knots Tm,l this are a family of knots that
can be embedded in the surface of a torus without self intersection. The parameters
pm, lq are coprime integer numbers which count the number of times the knot is

14Of course, the proper mathematical definition are the three Reidemeister moves that relate
equivalent knots [66].
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wrapped around the meridian and the longitudinal axis of the torus. There is a
natural one-parameter family of coprime pairs given by p2, 2p ` 1q, with p P N. We
show the first three elements of this family in figure 2.2.

The next two important one-parameter families of knots are called twist knots.
They are easily obtained by repeatedly twisting a loop and then linking together its
opposite ends. The first one TK2,2|p|`2 for ´p P N whose first three elements are
shown in figure 2.315. The sign of p stands for the orientation of the twist. Then,
the second family of twist knots is TK2,2|p|`1 for p P N. We display the first three
elements in figure 2.4.

Figure 2.2: Torus knot diagrams T2,2p`1 for p “ 1, 2, 3, or 31, 51, 71.

Figure 2.3: Twist knot diagrams TK2,2|p|`2 for p “ ´1,´2,´3, or 41, 61, 81.

Figure 2.4: Twist knot diagrams TK2,2|p|`1 for p “ 1, 2, 3, or 31, 52, 72.

There are several knot (homotopy) invariants which are used to distinguish,
classify and study knots. The ones we will be using thought out in this thesis
are knot polynomials. These are one, two or three variable polynomials which are
uniquely assigned to each knot. Then, if two knots are equivalent they must have the
same knot polynomial. However, the converse is not true and there are examples,
like mutant knots which have the same knot polynomial, spite being different knots.

The knot polynomials we will be working with are colored super polynomials.
But to build our way up to them, lets start with a set of simpler polynomials. The
Jones polynomial, named after Fields medallist Vaughan Jones [16]. To compute

15All knot images are taken from the Knot Atlas
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them from the knot diagram, first we should assign an orientation to it. With it we
can implement the following two rules:

Rule 1 Jp⃝q “ 1, or Jp⃝q “ q ` q´1, (2.2.15)

which is a normalization convention to which value we assign to the unkot 01. The
first choice is called the reduced normalization while the second goes by the name
of unreduced normalization. The next rule is

Rule 2 q2JpL`q ´ q´2JpL´q “ pq ´ q´1
qJpL0q, (2.2.16)

the famous skein relation. Here L`,´,0 are as in figure 2.5. The skein means that
we can resolve any crossing in our knot diagram, say L` and relate it to two other
knot diagrams, one with L´ and other with no crossing or L0. This means that we
can resolve one by one each crossing in our knot diagram, relate them to knots or
links with fewer crossings. Eventually ending up with just a bunch of unknots.

Figure 2.5: Three different types of crossings.

Four months after Jones announced his new knot polynomial, the HOMFLY-PT
polynomial was announced

aP˝pL`q ´ a´1P˝pL´q “ pq ´ q´1
qP˝pL0q, (2.2.17)

with their respective normalization conditions

P˝p⃝q “ 1, or P˝p⃝q “ pa ´ a´1
q{pq ´ q´1

q. (2.2.18)

In the end, we can easily see that both skein relations (2.2.16) and (2.2.17)
are homogeneous with respect to a rescaling of the polynomials. Thus, making
normalizations just conventions. Still, for the rest of this work we will present our
results in the reduced normalization. Also, from the HOMFLY-PT polynomial we
can recover the Jones polynomial when a “ q2 16.

There is an easy way to relate the uncolored HOMFLY-PT polynomial to the
expectation value of the Wilson line operator (2.2.19), namely the following identity

WK
˝ “ PK

˝ pa, qq. (2.2.19)
16There are several different conventions for these polynomials. For example, some authors

replace q Ñ q1{2, so we should keep it in mind when comparing with other formulas.
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This means that Wilson loops in Chern-Simons theory also satisfy the skein
relations (2.2.17) in their fundamental representation R “ ˝. In fact, there are
analogous linear relations for the whole sequence of colored HOMFLY-PT, meaning
for each R. We will not discuss them here, but refer the reader to Witten’s original
paper [15] or a more pedagogical and introductory review [28] in terms of R-matrices
and braid groups.

Before moving on, it is crucial to discuss a powerful generalization of the Jones
and HOMFLY-PT polynomials, the so called Khovanov homology [67–70] . This
generalization is also commonly refereed to categorification of the Jones polynomial.
In very practical terms, the Jones polynomial of a knot often has minus signs in front
of various coefficients. This is no surprise since the skein relation (2.2.16) includes
them already. However, Khovanov noticed that there is a unique way to promote a
Jones polynomial of a knot into a two-variable polynomial pq, tq with only positive
coefficients

PK
pq, tq “

ÿ

i,j

qitj dimHi,jpKq, (2.2.20)

but most importantly, such that JKpq, tq can be seen as the Poincaré polynomial of
a chain complex and t “ ´1 reduces to the Jones polynomial.

This terminology is more familiar in the case of Riemann surfaces of genus g, Σg.
It is well known that we can fully classify any Σg based on their homology groups
HipΣgq, e.g. H0pΣgq “ Z, H1pΣgq “ Z2g and H2pΣgq “ Z. Then, the Poincaré
polynomial is

PΣgptq “t0rank H1 ` t1rank H1 ` t2rank H2 “ 1 ` 2gt ` t2 (2.2.21)
PΣgpt “ ´1q “2 ´ 2g “ χpΣgq (2.2.22)

where χpΣgq is the Euler characteristic of Σg.
There are several axioms homologies of manifolds need to satisfy which are en-

coded as properties in the Poincaré polynomial. Khovanov noticed a systematic way
to deduce those properties from a knot diagram using a resolution cube. We will
not give more details about this procedure, simply mention that from this perspec-
tive Jones polynomial can be thought as the graded (one-variable polynomial) Euler
characteristic of the knot.

As one would expect, there is an analogous categorification of the HOMFLY-PT
polynomial. Whose formal definition is a mouthful of category theory [68], so our
working definition will be a triply graded homology whose Poincaré polynomial is
of the form

PK
˝ pa, q, tq “

ÿ

i,j,k

aiqjtk dimHi,j,kpKq “
ÿ

iPGpKq

aaiqqitti dimHai,qi,tipKq, (2.2.23)

and its graded Euler characteristic t “ ´1 reduces to the HOMFLY-PT polynomial.
On the r.h.s. GpKq is the set of non-vanishing coefficients, dimHai,qi,tipKq ‰ 0 and
we refer to the exponents pai, qi, tiq as the generators of the knot homology. We will
refer to it as the uncolored super polynomial.

Last but not least, the colored super polynomial is not generally defined. How-
ever, in [19] they were able to compute it for a large class of knots. They accom-
plished it thanks to the constraints that the axioms of a homology imposed on the
colored super polynomial. They also showed that in the case t “ ´1 it reduces to
the colored HOMFLY-PT polynomial from (2.2.10).

29



2.2.2 From quantum to classical A-polynomials

There is yet another important knot, polynomial invariant, which naturally arises
from colored Jones, HOMFLY-PT and super polynomials. Because the colored knot
super polynomials are not independent from one another, we can derive recursion
relations to compute the hold sequence of them based on the first few terms. As we
did before, lets start with the Jones polynomial to illustrate the point.

Take the Jones polynomial colored by symmetric representations Sr of the group
SUpNq, where r is the number of boxes, denoted by Jrpqq

17. The theorem of
Garoufalidis and Lê [24] , states that there exists a linear operator pApppMq, pL, qq

which is a polynomial in xM , pL and q such that

pApxM, pL, qq ¨ Jrpqq “
ÿ

i,j,k

qixM j
pLk

¨ Jrpqq “ 0, (2.2.24)

where xM and pL are linear operators with the following properties

xMJrpqq “ qrJrpqq, pLJrpqq “ Jr`1pqq. (2.2.25)

From the above properties, it is straight forward to deduce that xM and pL satisfy
the following commutation relation xM pL “ qpLxM .

Mathematically, this means that the colored Jones polynomial Jrpqq is a q-
holonomic sequence and the quantum A polynomial is the q-shift linear operator
annihilating it18. What does that mean? The term holonomic comes from differen-
tial equations. A function fpxq is said to be holonomic if there is a linear differential
operator (ODE) of the form

ÿ

i

pipxqDi
xfpxq “ 0, (2.2.26)

where Di
x means the i-th derivative w.r.t x and pipxq are polynomials.

An equivalent definition [71, Def 9.2.1] or [72, Chap 7] of a holonomic sequence.
We say that spnq is a holonomic sequence, if there exists a linear shift operator such
that

ÿ

i

pipnqspn ` iq “ 0, n ě 0, (2.2.27)

where again pipnq are polynomials. We hope this clarifies the connection between
holonomic functions/sequences and the colored Jones polynomial. All functions and
sequences in this thesis are (q-)holonomic, so we will discuss their properties in more
detail in chapter 4 where they form the basis of our results.

Moving on, (2.2.24) is sometimes called a Schroedinger-like equation, or more
often quantum curve [27, 73, 74]. This because the linear operator pA can be thought
of as a quantum Hamiltonian which acts on the "wave function" Jrpqq and annihilates
it (sets it to zero). We might say that the eigenvalue is zero. Interestingly, just as
an actual wave function we can preform a WKB expansion of (2.2.24) to study its
asymptotics when r Ñ 8 and q Ñ 1. To do that, we remind ourselves that from
Chern-Simons the colored Jones polynomials arise from the identification of variables

17From now on we will omit the K superscript since we know we are referring to knots.
18When it acts on the colored Jones polynomial it sets it to zero.

30



q “ exp riπ{pk ` Nqs (see (2.2.11)). Then, we may preform the physicist favourite,
the large N expansion. Or in our analogy with quantum mechanics N91{ℏ, with
q

ℏÑ0
ÝÝÑ 1, that is

log Jrpqq
qÑ1
ÝÝÑ

8
ÿ

k“´1

ℏkSkprq, (2.2.28)

where S´1 is the leading classical term and Sk with k ě 0 are the quantum correc-
tions. Using the form (2.2.28) and inserting it into (2.2.24) we obtain

pApxM, pL, qq ¨ Jrpqq “ 0
qÑ1
ÝÝÑ Apm, lq “ 0, (2.2.29)

were m, l P C˚ and Apm, lq is the classical A polynomial in m and l. The zero locus
Apm, lq “ 0 is a complex curve in C˚ ˆ C˚. From one of the roots of Apm, lq we
can obtain the leading coefficient S´1. In this way, we may think of the classical
A-polynomial as a classical Hamiltonian just like in standard WKB analysis.

Actually, the classical A polynomial was introduced long before the quantum
one. Originally, the classical A polynomial was defined directly from the topological
data of the knot [25]. To see this, lets go back to our picture of the knot K embedded
in S3. Then, we can define the tubular neighborhood of the knot as the embedding
TK : K ˆD2 ÝÑ S3, such that fpx, 0q “ x @x P C where D2 is the two-dimensional
disc. In practical terms, a tubular neighborhood is a solid torus whose core is K.

We proceed to remove TK from S3, the remaining manifold we call it the knot
complement S3zTK. Next we want to study its fundamental group π1pS3zTKq, which
in the case of the knot complement it is called the knot group. The only non-trivial
cycles of S3zTK are those that windup with the boundary BpS3zTKq. The knot group
is usually a highly non-trivial group, a clever way to extract some information is to
study its representations into a simpler and better understood SLp2,Cq

ρ : π1pBpS3
zTK

qq ÝÑ SLp2,Cq. (2.2.30)

We point out that, since the tubular neighborhood TK has the topology of a solid
torus T 2, this implies that the topology of the boundary of the knot complement is
also a torus BpS3zTKq – T 2. It is well known that the generators of π1pT 2q “ ZˆZ
are the two basic cycles m along its meridian and l along its longitudinal. In the
case of π1pBpS3zTKqq the cycle m is contractible in S3zTK while l is not. Due to the
fact that m and l commute, that implies that ρpmq and ρplq also commute. This
implies that both can be simultaneously reduced to their Jordan form

ρpmq “

„

m 1
0 m´1

ȷ

, ρplq “

„

l 1
0 l´1

ȷ

, (2.2.31)

where the bullet represents an irrelevant term in case the matrix is ρpmq or ρplq is
degenerate.

Thus, we have constructed the following map which assigns two complex variables
to each representation of the knot group

Hompπ1pMq, SLp2,Cqq{conj. ÝÑ pC˚
ˆ C˚

q{Z2 (2.2.32)
ρ ÞÝÑ pm, lq, (2.2.33)
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where m and l are the eigenvalues of ρpmq and ρplq. The image of this map is the
zero locus of the A polynomial of K, Apm, lq “ 0 19. Lastly, the modulo Z2 arises
from the identification pm, lq „ pm´1, l´1q, which in turn implies the property that
A polynomials are palindromic

Apm´1, l´1
q “ mµlλApm, lq, (2.2.34)

for some µ, λ P Z.
Our derivation of the A polynomial closely follows that of [75]. There the authors

also elucidate an elegant interpretation of the A polynomial directly from Chern-
Simons theory on a three-manifold M such that BM “ Σg. Here we just present
the general idea in a nutshell and encourage the interested reader to the previous
reference.

The moduli space of solutions (symplectic phase space) to the E-L equations of
the Chern-Simons action (2.2.3)

ϵµνρ pBµAν ` AµAνq “ 0, (2.2.35)

are the flat gauge connections on M , with gauge group G, MflatpM,Gq. In
MflatpM,Gq there is a natural reduction to MflatpΣg, Gq by restricting to the
boundary BM “ Σg. There we can find that the space Lflat Ă MflatpΣg, Gq of
flat connections on ΣG that extend to M forms a Lagrangian submanifold. That is
given, the Atiyah-Bott symplectic form [76]

ω “
1

4π2

ż

Σg

TrδA ^ δA, (2.2.36)

where δ denotes the exterior derivative on M and δA is a 1-form on Σ along with
M, then

ω|LĂM “ 0. (2.2.37)

The Lagrangian submanifold Lflat can be thought as a constraint on the classical
phase space MflatpM,Gq 20

rA “ 0. (2.2.38)

In particular, when M “ S3{TK and G “ SLp2,Cq the above equation yields
the classical A polynomial as in (2.2.29).

2.2.3 Deforming the A-polynomial

Just as the Jones polynomial can be generalized to the HOMFLY-PT polynomial,
or to the Khovanov polynomial and superpolynomial, there are corresponding gen-
eralizations to the A polynomial. First generalization of the quantum A polynomial
for colored HOMFLY-PT colored under symmetric representations was proven in
[77]. Namely,

pApxM, pL, a, qq ¨ Prpa, qq “ 0, (2.2.39)

where the operators act analogously as in the colored Jones (2.2.25), with the added
fact that now pA is also a polynomial in a. However, the explicit form for such a

19It is defined up to an overall constant which does not affect its zero locus.
20The tilde in (2.2.38) is just to distinguish it from A the gauge connection.
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quantum A polynomial were already performed in [78, 79] three years earlier. There
they exploited Zeilberger’s algorithm for q-holonomic sequences.

In spite of not having a rigorous mathematical definition, from the insights of
topological string theory and its relation to knot homologies, the authors conjecture
the existence of a quantum/classical super A polynomial [27]. Which basically the
t-deformation of (2.2.39).

Finally, the actual form of the A polynomial we will be working is its dual. By
dual we mean the quantum A polynomial of the generating function (2.2.14)

P´1
px, a, qq pAdualppx, py, a, qq ¨ P px, a, qq “ 0

qÑ1
ÝÝÑ Adualpx, y, a, tq “ 0, (2.2.40)

where px and py satisfy the commutation relation pypx “ qpxpy. Were we can easily
translate from the quantum super A polynomial by finding how xM and pL relate to
px and py

8
ÿ

r“0

xr

pq2qr
xM ¨ Pr “

8
ÿ

r“0

pqxqr

pq2qr
Pr “ py ¨

8
ÿ

r“0

xr

pq2qr
Pr, (2.2.41)

and
8
ÿ

r“0

xr

pq2qr
pL ¨ Pr “

8
ÿ

s“1

xs´1

pq2qs´1

Ps “ px´1
p1 ´ py2q ¨

8
ÿ

r“0

xr

pq2qr
Pr, (2.2.42)

where we have defined s “ r ` 1 and we used pq2qr “ p1 ´ q2rqpq2qr´1.
Thus the dual quantum/classical super A polynomial is related to the super A

polynomial as

8
ÿ

r“0

xr

pq2qr
pApxM, pL, a, qq ¨ Prpx, a, qq “ pAppy, px´1

p1 ´ py2q, a, qq ¨ P px, a, qq, (2.2.43)

keeping in mind that because px and py when we normal order them there will be
several q-prefactors due to their commutation relations.

2.3 Knots-quivers correspondence

Finally, we are in a position to address one of the main topics of this thesis, the
knots-quivers correspondence. It is a modern topic of active research and which has
attracted attention both from physicists and mathematicians interested in topolog-
ical string theory and knot theory. It has yielded a few quite non-trivial results
such as the explicit q-series conjectured for the vortex partition function (2.1.40),
a proof of the integrality of LMOV invariants for several infinite families of knots
[31] and the interpretation of BPS/DT invariants as counting holomorphic discs on
Calabi-Yau threefolds [38].

The simple statement of the correspondence is the equality between the quiver
generating series (2.1.30) and the generating series of colored superpolynomials
(2.2.14) upon certain identification of variables

PC

`

x1 “ aa1qq1´C1,1p´tqt1x, . . . , xm “ aamqqm´Cm,mp´tqtmx
˘

“ PK
px, a, q, tq,

(2.3.1)
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for an appropriate choice of quiver matrix Cij, along with the specialization xi “

aaiqqi´Ciip´tqtix and ti “ Cii. This identification of variables is called knot change
of variables. As a short hand notation, we will use

xi “ λix, λi “ aaiqqi´Ciip´tqti . (2.3.2)

To make it clearer for the reader, in chapter 3 we will present various examples of
how to derive a quiver starting from the generating series of colored HOMFLY-PT
polynomials (2.2.14) 21.

Moreover, in chapter 3 , we will also show that the choice of quiver matrix Cij

is not unique. We will then study the symmetry transformations relating a large
family of Cij that lead to the same PK.

The state-of-the-art of the knot-quivers correspondence is that it has been proven
to hold for all arborescent knots, also named 2-tangles22 [80, 81]. They accomplished
it by constructing a quiver out of algebraic tangles.

The reason why this correspondence has been proven only for arborescent knots
so far is because the colored superpolynomials of arborescent knots enjoy two im-
portant properties. The first one is the exponential growth hypothesis

PK
Srpa, q “ 1, tq “

“

PK
˝ pa, q “ 1, tq

‰r
, (2.3.3)

which means that the pai, tiq homology generators for the colored superpolynomials
are completely defined by the uncolored polynomial. This is a crucial property that
allows to compute the superpolynomials for a large class of knots, in spite not having
a precise definition of HOMFLY-PT homology.

The second property is that arborescent knots are thin knots [82]. The thinness
or thickness of a knot, is defined in terms of the δ-grading

δi “ 2ai ` qi ´ ti, (2.3.4)

where pai, qi, tiq are the homological degrees (2.2.23). A knot that satisfies δi “ δ “

const. is said to be thin, if not it is thick.
Of the 165 prime knots with up to ten crossings, only 12 are thick, see [82, (49)]

for a complete list. The only thick two knots with less than ten crossings are 819
and 942, which are depicted in figure 2.6. The knots-quivers correspondence is still
unproven for thick knots and is at the forefront of ongoing research.23 Next we will
explain the string theory origin of this duality.

2.3.1 Non-Abelian Chern-Simons and the deformed conifold

Back in the 70’s ’t Hooft had proposed that the Feynman diagram expansion of non-
Abelian gauge theories could be rewritten in terms of a string theory amplitude. The
way to realize this is by writing the free energy genus expansion

F pg,Nq “

8
ÿ

g“0

8
ÿ

h“1

Fg,hg
2g`h´2
s N´h, (2.3.5)

21There is also a version of the knots-quivers correspondence with a more general change of
variables than (2.3.2). Namely, xi “ λix

ni , for ni P N. The interested reader may consult [38]
22We do not explain the concept of a tangle since it is not needed for this thesis.
23While typing this thesis, we became aware of unpublished computations by M. Stosić, where

he claims to obtain an explicit quiver matrix C for the knot 819.
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Figure 2.6: 819 (left) 942 (right).

where g is the coupling constant of the gauge group and N is the rank of the gauge
group, which in our case it will be SUpNq.

However, we can think of (2.3.5) as an open string theory amplitude, where we
we sum over all topologies of the string worldsheet Σg,h. Then, gs is interpreted as
a string coupling constant and Nh are the Chan-Paton factors associated with the
boundary of the open string. Finally, Fg,h are the string theory amplitudes on Σg,h.

This leads to the idea that we can start with a topological string theory (UV)
and its low energy (IR) limit, after compactification, the resulting effective theory
is simply a non-Abelian gauge theory. We will construct our Chern-Simons the-
ory following the pedagogical line of thought of Mariño [5, Sec 8], for the original
derivation see [8].

Let us start from the following string configuration, we have a eleven-dimensional
space

space-time : S1
ˆ R4

ˆ pCY3 “ T ˚S3
q

Y

N M5-branes wrapping : S1
ˆ R2

ˆ S3 (2.3.6)
M M5’-branes (probes) wrapping : S1

ˆ R2
ˆ LK,

where LK is the knot conormal (which we will define in a moment), by probe we mean
that they are non-dynamical objects (background geometry), T ˚S3 is also known as
the deformed conifold. We can easily define the deformed conifold in terms of its
embbeding coordinates in pη1, η2, η3, η4q P C4

4
ÿ

i“1

η2i “ r, (2.3.7)

where r P R˚. By rewriting the complex variables in terms of real ones ηj “ xj ` iyj
we obtain the two equations for the real coordinates

4
ÿ

i“1

pxi ´ yiq “ r,
4
ÿ

i“1

xiyi “ 0, (2.3.8)

where the first equation defines S3 of radius
?
r upon setting yi “ 0 and the second

equation defines the coordinates of the cotangent bundle at the point xi. This leads
to the topology of T ˚S3. It is a symplectic manifold w.r.t. the canonical symplectic
form

ωpq, pq “

3
ÿ

i“1

dqi ^ dpi, (2.3.9)

where qi P S3 is a coordinate patch and pi are coordinates on the cotangent bundle
around qi. Next, we can construct a complex structure which is compatible with
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the symplectic form, thus promoting it to a Khaler manifold. Lastly, because the
Ricci curvature of both exactly cancel each other this manifold ends up being a
Calabi-Yau three-fold, CY3.

To proceed, we need to find a Lagrangian submanifold of T ˚S3 that gives bound-
ary conditions for the ends of the string. A Lagrangian submanifold is a half-
dimensional submanifold on which the canonical symplectic form (2.3.9) vanishes
identically.

The natural candidate for a Lagrangian submanifold in the presence of a knot is
called the knot conormal LK. Lets parametrize the knot inside S3 as a curve qipsq
with s P r0, 2πs and qip0q “ qip2πq

LK “

#

pqpsq, pq P T ˚S3
|K

ˇ

ˇ

ˇ

ˇ

ˇ

3
ÿ

i“1

pi
dqipsq

ds
“ 0

+

. (2.3.10)

The knot conormal LK has a simple geometric interpretation, namely as a set
of planes which are perpendicular to the tangent vector of the knot at every point.
Hence, its topology is S1 ˆ R2.

Given that we have two stacks of branes, this configuration allows for three types
of strings which can end on these branes:

1. Strings with both ends on the N M5-branes are described by a A P supNq

Chern-Simons theory on S3.

2. Strings with both ends on the M M5’-branes, which are described by a rA P

supMq Chern-Simons action on LK.

3. Strings with one end on an N M5-brane and another end on an M M5’-brane
Apqpsqq “ ϕpqpsqq ` χξpqpsqq.

where ϕ is a scalar field in its bifundamental representation pN,ĎMq and χ is a
Grassman field. The fact that they are evaluated only at the knot K is because the
third type of strings have to be constant and with endpoints at different branes N
and M . The only possibility for the strings to satisfy both conditions is if they lie
on the intersection S3 X LK “ K. In other words, the third type of strings lie along
the knot itself.

The action for the strings that stretch across branes is

Sscalar “

¿

K

Tr
´

sϕdϕ ` sϕAϕ ´ ϕ rAsϕ
¯

, (2.3.11)

where, after integrating out ϕ and sϕ we obtain the functional determinant

Seff
scalar “ ´ log det

˜

d

ds
`

3
ÿ

i“1

´

Ai ´ rAi

¯ dqipsq

ds

¸

“

8
ÿ

n“1

1

n
TrUnTrV ´n, (2.3.12)

where U and V are the holonomies of A and rA around the knot K, as in (2.2.9).
Lo and behold, out of the M probe branes we obtained the Ooguri-Vafa operator
(2.2.13), where the rA can be seen as an external source for the action

SCSpAq ` Seff
scalar “ SCSpAq `

8
ÿ

n“1

1

n
TrUnTrV ´n

ùñ FTopStringpV q “ FCSpV q.

(2.3.13)
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This is a way to find an topological open string theory interpretation of Chern-
Simons theory. In the upcoming subsection, we will find a dual closed string am-
plitude on the resolved conifold that leads to the interpretation of knot invariants
(2.2.13) as Gromov-Witten invariants, or BPS states of a 3d N “ 2 theory (2.1.34).
There is where the quiver takes a geometric interpretation [38].

2.3.2 Geometric transition

Based on the genus expansion (2.3.5) we can formally resum the series by introducing
the ’t Hooft parameter t “ gsN and obtain

F pgs, tq “

8
ÿ

g“0

g2g´2
s Fgptq, Fgptq “

8
ÿ

n“1

Fg,ht
h, (2.3.14)

where F pgs, tq can now be interpreted as a closed topological string amplitude. This
is known as the open/closed string duality. To find explicitly the closed string theory
dual is a non-trivial task, which is performed on a case-by-case basis. The most
famous example of this open/closed duality is AdS/CFT. It is worth mentioning that
we are actually constructing a more general version of the open/closed duality. This
because the open/closed duality interpretation holds for the pure Chern-Simions
theory, without knots or probe branes.

Having clarified that, on the open string side we have D-branes where the ends
of the string are attached. These D-branes do not appear on the closed string side
after resummation. However, the effect of the D-branes is to deform the background
geometry, and so the resumation can be understood as a geometric transition.

The geometric transition occurs when we shrink S3 to zero, r “ 0 in (2.3.8).
This produces the conifold singularity. There are two standard methods to avoid a
singularity, one is to deform the complex parameters, which leads to the deformed
conifold. An alternative method is to perform a blow-up to resolve the singularity,
which leads to the resolved conifold.

The resolved conifold can be defined by the algebraic equation

|z1|
2

` |z4|
2

´ |z2|
2

´ |z3|
2

“ a, (2.3.15)

where if we take z2 “ z3 “ 0 on the above, then we can think of z1, z4 as coordinates
on the base P1. This also leads to consider z2, z3 as coordinates of the fibers. In
other words, X “ Op´1q ˆ Op´1q Ñ P1.

To deduce the appearance of the resolved conifold from the conifold singularity,
(2.3.7) with r “ 0, we can preform the change of variables 2η1 “ x`y, 2iη2 “ x´y,
2iη3 “ u ` v and 2η4 “ v ´ u to obtain

xy “ uv. (2.3.16)

Here we can notice that a general solution of the above equation is

x “ λv, u “ λy, (2.3.17)

with λ the inhomogenous coordinate in P1. Then, we can reinterpret pv, yq and
px, uq as the north and south coordinates charts for the bundle Op´1q ˆ Op´1q on
P1. We can further change variables x “ z1z3, y “ z2z4, u “ z1z2 and v “ z3z4.
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Figure 2.7: Schematic illustration of the geometric transition. Source [83]

Substituting them in (2.3.17) we get λ “ z1{z4, which in deed is the inhomogenous
coordinate for |z1|

2 ` |z4|
2 “ a. Thus, we deduced the conifold transition, from the

deformed conifold to the resolved one, as seen in figure 2.7.
In our case, the N M5-branes wrapping S3 turn into the flux supported on P1

and their volume is encoded in the Kähler parameter a. Whereas, the M M5-branes
that serve as a probe, are still present and wrapping a Lagrangian submanifold CK
of X associated with the knot. The open strings that end on the M M5’-branes,
turn into M2-branes intersecting the M M5’-branes. The table 2.1 summarises the
whole M theory setup.

Geometric transition
Õ Œ

Geometry Deformed conifold Resolved conifold
Space-time S1 ˆ R4 ˆ T ˚S3 S1 ˆ R4 ˆ X
N M5-branes S1 ˆ R2 ˆ S3 ———-
M M5-branes S1 ˆ R2 ˆ LK S1 ˆ R2 ˆ LK

M2-branes Disc with boundary
on M X N

Disc with boundary
on LK

Low-energy theory Chern-Simons on S3 3d N = 2 SUSY
Observables Knot invariants BPS particles (quivers)

Table 2.1: M-theory setup

Finally, the BPS states arise from the M2-branes wrapping a 2-cycle β P

HpX,LKq and ending on the M5’-branes. Since, the M2-branes are light, in the
effective theory they can be approximated as point particles propagating on R2ˆS1.
The BPS states are labeled by two 3d spins p2j, 2iq P Z2 and a representation R of
the gauge group SUpMq.

All-in-all, the string theory amplitudes take the form

F “

8
ÿ

g“0

8
ÿ

h“1

Fg,hg
2g`h´2
s “

8
ÿ

n“1

1

n

NR,i,ja
niqnj

q ´ q´1
TrRV n

“ log
ÿ

R

PK
R pa, qqTrRV,

(2.3.18)
where q “ egs , a is the radius of P1 in the resolved conifold and NR,i,j is the num-
ber of BPS particles with spins pi, jq. This are also referred to as the Labastida-
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Mariño-Ooguri-Vafa invariants. The r.h.s of the above equation is the Ooguri-Vafa
generating function for colored HOMFLY-PT polynomials (2.2.13).

In summary, Chern-Simons in S3 (on the deformed conifold side) produces knot
invariants, whereas from 3d N = 2 theory (on the resolved conifold side) yields the
quiver description. This is the M-theory origin of the knots-quivers correpondence.

We expect this review has been clear and enlightening for the reader and that
it sets the stage for where our results will be presented. We will provide explicit
examples of the knots-quivers correspondence, quiver A-polynomials and so on. We
hope this enables the reader to fully appreciate the broad scope of dualities our
results contribute to.
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Chapter 3

Knot symmetries and permutohedra

The aim of this chapter is to carefully study the relation between knots and quivers
and its implications for 3d N “ 2 theory. We begin by explaining how quiver series
are invariant under an operation called unlinking. In a few words, this operation
erases an arrow between nodes of the quiver, in exchange for adding an extra node.
This operation will allow us to prove the local equivalence theorem. The main
implication of this theorem is that, under certain conditions, there could be multiple
distinct quivers yielding the same quiver series. All these quivers will be considered
equivalent, and are related under a transposition of off-diagonal elements of their
respective quiver matrices.

We will show, that the quivers associated to knots satisfy the conditions of the
local equivalence theorem. Then, we will explore the set of all equivalent quivers
that can be assign to the same knot. We can also interpret this as a web of dualities
between different couplings of the 3d N “ 2 SUSY gauge theory.

As we will see, the number of equivalent quivers grows pretty rapidly even for
simple knots. So, we represent the set of equivalent quivers as a graph, where every
equivalent quiver is a node, and edges are transpositions relating them. As it turns
out, these graphs can be built out of simpler graphs known as permutohedra. We
will carefully explain what a permutohedron is and why they arise in the set of
equivalent quivers.

We will summarise our results in table 3.1, where we list the number of equivalent
quivers associated to a given knot. Then, we conjecture that such equivalent classes
of quivers exist for any knot. These results are also published in [42].

3.1 On the uniqueness of the knots-quivers corre-
spondence

As we argue in section 2.3, we can associate a quiver to a knot, based on the
equality of their generating functions (2.3.1). It was noticed already in the initial
knots-quivers correspondence paper [31] that for certain knots, two or more quiver
matrices, of the same size, could be assigned to the same knot. Moreover, they found
that we can always enlarge the quiver matrix with two extra rows and columns with
appropriately chosen entries, which yields the same quiver series.

Furthermore, in [39] the authors discovered yet another operation which allows
to increase the size of the quiver matrix and still have the same quiver series (2.1.40).
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They named this operation unliking, since it erases one arrow between quiver nodes.
We will discuss unlinking more carefully, in 3.1.1. For now, it suffices to mention
that unlinking allows to add an extra row and column to the quiver matrix. The
entries of these extra row and column are fixed by the values of the starting quiver
matrix. In fact, this operation is defined for any quiver, so in particular applies to
those associated to knots.

Lastly, for most quivers and in particular those associated with knots, we can
perform the operation of unlinking an infinite number of times. This means that we
can associate an infinite number of distinct quivers to the same knot. This naturally
leads to the following questions for quivers associated with knots:

1. Is there minimum size of a quiver associated to a given knot?

2. Is the quiver of minimum size unique? If not how many quivers of minimum
size are there, are there finite or infinite?

3. If there are multiple quivers of minimum size, is there a transformation relating
them?

In this chapter, we will provide the answer to these questions and present the
amazing results they lead to. As we will see, apart from the unknot 01 and the
trefoil 31 in 2.2, all examples of knots that we consider in the reduced normalization
have a multiple quivers associated to the same knot 1.

The answer to the first question is straightforward. Take the Poincare polynomial
of a knot (2.2.23), PK

1 pa, q, tq, and compare it with the first-order term of the quiver
series (2.1.40)

ÿ

iPGpKq

aaiqqittix

pq2q1
dimHai,qi,tipKq “

m
ÿ

i“1

p´qqCii
aaiqqi´Ciip´tqCiix

pq2q1
(3.1.1)

From the above equation, we can conclude that m “ #pGpKqq. Thus, the mini-
mum size of the quiver is the number of generators of the knot homology, or mono-
mials of the Poincare polynomial. We will refer to the quivers Q of size #pGpKqq as
minimal quivers.

3.1.1 Unliking

Lets start from a symmetric quiver Q of size m with a quiver matrix C. We chose a
pair of nodes a, b P Q which have at least one arrow between, Cab “ Cba ‰ 0. Then,
we can add a new node n to the quiver rQ “ Q Y n. The entries of the enlarged
quiver matrix rC are

rCab “ Cab ´ 1, rCnn “ Caa ` 2Cab ` Cbb ´ 1, (3.1.2)
rCin “ Cai ` Cbi ´ δai ´ δbi, rCij “ Cij for all other cases,

where δij is the Kronecker delta.
1In case of the unreduced normalization the trefoil knot 31 also has multiple quivers associated

to it. We concentrate on the multiplicity of quivers for the reduced normalization, since in the
unreduced normalization the question of the number of quivers associated to the same knot is much
more involved and we leave for future research.
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Then, it was proven in [39] that upon setting xn “ q´1xaxb, the quiver generating
series of Q and rQ are the same

PCpx1, . . . , xmq “ P
rCpx1, . . . , xm, xn “ q´1xaxbq. (3.1.3)

The simplest example of unlinking is

C “

„

Caa Cab

Cba Cbb

ȷ

“

„

0 1
1 0

ȷ

ÝÑ rC “

»

—

–

rCaa
rCab

rCan

rCba
rCbb

rCbn

rCna
rCnb

rCnn

fi

ffi

fl

“

»

–

0 0 0
0 0 0
0 0 1

fi

fl .

(3.1.4)
The origin of the name unliking for this operation comes from its topological

string theory interpretation. We may think of the BPS spectrum of 3d N “ 2 the-
ory, as Gromov-Witten invariants for the open topological string. These geometric
invariants count holomorphic curves inside a Calabi-Yau three-fold with boundary
on the Lagrangian LK (2.3.10).

In that context, each quiver node can be associated to a holomorphic curve and
the quiver arrows to links between the curves. Hence, the quiver matrix C can be
interpreted as the linking matrix of the holomorphic curves. Given that we can
preform the unlinking operation Cab times on the nodes a and b, this completely
unlinks the two curves a and b. The deep physical meaning of this quite simple
operation is a duality between two distinct values of the couplings of the 3d N “ 2
theory.

3.2 Local equivalence of quivers
In the previous subsection 3.1.1, we argued that it is possible to have two distinct
quivers with the same quiver generating series (3.1.3). This general property of
quiver generating series also applies to quivers associated with knots. Nevertheless,
the quivers we obtain from unliking (3.1.3) lead to larger quiver matrices. In other
words, the quivers obtained from unlinking are not the minimal quivers we can
associate to a knot.

Now we will focus our attention on finding distinct quivers of the same size, which
produce the same quiver series (2.1.40). We will say that two distinct minimal quiver
matrices C and C 1 are equivalent, if their quiver series (2.1.40) are equal after the
knot change of variables (2.3.2)

PK
pa, q, t, xq “ PCpx1 “ λ1x, . . . , xm “ λmxq “ PC1px1 “ λ1

1x, . . . , xm “ λ1
mxq

(3.2.1)
where λi “ λ1

i “ aaiqqitti and ti “ Cii “ C 1
ii.

Next, we will analyse the constraints the above definition imposes on the equiva-
lent quiver matrix C 1. We derive those constraints by expanding each side of (3.2.1)
and comparing to each order in x. We will discuss the cases that lead to nontrivial
equivalent quiver matrices.

3.2.1 Constrains on equivalent quivers

The above equation is a definition, but it is also an identity that the equivalent
quiver needs to satisfy. Taking (3.2.1) as a starting point, we can actually deduce
many properties of equivalent quivers.
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First, we expand order-by-order in x both sides of (3.2.1). At Opx0q and Opx1q

both sides of (3.2.1) are always equal. Then, at Opx2q we have

P2pa, q, tqx
2

p1 ´ q2qp1 ´ q4q
“

m
ÿ

i“0

p´qq4Ciix2λ2i
p1 ´ q2qp1 ´ q4q

`
ÿ

i‰j

p´qqCii`2Cij`Cjjx2λiλj
p1 ´ q2qp1 ´ q2q

“

m
ÿ

i“0

p´qq4Ciix2λ2i
p1 ´ q2qp1 ´ q4q

`
ÿ

i‰j

p´qqCii`2C1
ij`Cjjx2λiλj

p1 ´ q2qp1 ´ q2q
.

(3.2.2)

After cancelling identical terms, the previous equation reduces to

ÿ

iăj

´

q2Cij ´ q2C
1
ij

¯

p´qqCii`Cjjλiλj “ 0. (3.2.3)

As we know, lambdas are monomials in a, q and t. Thus, we can think of
the above as a polynomial in a and t, whose coefficients depend on q. If we assume
λiλj ‰ λkλl for all i, j, k and l, the previous equation is satisfied only when C 1

ij “ Cij.
This is the trivial case, since it would lead to C “ C 1. To obtain a nontrivial solution,
we can study the case when

λaλb “ q2sλcλd ùñ

$

’

&

’

%

aa ` ab “ ac ` ad

qa ` qb “ qc ` qd ` 2s

ta ` tb “ tc ` td

, (3.2.4)

where s P Z and 1 ď a, b, c, d ď m. Notice that in the case when the knot K is a thin
knot, the above equation together with (2.3.4) would imply s “ 0. For the moment,
we will not restrict ourselves to thin knots and will keep s ‰ 0.

Then, let us assume that C 1
ij “ Cij holds for all i and j, except for i, j “ a, b, c, d.

This cancels all the terms of (3.2.3) except for

λaλbp´qqCaa`Cbb

ˆ

q2Cab ` q´2s`2Ccd

˙

“ λaλbp´qqCaa`Cbb

´

q2C
1
ab ` q´2s`2C1

cd

¯

,

(3.2.5)
where we used Caa `Cbb “ Ccc `Cdd that comes from the t-powers in (3.2.4). Again,
the nontrivial solution is

C 1
ab “ Ccd ´ s, C 1

cd “ Cab ` s. (3.2.6)

A simple interpretation of the above result is, up to the second order, when s “ 0,
the equivalent quiver matrix C 1 is (3.2.6) is identical to C except for a transposition
of its entries Cab Ø Ccd.

Moving on to the third order case Opx3q of (3.2.1)

P3pa, q, tqx
3

p1 ´ q2qp1 ´ q4qp1 ´ q6q
“

m
ÿ

i“0

p´qq9Ciix3λ3i
p1 ´ q2qp1 ´ q4qp1 ´ q6q

`
ÿ

i‰j

p´qq4Cii`4Cij`Cjjx3λ2iλj
p1 ´ q2qp1 ´ q4qp1 ´ q2q

`
ÿ

i‰j‰k

p´qqCii`2Cij`Cjj`2Cjk`Ckk`2Cikx3λiλjλk
p1 ´ q2qp1 ´ q2qp1 ´ q2q

. (3.2.7)
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We are only interested in terms containing λaλb or λcλd, since the other ones will
cancel each other out. They are given by

x3λaλb
p1 ´ q2qp1 ´ q4qp1 ´ q6q

”

p´qq4Caa`4C1
ab`Cbbλa ` p´qq4Cbb`4C1

ab`Caaλb

` p1 ` q2qp´qqCaa`2C1
ab`Cbb`2Cbc`Ccc`2Cacλc

` p1 ` q2qp´qqCaa`2C1
ab`Cbb`2Cbd`Cdd`2Cadλd

` p1 ` q2q
ÿ

i‰a,b,c,d

p´qqCaa`2C1
ab`Cbb`2Cbi`Cii`2Caiλi

ı

(3.2.8)

and

x3λcλd
p1 ´ q2qp1 ´ q4qp1 ´ q6q

”

p´qq4Ccc`4C1
cd`Cddλc ` p´qq4Cdd`4C1

cd`Cddλd

` p1 ` q2qp´qqCcc`2C1
cd`Cdd`2Cad`Caa`2Cacλa

` p1 ` q2qp´qqCcc`2C1
cd`Cdd`2Cbd`Cbb`2Cbcλb

` p1 ` q2q
ÿ

i‰a,b,c,d

p´qqCcc`2C1
cd`Cdd`2Cdi`Cii`2Cciλi

ı

(3.2.9)

for PC1 and analogously for PC .
Next, we match the selected terms from above on both sides of (3.2.1) to obtain

λa

”

p´qq4Caa`4C1
ab`Cbb`2s

` p1 ` q2qp´qqCcc`2C1
cd`Cdd`2Cad`Caa`2Cac

ı

“ λa

”

p´qq4Caa`4Cab`Cbb`2s
` p1 ` q2qp´qqCcc`2Ccd`Cdd`2Cad`Caa`2Cac

ı

,
(3.2.10a)

λb

”

p´qq4Cbb`4C1
ab`Caa`2s

` p1 ` q2qp´qqCcc`2C1
cd`Cdd`2Cbd`Cbb`2Cbc

ı

“ λb

”

p´qq4Cbb`4Cab`Caa`2s
` p1 ` q2qp´qqCcc`2Ccd`Cdd`2Cbd`Cbb`2Cbc

ı

,
(3.2.10b)

λc

”

p´qq4Ccc`4C1
cd`Cdd ` p1 ` q2qp´qqCaa`2C1

ab`Cbb`2Cbc`Ccc`2Cac`2s
ı

“ λc

”

p´qq4Ccc`4Ccd`Cdd ` p1 ` q2qp´qqCaa`2Cab`Cbb`2Cbc`Ccc`2Cac`2s
ı

,
(3.2.10c)

λd

”

p´qq4Cdd`4C1
cd`Ccc ` p1 ` q2qp´qqCaa`2C1

ab`Cbb`2Cbd`Cdd`2Cad`2s
ı

“ λd

”

p´qq4Cdd`4Ccd`Ccc ` p1 ` q2qp´qqCaa`2Cab`Cbb`2Cbd`Cdd`2Cad`2s
ı

,
(3.2.10d)

λi

”

p´qqCaa`2C1
ab`Cbb`2Cbi`Cii`2Cai`2s

` p´qqCcc`2C1
cd`Cdd`2Cdi`Cii`2Cci

ı

“ λi

”

p´qqCaa`2Cab`Cbb`2Cbi`Cii`2Cai`2s
` p´qqCcc`2Ccd`Cdd`2Cdi`Cii`2Cci

ı

.

(3.2.10e)

Starting from (3.2.10a) let us match the q-monomials in a way that yields a nontrivial
solution. This leads to the following linear equations for C and C 1

4Caa ` 4C 1
ab ` Cbb ` 2s “ Ccc ` 2Ccd ` Cdd ` 2Cad ` Caa ` 2Cac ` 2,

Ccc ` 2C 1
cd ` Cdd ` 2Cad ` Caa ` 2Cac “ 4Caa ` 4Cab ` Cbb ` 2s, (3.2.11a)

Ccc ` 2C 1
cd ` Cdd ` 2Cad ` Caa ` 2Cac ` 2 “ Ccc ` 2Ccd ` Cdd ` 2Cad ` Caa ` 2Cac,
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or

4Caa ` 4C 1
ab ` Cbb ` 2s “ Ccc ` 2Ccd ` Cdd ` 2Cad ` Caa ` 2Cac,

Ccc ` 2C 1
cd ` Cdd ` 2Cad ` Caa ` 2Cac “ Ccc ` 2Ccd ` Cdd ` 2Cad ` Caa ` 2Cac ` 2,

Ccc ` 2C 1
cd ` Cdd ` 2Cad ` Caa ` 2Cac ` 2 “ 4Caa ` 4Cab ` Cbb ` 2s. (3.2.11b)

Analogously for (3.2.10b), (3.2.10c) and (3.2.10d), together with Caa ` Cbb “

Ccc ` Cdd and (3.2.6), yields the two nontrivial possible pairwise cancellations:

Cab ` s “ Ccd ´ 1,

Caa ` Ccd “ Cad ` Cac ` s ` 1,

Cbb ` Ccd “ Cbd ` Cbc ` s ` 1,

Cab ` Ccc ` s “ Cbc ` Cac,

Cab ` Cdd ` s “ Cbd ` Cad

or

Cab ` s “ Ccd ` 1,

Caa ` Ccd “ Cad ` Cac ` s,

Cbb ` Ccd “ Cbd ` Cbc ` s,

Cab ` Ccc ` s “ Cbc ` Cac ` 1,

Cab ` Cdd ` s “ Cbd ` Cad ` 1.

(3.2.12)

Making use of (3.2.12) along with Caa `Cbb “ Ccc `Cdd, we conclude that s “ 0.
Substituting this result in (3.2.10a) and (3.2.10e), leads to a similar result after an
analogous analysis. Altogether yields the following system of equations in its two
equivalent forms:

Ccd “ Cab ´ 1, Cci ` Cdi “ Cai ` Cbi ´ δai ´ δbi (3.2.13a)
or Cab “ Ccd ´ 1, Cai ` Cbi “ Cci ` Cdi ´ δci ´ δdi. (3.2.13b)

These are the constraints that the quiver matrix C needs to satisfy in order to
have equivalent quivers according to our definition (3.2.1). They have a simple inter-
pretation as transposition Cab Ø Ccd, which leads to an equivalent quiver. However,
we have not proved that this conditions are enough to guarantee the existence of an
equivalent quiver. Neither we have verified that there are no new constraints arising
from expanding (3.2.1) to higher orders. The fact that this conditions are sufficient
is the main content of the local equivalence theorem 2.

What happens when lambdas are proportional to each other, rather than their
product (3.2.4)? Continuing our investigation of possible nontrivial solutions to
(3.2.3), let us try the different ansatz λa “ q2s1λc, λb “ q2s2λd. At second-order in
x we encounter the term

q2Cabλaλb ` q2Ccdλcλd ` q2Cadλaλd ` q2Cbcλbλc. (3.2.14)

This term appears on both sides of (3.2.1) and so we would like to cancel the
q-monomials pairwise. We can enumerate the possible cancellations:

1. q2Cabλaλb “ q2C
1
abλaλb leads to the trivial situation Cab “ C 1

ab.

2. q2Cabλaλb “ q2C
1
cdλcλd reduces to the situation we encountered before in

(3.2.13b) and (3.2.13a).

3. q2Cabλaλb “ q2C
1
adλaλd produces analogs equations as (3.2.10a) and (3.2.10e)

imply s “ 0 and Cbi “ Cdi for i ‰ a, b, d. In short, this implies that b and d
are indistinguishable and the transposition Cab Ø Cad can be understood as a
relabeling b Ø d.

4. q2Cabλaλb “ q2C
1
bcλbλc as the previous case, it is a relabeling a Ø c.
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We argued so far that if a quiver matrix C satisfies (3.2.13) and λaλb “ λcλd we
can transpose Cab Ø Ccd to obtain an equivalent quiver C 1. A well-known result is
that the permutation group of n elements Sn can be generated by transpositions.
Therefore, if we are able to compose transpositions, we may construct more com-
plex permutations. This poses the question, if there exists more than one possible
transposition, can we compose them to obtain a new equivalent quiver?

Suppose that a quiver matrix C admits the transposition Cab Ø Ccd and Ccd Ø

Cef . Next, assume we perform the transposition Ccd Ø Cef . Now we can not
perform the transposition Cab Ø Ccd. This is because before the transposition
Ccd Ø Cef , we had Cac `Cbc “ Ccc `Ccd (if Cab ă Ccd) or Cac `Cbc “ Ccc `Ccd ´ 1
(if Cab ą Ccd), which is no longer satisfied after Ccd Ø Cef . An analogous argument
applies when we perform the first Cab Ø Ccd.

As a consequence, we can not compose transpositions into larger permuta-
tions. Nevertheless, we have not yet excluded all nontrivial ways of matching terms
in (3.2.2). For instance, there could be permutations producing an equivalent quiver
that could be decomposed into transpositions that individually do modify the par-
tition function. We do not expect such permutations to exist. Thus, we propose the
following conjecture based on the evidence we discuss below:

Conjecture 1. Consider a quiver matrix C corresponding to the knot K. If there
exists another symmetric quiver matrix C 1 such that C 1 „ C in the sense of the def-
inition (3.2.1), then either C 1 “ C or they are related by a sequence of disjoint
transpositions, each exchanging nondiagonal elements

Cab Ø Ccd, Cba Ø Cdc, (3.2.15)

for some pairwise different 1 ď a, b, c, d,ď m, such that

λaλb “ λcλd (3.2.16a)

and

Cab “ Ccd ´ 1, Cai ` Cbi “ Cci ` Cdi ´ δci ´ δdi, 1 ď i ď m, (3.2.16ba)

or

Ccd “ Cab ´ 1, Cci ` Cdi “ Cai ` Cbi ´ δai ´ δbi, 1 ď i ď m. (3.2.16bb)

In the case of thin knots, it is easy to see that all possible equivalent quivers are
simply permutations of the off-diagonal entries of the quiver matrix. To see this,
take the second-order expansion in x (3.2.2). To have cancellations we need that the
products of lambdas be equal up to qs prefactors λaλb “ qs1λcλd “ qs2λeλf “ . . ..
Using the thinness condition (2.3.4) we can conclude that s1 “ s2 “ ¨ ¨ ¨ “ 0.
Additionally, the fact that C 1

ij P Z imposes that any equivalent quiver matrix C 1 is
equal C except for permutations of off-diagonal elements.

Then, the conjecture reduces to find all possible lambdas that satisfy such con-
straints, which are finitely many. After that, simply perform all possible permuta-
tions and compare the resulting series. We carried out this analysis for 31, 41, and
51 knots and found that they agree with our conjecture 1.
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For thin knots, we can provide another argument in favour of conjecture 1.
We can exclude 3-cycles that may consist of transpositions that do not preserve
the quiver series. Suppose that λaλb “ λcλd “ λeλf , and (3.2.2), and C 1 is a
permutation of the three elements pCab Ccd Cef q or pCab Cef Ccdq with Cab, Ccd, Cef

being all distinct. We can consider all possible ways the q-monomials may cancel
out at cubic order in x (3.2.7). This yields 443 systems of 30 linear equations. Using
a computer, we may verify that they do not have a nontrivial solution.

In the next section we formulate and prove the local equivalence theorem 2.
Together, conjecture 1 and the local equivalence theorem imply that we find all
possible equivalent quivers for the knots under study.

3.2.2 Local equivalence theorem

Theorem 2. Consider a symmetric quiver matrix C, of size m, corresponding to
the knot K and another symmetric quiver matrix C 1, of the same size. Lets assume
also that λ1

i “ λi for 1 ď i ď m, where λi are the ones from the knot change of
variables (2.3.2). If C and C 1 are related by a sequence of disjoint transpositions,
each exchanging non-diagonal elements

Cab Ø Ccd, Cba Ø Cdc, (3.2.3)

for some pairwise different 1 ď a, b, c, d ď m, such that

λaλb “ λcλd (3.2.4a)

and

Cab “ Ccd ´ 1, Cai ` Cbi “ Cci ` Cdi ´ δci ´ δdi, 1 ď i ď m, (3.2.4ba)

or

Ccd “ Cab ´ 1, Cci ` Cdi “ Cai ` Cbi ´ δai ´ δbi, 1 ď i ď m, (3.2.4bb)

then C and C 1 are equivalent in the sense of the definition (3.2.1).

In practice, for a given knot K we find all possible quadruple of pairwise differ-
ent 1 ď a, b, c, d ď m satisfying (3.2.4a). We refer to (3.2.4a) as the center of mass
condition and a a quadruple satisfying it we will call it a pairing. It is worth men-
tioning that not all pairings allow for transpositions (3.2.3) leading to an equivalent
quiver, since they still need to further satisfy (3.2.4b). Pairings that do satisfy all
constraints (3.2.4) from the theorem 2 are symmetries. A symmetry is either trivial
when C 1

ij “ Cij or nontrivial when C 1
ij ‰ Cij. Finally, we denote by NCpsq the num-

ber of equivalent quiver matrices to C, as a function of the number of symmetries
s.

A convenient geometrical way to visualise symmetries is through the homological
diagram of the knot. In terms of a, q and t the center of mass condition (3.2.4a)
translates to the vector equation v⃗a ` v⃗b “ v⃗c ` v⃗d, where v⃗i “ pqi, aiq is a vector
of homological degrees of the generator i. This is analogous to the center of mass
condition from classical mechanics for a system of four equal mass particles ta, bu
and tc, du and hence the name. Geometrically, it can be drawn as a parallelogram
with diagonals ab and cd, see figure 3.1.
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λ3

λ5

λ4

λ2

v⃗av⃗b

v⃗d

v⃗c

q

a

´2 0 2

´2

0

2

λ1

Figure 3.1: The set of generators of the uncolored HOMFLY-PT homology for 41
knot and the parallelogram corresponding to the pairing λ2λ5 “ λ3λ4

The third-order constraints (3.2.4b) have an analogous representation in terms
of generators of the Sr-colored HOMFLY-PT homology for r “ 2. This because the
off-diagonal elements of the quiver matrix enter the quiver series starting from the
quadratic term (3.2.2)

x3x5 x1x5 x4x5

x1x3

x25

x23 x24

x22

x2
1x2x5 x3x4 x1x4

x2x3 x1x2 x2x4

q

a

´6 ´4 ´2 0 2 4 6

4

2

0

´2

´4

Figure 3.2: The set of generators of the S2-colored HOMFLY-PT homology for 41
knot (the labels xixj are consistent with the labels in figure 3.1).

For example, the S2-colored homology for 41 knot is shown in figure 3.2. There
are 3 kinds of generators: 5 black nodes are in one-to-one correspondence with
x2i , i “ 1 . . . 5. Blue and purple nodes correspond to xixj with i ‰ j, and for each
pair pi, jq there are exactly 2 generators, which we connect by an arc. The distinction
between blue and purple nodes is justified by taking the common denominator in
the quadratic term of the quiver series. Each term xixj is multiplied by p1 ` q2q,
therefore contributing twice to the colored superpolynomial. The blue node has
the q-degree qi ` qj ` Cii ` 2Cij ` Cjj, while the purple one is shifted by two:
qi ` qj ` Cii ` 2Cij ` Cjj ` 2. Having in mind the pairing condition inducing
cancellations of all terms except those corresponding to arrows between different
nodes (2Cij), we can visualize any constraint of the form Cis ` Cjs “ Cks ` Cls as
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a parallelogram connecting nodes with the same color. For example, the constraint
C12 ` C15 “ C13 ` C14 is visualized in figure 3.3.

the node: q-degree: a-degree:
x1x2 q1`q2`C11`C22`2C12 a1`a2
x1x3 q1`q3`C11`C33`2C13 a1`a3
x1x4 q1`q4`C11`C44`2C14 a1`a4
x1x5 q1`q5`C11`C55`2C15 a1`a5

x1x5

x1x3

x25

x23 x24

x22

x1x4

x1x2

q

a

´6 ´4 ´2 0 2 4 6

4

2

0

´2

´4

Figure 3.3: The constraint C12 ` C15 “ C13 ` C14 as a parallelogram rule. There
are cancellations when equating the sums of the q- and a-degrees of x1x2, x1x5 and
x1x3, x1x4, since λ2λ5 “ λ3λ4 implies q2 ` q5 “ q3 ` q4 and a2 ` a5 “ a3 ` a4.

3.2.3 Proof of the local equivalence theorem

We proceed to prove the local equivalence theorem 2. We may have multiple possible
transpositions for a given quiver matrix C. Thanks to the fact that each transpo-
sition is an independent symmetry, we can consider a general form of one such
transposition and show that it preserves the generating function. This automati-
cally implies that if C and C 1 are connected by a sequence of such transformations,
then they correspond to the same knot.

Say that C corresponds to K, λ1
i “ λi for 1 ď i ď m, and we have C 1

ij “ Cij

except for the transposition Cab Ø Ccd with pairwise different 1 ď a, b, c, d ď m. We
further demand that

λaλb “ λcλd, Ccd “ Cab´1, Cci`Cdi “ Cai`Cbi´δai´δbi, 1 ď i ď m (3.2.3)

and analogous constraints for C 1 2

To prove that C 1 is also associated with K. Next, we unlink nodes a, b in C and

2The case Cab “ Ccd ´ 1 is obtain by relabelling ab Ø cd.
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nodes c, d in C 1 3

rCij “ Cij i, j ‰ a, b rC 1
ij “ C 1

ij i, j ‰ c, d

rCab “ Cab ´ 1 rC 1
cd “ C 1

cd ´ 1 (3.2.4)
rCin “ Cai ` Cbi ´ δai ´ δbi, rC 1

in “ C 1
ci ` C 1

di ´ δci ´ δdi,

rCnn “ Caa ` 2Cab ` Cbb ´ 1, rC 1
nn “ C 1

cc ` 2C 1
cd ` C 1

dd ´ 1.

These equations imply

rC 1
ab “ C 1

ab “ Ccd “ Cab ´ 1 “ rCab,

rC 1
cd “ C 1

cd ´ 1 “ Cab ´ 1 “ Ccd “ rCcd,

rC 1
an “ C 1

ac ` C 1
ad “ Cac ` Cad “ Caa ` Cab ´ 1 “ rCan,

rC 1
bn “ C 1

bc ` C 1
bd “ Cbc ` Cbd “ Cab ` Cbb ´ 1 “ rCbn,

rC 1
cn “ C 1

cc ` C 1
cd ´ 1 “ C 1

ac ` C 1
bc “ Cac ` Cbc “ rCcn, (3.2.5)

rC 1
dn “ C 1

cd ` C 1
dd ´ 1 “ C 1

ad ` C 1
bd “ Cad ` Cbd “ rCdn,

rC 1
in “ C 1

ci ` C 1
di “ Cci ` Cdi “ Cai ` Cbi “ rCin, @i ‰ a, b, c, d,

rC 1
nn “ C 1

cc ` 2C 1
cd ` C 1

dd ´ 1 “ Ccc ` 2Cab ` Cdd ´ 1 “ Ccc ` 2Cab ` Cdd ´ 1 “ rCnn,

rC 1
ij “ C 1

ij “ Cij “ rCij for all other cases,

in a few words rC 1 “ rC.
When unlinking C 1 and C we can choose the knots-quivers change of variables

for the new nodes. We may take

rλ1
n “ q´1λcλd “ q´1λaλb “ rλn, (3.2.6)

together with (3.1.3) we obtain

PQ1px, qq|xi“xλ1
i

“ P
rQ1px, qq

ˇ

ˇ

ˇ

xi“xλ1
i, xn“xrλ1

n

“ P
rQpx, qq

ˇ

ˇ

ˇ

xi“xλi, xn“xrλn

“ PQpx, qq|xi“xλi
.

Thus
PQ1px, qq|x“xλ1 “ PQpx, qq|x“xλ “ PKpx, a, q, tq, (3.2.7)

which leads us to conclude that C 1 also corresponds to K.

3.3 Global structure and permutohedra graphs

As a quick recap, in the previous section 3.2 we proved that there could exist equiv-
alent quiver matrices associated to the same knot. We derived a set of constraints
(3.2.4) both the quiver matrix and the knot change of variables (2.3.2) need to sat-
isfy to admit an equivalent quiver. In this section we will construct the form of
general quiver matrix that satisfies the constraints (3.2.4). This general form of the
quiver matrix depends on a couple of arbitrary parameters k, l P Z. On top of that,
the general form of the solution can be also obtained from an operation we will call

3Given that unlinking yields the same quiver series, if C is associated to K so will C 1.
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pk, lq-splitting, acting on a symmetric matrix that we will call the pre-quiver and
we denote as qC.

The next step is to study what happens when there is more than one transposi-
tion that produces a symmetry of the quiver matrix. It turns out that the possible
compositions of these transpositions produce a highly complex network of equiva-
lent quivers. To keep track of the transpositions, we represent them in terms of a
graph. The equivalent quiver matrices are the nodes and the edges are the symme-
try transpositions relating two equivalent quiver matrices. We discovered that these
graphs of equivalent quivers can be constructed out of simple subgraphs known as
permutohedra. The permutohedra naturally arise due to the combinatorial interpre-
tation of transpositions from theorem 2 and we will show various examples of this
phenomenom in the next section.

3.3.1 General solution of constraints for one transposition

Lets begin by solving the center of mass condition (3.2.4a). Our line of thought is
analogous to the separation of variables method for PDE’s. Suppose λa ‰ 0 and
λb ‰ 0, then we may rewrite the center of mass condition as

λd
λa

“
λb
λc

“ κ, ùñ λd “ κλa, λb “ κλc (3.3.1)

where κ is a monomial in a, q and t. This relation essentially means that out of four
λs two are truly independent.

The above relation between lambdas leads to a simplification of the infinite sums
in the quiver series (2.1.40) involving λc and λd. However, for the sake of clarity
and generality, we will show how to rewrite a generic power series

F pxa, xb, xc, xdq “
ÿ

da,db,dc,ddě0

xdaa x
db
b x

dc
c x

dd
d fda,db,dc,dd (3.3.2)

where fda,db,dc,dd are arbitrary coefficients, xi “ λix and lambdas satisfy (3.3.1). We
substitute then (3.3.1) into (3.3.2) and gives

F pxa “ λax, xb “ λbx, xc “ κλbx, xd “ κλaxq “

“
ÿ

da,db,dc,ddě0

xda`db`dc`ddλdaa pκλcq
dbλdcc pκλaq

ddfda,db,dc,dd

“
ÿ

qda, qdcě0

x
qda` qdbλ

qda
a λ

qdc
c

ÿ

αa`βa“ qda

ÿ

αc`βc“ qdc

κβa`βcfαa,βa,αc,βc

(3.3.3)

where to go from from the middle row to the last row, we changed the summation
indices da “ αa, dd “ βa, dc “ αc, db “ βc, together with qda “ αa ` βa plus
qdc “ αc ` βc.

If we think of xi as the entries of a four-vector, it will be profitable to preform the
relabelling of xi in order to have xd next to xa. This is equivalent to the permutation
b Ø d

»

—

—

–

xa
xb
xc
xd

fi

ffi

ffi

fl

“ PbØd ¨

»

—

—

–

xa
xd
xc
xb

fi

ffi

ffi

fl

, PbØd “

»

—

—

–

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

fi

ffi

ffi

fl

(3.3.4)
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In the relabeled form we have the following factorization in terms of the tensor
product b

»

—

—

–

xa
xd
xc
xb

fi

ffi

ffi

fl

“ x

»

—

—

–

λa
κλa
λc
κλc

fi

ffi

ffi

fl

“ x

»

—

—

–

λa

„

1
κ

ȷ

λc

„

1
κ

ȷ

fi

ffi

ffi

fl

“ x

„

λa
λc

ȷ

b

„

1
κ

ȷ

. (3.3.5)

This tensor product factorization can also be seen for the summation indices
»

—

—

–

da
dd
dc
db

fi

ffi

ffi

fl

“

»

—

—

–

αa

βa
αc

βc

fi

ffi

ffi

fl

“

„

1
0

ȷ

b

„

αa

βa

ȷ

`

„

0
1

ȷ

b

„

αc

βc

ȷ

(3.3.6)

Our next step is to solve the constraints on the quiver matrix (3.2.4b) we notice
that we can always find parameters k, l P Z such that Cad “ Caa`k and Cdd “ Caa`l.
Inserting this into the constraints (3.2.4b) with i “ a we obtain Cab “ Cac ` Cad ´

Caa “ Cac`k. Analogously, (3.2.4b) with i “ b it reduces to Cad`Cbd “ Cdd`Ccd´1.
We can combine the first equation in (3.2.4b) and the previous relations to produce
Cbd “ Cac ` l. In a similar fashion, (3.2.4b) with i “ c and i “ d implies respectively
Ccb “ Ccc ` k and Cbb “ Ccc ` l.

After all this manipulations, we may express the 4 ˆ 4 submatrix of C with
elements Γij “ Cij for i, j “ a, b, c, d as

»

—

—

–

Caa Cad Cac Cab

Cad Cdd Ccd Cbd

Cac Ccd Ccc Cbc

Cab Cbd Cbc Cbb

fi

ffi

ffi

fl

“

»

—

—

–

Caa Caa ` k Cac Cac ` k
Caa ` k Caa ` l Cac ` k ` 1 Cac ` l
Cac Cac ` k ` 1 Ccc Ccc ` k

Cac ` k Cac ` l Ccc ` k Ccc ` l

fi

ffi

ffi

fl

,

(3.3.7)
where we have used the same relabelling of the nodes b Ø d to give the afore
submatrix a block structure 4. This block structure takes a simpler form when
rewriting, again, using the tensor product

Γ “

„

Caa Cac

Cac Ccc

ȷ

b

„

1 1
1 1

ȷ

`

„

1 1
1 1

ȷ

b

„

0 k
k l

ȷ

`

„

0 1
0 0

ȷ

b

„

0 0
1 0

ȷ

`

„

0 0
1 0

ȷ

b

„

0 1
0 0

ȷ

. (3.3.8)

The afore expression can be written more conveniently in the short hand notation
as

Γ “ qC b 12ˆ2 ` 12ˆ2 b Λ ` LT
2ˆ2 b L2ˆ2 ` L2ˆ2 b LT

2ˆ2 (3.3.9)

where each term and factor corresponds exactly to those in (3.3.8). The first term
qC “

“

Caa Cac
Cac Ccc

‰

and we will refer to it as the prequiver 5. Then, 1rˆs with r, s P N is
the rˆs matrix with all entries equal to one. In the second term Λ “ r 0 k

k l s contains
4The relabelling of quiver nodes acts on the quiver matrix as PbØdCPT

bØd. We may perform
relabellings at will since the quiver series (2.1.40) is invariant under this transformation.

5The origin of the name prequiver will be clear ones we substitute our general solution back
into the quiver series.
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all dependence on the k and l parameters. In the third term, Lrˆs is an rˆs matrix
with ones below the main diagonal, zeros on the main diagonal, and zeros below the
main diagonal.

In the tensor product form (3.3.8), the symmetry transpositions Cab Ø Ccd from
theorem 2 have a very familiar representation. Suppose we apply the aforementioned
transposition on the l.h.s. of (2.3.17). On the r.h.s. the transposition amounts to
swapping the `1 term from the Cab entry to the Ccd one. When the same operation
is preformed on the tensor product form (3.3.8) the last term changes as
„

0 1
0 0

ȷ

b

„

0 1
0 0

ȷ

`

„

0 0
1 0

ȷ

b

„

0 0
1 0

ȷ

“

ˆ„

0 1
1 0

ȷ

b I2ˆ2

˙

¨
`

LT
2ˆ2 b L2ˆ2 ` L2ˆ2 b LT

2ˆ2

˘

ˆ„

0 1
1 0

ȷ

b I2ˆ2

˙T

(3.3.10)

where r 0 1
1 0 s is the matrix representation of the permutation of two elements and

Inˆn is the identity matrix of size n.
To finish our general solution, we now turn our attention to the remaining m´2

quiver nodes, which are unaffected by the transposition Cab Ø Ccd. These nodes
are i ‰ a, b, c, d and we will call them spectator nodes. Similarly, we call spectator
constraints the part of (3.2.4b), which involves the spectator nodes. We solve these
constraints in the same way as we did in (3.3.7), by rewriting them as Cbi ´ Cci “

Cdi ´ Cai “ hi, which in turn implies

Cbi “ Cci ` hi, Cdi “ Cai ` hi, (3.3.11)

for some hi P Z.
It is convenient to write explicitly the final form of the quiver matrix satisfying

all constraints (3.2.4b). Since we can always relabel the nodes of the quiver and
the quiver series is invariant, then we can always brin the quiver matrix C to a
block form. In that block form, the submatrix Γ is the first diagonal block and
the remaining blocks correspond to the spectator nodes. For concreteness, say the
number of nodes m “ 6, plus we assume nodes e and f are spectators. Then, we
have the following quiver matrix
»

—

—

—

—

—

—

–

Caa Cad Cac Cab Cae Caf

Cad Cdd Ccd Cbd Cde Cdf

Cac Ccd Ccc Cbc Cce Ccf

Cab Cbd Cbc Cbb Cbe Cbf

Cae Cde Cce Cbe Cee Cef

Caf Cdf Ccf Cbf Cef Cff

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

Γ Φ

ΦT Σ

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

Caa Caa ` k Cac Cac ` k Cae Caf

Caa ` k Caa ` l Cac ` k ` 1 Cac ` l Cae ` he Caf ` hf
Cac Cac ` k ` 1 Ccc Ccc ` k Cce Ccf

Cac ` k Cac ` l Ccc ` k Ccc ` l Cce ` he Ccf ` hf
Cae Cae ` he Cce Cce ` he Cee Cef

Caf Caf ` hf Ccf Ccf ` hf Cef Cff

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (3.3.12)

where we have taken advantage of the block structure and introduced matrices
representing each block. We can think of the above as a definition for the matrices
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Γ, Φ and Σ; each of which is of size 4ˆ4, 4ˆ2 and 2ˆ2 respectively. The submatrix Γ
is for the subquiver where the transposition acts, Σ is the submatrix for the spectator
nodes, and Φ represents the arrows between the nodes the subquivers Γ and Φ.

We may further simplify Φ, given by the third equality in (3.3.12), using the
tensor product

Φ “

„

Cae Caf

Cae Ccf

ȷ

b

„

1
1

ȷ

`

„

1
1

ȷ

b rhe, hf s b

„

0
1

ȷ

,

“qΦ b 12ˆ1 ` 12ˆ1 b H b L1,2 (3.3.13)

where, similarly to (3.3.8), qΦ “

”

Cae Caf

Cae Ccf

ı

is the part associated to the prequiver qC,
and H “ rhe, hf s carries all the parameter dependence.

From (3.3.12) we deduce that the prequiver qC is

qC “

»

—

—

–

Caa Cac Cae Caf

Cac Ccc Cce Ccf

Cae Cce Cee Cef

Caf Ccf Cef Cff

fi

ffi

ffi

fl

“

»

—

—

–

qΓ qΦ

qΦT Σ

fi

ffi

ffi

fl

(3.3.14)

where we can see the same block structure from (3.3.12).
In general, for a mˆm quiver matrix C with a nontrivial transposition symmetry

as in theorem 2, its prequiver its prequiver qC is of size pm´ 2q ˆ pm´ 2q. The two
removed nodes are two of the four nodes involved in the transposition. In our case,
we have chosen to remove b and d. An equally possible choice could be one of the
pair pa, bq, together with another node from the pair pc, dq.

The next important step is to compute the quadratic form d⃗TCd⃗, which appears
in the quiver generating series (2.1.40). From (3.3.12) we notice that the quadratic
form may also be divided into three parts: the prequiver, the pk, lq and hi parameters
and the matrix of zeros and ones.

First, the prequiver part qC from (3.3.14) produces the standard term q⃗dT qC q⃗d,
where qda “ da ` dd and qdc “ dc ` db, as in (3.3.3), plus qde “ de and qde “ de.

Secondly, the pk, lq-parameters give the quadratic term

»

—

—

–

da
dd
dc
db

fi

ffi

ffi

fl

T »

—

—

–

0 k 0 k
k l k l
0 k 0 k
k l k l

fi

ffi

ffi

fl

»

—

—

–

da
dd
dc
db

fi

ffi

ffi

fl

“ r2kpαa ` αcq ` lpβa ` βcqs pβa ` βcq, (3.3.15)

where in agreement with (3.3.3), da “ αa, dd “ βa, dc “ αc, db “ βc. Meanwhile, for
the contribution arising from the spectator nodes, we have the term 2pβa`βcqphe qde`

hf qdf q.
Lastly, the term with zeros and ones from (3.3.12) produces 2βaαc. This term is

the responsible one for the transposition symmetry of theorem 2, which acts as the
transformation βaαc Ø βcαa.

Having reviewed the three contributions, we are able to substitute the above
formulas for d⃗TCd⃗, along with (3.3.3) and its respective summation indices into the
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quiver series (2.1.40), leading to

PCpxa “ λax, xb “ κλcx, xc “ λcx, xd “ κλax, xe “ λex, xf “ λfxq “

ÿ

qda, qdc, qde, qdfě0

pxλaq
qdapxλcq

qdcpxλeq
qdepxλf q

qdf

pq2q
qda

pq2q
qdb

pq2q
qde

pq2q
qdf

p´qq
ř

i,j
qC qdi qdjΠ

qda, qdc, qde, qdf
, (3.3.16)

where

Π
qda, qdc, qde, qdf

pq2q
qda

pq2q
qdc

“
ÿ

αa`βa“ qda

ÿ

αc`βc“ qdc

κβa`βcp´qqπpαa,αc;βa,βcq

pq2qαapq2qβapq2qαcpq
2qβc

, (3.3.17)

and

πpαa, αc; βa, βcq “ 2βaαc `

”

2kpαa ` αcq ` lpβa ` βcq ` 2phe qde ` hf qdf q

ı

pβa ` βcq.

(3.3.18)
The transposition symmetry (3.2.3) now reduces to the simple invariance of the Π

factor under qda Ø qdc, or more formally stated

Π
qdc, qda, qde, qdf

“ Π
qda, qdc, qde, qdf

. (3.3.19)

At first sight, (3.3.16) might seem like a more complicated series than the original
quiver series (2.1.40) we started from. Nevertheless, we actually reduced the number
of infinite series and independent variables xi, from m “ 6 to m ´ 2 “ 4 thanks
to the symmetry. The situation is analogous to the use of symmetries in other
areas of physics where a symmetry reduces the number of degrees of freedom of a
system. The method is very similar too, a symmetry leads to constraints, which
after a change of variables yield equations or partition functions that are manifestly
invariant under such symmetry.

In fact, the Π factor takes a remarkably simple form when l “ 2k ` 1. For that
value, we can use the q-binomial theorem [31, Lemma 4.5] to write the two partial
sums as a single q-Pochhammer symbol

pξq
qda` qdc

pqq
qda

pq2q
qdc

“
ÿ

αa`βa“ qda

ÿ

αc`βc“ qdc

pξq´1q
βa`βc

p´qqβ
2
a`β2

c`2βc
qda

pq2qαapq2qβapq2qαcpq
2qβc

“
Π

qda, qdc, qde, qdf

pq2q
qda

pq2q
qdc

, (3.3.20)

with
ξ “ κq2phe

qde`hf
qdf q`2kp qda` qdcq`1. (3.3.21)

In this form, the symmetry (3.3.19) under the exchange of indices qda Ø qdc is quite
explicit.

In what follows we will analyse what happens when there are two or more trans-
position symmetries. Due to the nature of the constraints (3.2.4b), which are de-
pendent on all nodes, the interplay of two or more transposition symmetries is quite
intricate. In certain cases, it would lead to the action of a larger permutation group,
whereas in others to unfamiliar compositions of small permutation groups.
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3.3.2 General solution of constraints for two or more trans-
position

Two overlapping symmetries

Let us continue from our last example, that is, from the quiver matrix with one sym-
metry and already in the block shape (3.3.12). Suppose we have a second symmetry
between the nodes Caf Ø Cbe. Then, we may evaluate (3.3.12) into the constraints
(3.2.4) yielding the following relations between its entries

he “k ` 1, hf “l ´ k Ccf “Cce ` k ` 1 (3.3.22)
Caf “Cae ` k, Cef “Cee ` k Cbf “Cae ` l, Cff “Cee ` l.

Plugging the above relations (3.3.26) back into the matrix (3.3.12) we obtain
»

—

—

—

—

—

—

–

Caa Caa ` k Cac Cac ` k Cae Cae ` k
Caa ` k Caa ` l Cac ` k ` 1 Cac ` l Cae ` k ` 1 Cae ` l
Cac Cac ` k ` 1 Ccc Ccc ` k Cce Cce ` k ` 1

Cac ` k Cac ` l Ccc ` k Ccc ` l Cce ` k ` 1 Cce ` l ` 1
Cae Cae ` k ` 1 Cce Cce ` k ` 1 Cee Cee ` k

Cae ` k Cae ` l Cce ` k ` 1 Cce ` l ` 1 Cee ` k Cee ` l

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(3.3.23)
This is a very interesting case, as it shows the nonintuitive relation between this

symmetries. For instance, if we apply Cab Ø Ccd it leads to an equivalent quiver,
which does not have Caf Ø Cbe as a symmetry. This is because, as we have argued
before in subsection 3.2.1 this is due to the overlap between constraints. This results
in a set of three equivalent quivers: the initial one, one with Cab Ø Ccd and one with
Caf Ø Cbe. We will encounter this particular scenario when studying the symmetries
of the knot 51.

Although we may find a prequiver for each individual transposition, it is not
clear if a prequiver exist in this case for both symmetries. the block structure of
the quiver matrix suggest there might be one, we still should consider the solution
to the center of mass constraint (3.2.4a) that it also induces a particular change of
summation indices. In this case we have the relations

λb “ κAλc, λd “ κAλc, λe “ κBλa, λf “ κBκAλc

qda “ da ` dd ` de, qdc “ dc ` db ` df . (3.3.24)

Two symmetries leading to three

We repeat the same analysis as in the afore example (3.3.23) with the difference
that now we assume the second symmetry to be Cbe Ø Ccf . The reason for this is
because nodes e and f were spectators for the first symmetry Cab Ø Ccd and the
second symmetry could be thought of as acting on an independent block of the
quiver matrix

»

—

—

—

—

—

—

–

Caa Cad Cac Cab Cae Caf

Cad Cdd Ccd Cbd Cde Cdf

Cac Ccd Ccc Cbc Cce Ccf

Cab Cbd Cbc Cbb Cbe Cbf

Cae Cde Cce Cbe Cee Cef

Caf Cdf Ccf Cbf Cef Cff

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (3.3.25)
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Evaluating the constraints (3.2.4) on (3.3.12) we obtain the following relations

he “ k ` 1 Caf “ Cae ` k Cff “ Cee ` l (3.3.26)
hf “ l ´ k Cef “ Cee ` k Ccf “ Cce ` k

which produces the quiver matrix
»

—

—

—

—

—

—

–

Caa Caa ` k Cac Cac ` k Cae Cae ` k
Caa ` k Caa ` l Cac ` k ` 1 Cac ` l Cae ` k ` 1 Cae ` l
Cac Cac ` k ` 1 Ccc Ccc ` k Cce Cce ` k

Cac ` k Cac ` l Ccc ` k Ccc ` l Cce ` k ` 1 Cce ` l
Cae Cae ` k ` 1 Cce Cce ` k ` 1 Cee Cee ` k

Cae ` k Cae ` l Cce ` k Cce ` l Cee ` k Cee ` l

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(3.3.27)
It is important to notice that we only demand that our 6 ˆ 6 quiver matrix

has two independent symmetries. The way we chose them it automatically yields
a third new symmetry! The third extra symmetry is Caf Ø Cde in the remaining
off-diagonal block

»

—

—

—

—

—

—

–

Caa Cad Cac Cab Cae Caf

Cad Cdd Ccd Cbd Cde Cdf

Cac Ccd Ccc Cbc Cce Ccf

Cab Cbd Cbc Cbb Cbe Cbf

Cae Cde Cce Cbe Cee Cef

Caf Cdf Ccf Cbf Cef Cff

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (3.3.28)

We should not forget that this last symmetry is not a symmetry Caf Ø Cde for
the current matrix. Due to the fact that it does not satisfy its respective constraints.
In order for Caf Ø Cde too lead to a valid equivalent quiver matrix, we must first
apply Cab Ø Ccd or Ccf Ø Cbe, only then the constraints are satisfied.

As for the 4 ˆ 4 example (3.3.8) we can decompose our quiver thanks to the
tensor product as follows

Γ “

»

–

Caa Cac Cae

Cac Ccc Cce

Cae Cce Cee

fi

fl b

„

1 1
1 1

ȷ

`

»

–

1 1 1
1 1 1
1 1 1

fi

fl b

„

0 k
k l

ȷ

`

»

–

0 0 0
1 0 0
1 1 0

fi

fl b

„

0 0
1 0

ȷT

`

»

–

0 0 0
1 0 0
1 1 0

fi

fl

T

b

„

0 0
1 0

ȷ

. (3.3.29)

We can again use the short hand notation introduced in (3.3.9) and write (3.3.29)
as

Γ “ qC b 12ˆ2 ` 13ˆ3 b Λ ` L3ˆ3 b LT
2ˆ2 ` LT

3ˆ3 b L2ˆ2. (3.3.30)

Now the transposition Cab Ø Ccd in the above expression acts as

qC b 12ˆ2 ` 13ˆ3 b Λ `

»

–

0 1 0
0 0 0
1 1 0

fi

fl b LT
2ˆ2 `

»

–

0 1 0
0 0 0
1 1 0

fi

fl

T

b L2ˆ2, (3.3.31)
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which we rewrite in terms of L3ˆ3

»

–

0 1 0
0 0 0
1 1 0

fi

fl “

»

–

0 1 0
1 0 0
0 0 1

fi

fl

»

–

0 0 0
1 0 0
1 1 0

fi

fl

»

–

0 1 0
1 0 0
0 0 1

fi

fl

T

“ Gp1 2q ¨ L3ˆ3 ¨ Gp1 2q
T .

(3.3.32)
We recognise that Gp1 2q is one of the generators of S3 representing the permuta-

tion p1, 2, 3q Ñ p2, 1, 3q. Ultimately, the symmetry Cab Ø Ccd can be nicely written
as

qC b 12ˆ2 ` 13ˆ3 bΛ`
“

Gp1 2q ¨ L3ˆ3 ¨ Gp1 2q
T
‰

bLT
2ˆ2 `

“

Gp1 2q ¨ L3ˆ3 ¨ Gp1 2q
T
‰T

bL2ˆ2

(3.3.33)
Likewise, if we apply Ccf Ø Cbe we get

qC b 12ˆ2 ` 13ˆ3 b Λ `

»

–

0 0 0
1 0 1
1 0 0

fi

fl b LT
2ˆ2 `

»

–

0 0 0
1 0 1
1 0 0

fi

fl

T

b L2ˆ2. (3.3.34)

Again, we can represent this as a permutation
»

–

0 0 0
1 0 1
1 0 0

fi

fl “

»

–

1 0 0
0 0 1
0 1 0

fi

fl

»

–

0 0 0
1 0 0
1 1 0

fi

fl

»

–

1 0 0
0 0 1
0 1 0

fi

fl

T

“ Gp2 3q ¨ L3ˆ3 ¨ Gp2 3q
T .

(3.3.35)
It is now crystal clear that Gp2, 3q is the second generator of S3, the one re-

sponsible for the permutation p1, 2, 3q Ñ p1, 3, 2q. This also produces the simple
representation of Ccf Ø Cbe in tensor product form

qCb12ˆ2 `13ˆ3 bΛ`
`

Gp2 3q ¨ L3ˆ3 ¨ Gp2 3q
T
˘

bLT
2ˆ2 `

`

Gp2 3q ¨ L3ˆ3 ¨ Gp2 3q
T
˘T

bL2ˆ2.
(3.3.36)

So far, we have shown that there is a one-to-one correspondence between trans-
positions on the quiver matrix and the transpositions that generate the permutation
group S3. Thus, it is logical to expect that the symmetry group for acting on the
quiver matrix is S3, or that we have 3! “ 6 equivalent quivers. Surprisingly, this intu-
ition is only partially correct! To determine where our intuition fails, lets look at the
remaining equivalent quivers and how they are represented in terms of permutation
matrices.

Suppose we apply either Cab Ø Ccd, or Ccf Ø Cbe, then we are able to preform
the third transposition Ccf Ø Cbe. This leads to the remaining three equivalent
quiver matrices
»

–

0 1 1
0 0 0
0 1 0

fi

fl “

»

–

0 0 1
1 0 0
0 1 0

fi

fl

»

–

0 0 0
1 0 0
1 1 0

fi

fl

»

–

0 0 1
1 0 0
0 1 0

fi

fl

T

“ τp1 3 2qL3ˆ3τ
T
p1 3 2q,

»

–

0 0 1
1 0 1
0 0 0

fi

fl “

»

–

0 1 0
0 0 1
1 0 0

fi

fl

»

–

0 0 0
1 0 0
1 1 0

fi

fl

»

–

0 1 0
0 0 1
1 0 0

fi

fl

T

“ τp1 2 3qL3ˆ3τ
T
p1 2 3q,

»

–

0 1 1
0 0 1
0 0 0

fi

fl “

»

–

0 0 1
0 1 0
1 0 0

fi

fl

»

–

0 0 0
1 0 0
1 1 0

fi

fl

»

–

0 0 1
0 1 0
1 0 0

fi

fl

T

“ τp1 3qL3ˆ3τ
T
p1 3q, (3.3.37)
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were τp1 2 3q is the corresponding cyclic permutation in cyclic notation, and so for
the other two τ ’s. Since Caf Ø Cde does not correspond to τp1 3q, this reveals that
transpositions on the quiver matrix are not in one-to-one correspondence with the
three transpositions of S3.

In other words, the equivalent quivers, in this case, do correspond to the set
permutations of the set of three elements, but the transpositions of the quiver matrix
do not correspond to the group S3. This is easy to appreciate from the fact that
one of the group axioms is that we can always compose any two elements of the
group and obtain a third element also in the group. Here, we know we can not
apply Cab Ø Ccd after Ccf Ø Cbe, or vice versa, because that would lead to a quiver,
which is not equivalent.

The correct notion is that the transpositions on the quiver matrix correspond to
inversions of a permutation. The notion of an inversion is quite intuitive, is a way
to quantify how much a permutation disorders a set. Th more precise definition
says: Suppose that we have the set t1, . . . , nu, this set has the natural ascending
order. We say that a permutation τ P Sn has an inversion for each pair of elements
that are out of their natural order, e.g. i ă j, while τpiq ą τpjq. We will denote
an inversion by pi, jq and a permutation is uniquely specified by all its inversions.
Lastly, the number of possible inversions for a permutation of n elements is the
triangular number npn ´ 1q{2.

For instance, in the case of S3 we have the permutation Gp12q. On the other hand
we know 1 ă 2, but Gp12qp1q “ 2 ą Gp12qp2q “ 1. So the permutation set for Gp12q

is tpGp12qp1q “ 2, Gp12qp2q “ 1qu. Here is the permutation set associated to each
permutation in S3 (without the identity permutation)

Gp12q ” tp2, 1qu, Gp23q ” tp3, 2qu, τp132q ” tp3, 1q, p3, 2qu,

τp123q ” tp2, 1q, p3, 1qu, τp13q ” tp3, 1q, p3, 2q, p2, 1qu. (3.3.38)

In this presentation, the relation to transposition on the quiver matrix is much
clearer. Lets take (3.3.27) as the starting (unpermuted) matrix. When we decom-
pose it in using the tensor product as in (3.3.29), all information about transpositions
is now in L3ˆ3. When we apply the transposition Cab Ø Ccd, or Gp12q, the action
it has on L3ˆ3 we can see on the l.h.s. of (3.3.32) is to swap the elements of the
entries p1, 2q Ø p2, 1q. In general, we can think of the off-diagonal entries of L3ˆ3

as inversions, and if a permutation has an inversions pi, jq, or pτpiq, τpjqq, we take
them as indicating entries on L3ˆ3 and swap Li,j “ 0 Ø Lτpiq,τpjq “ 1.

As now expected, the identification between transpositions and inversions in our
case is

Cab Ø Ccd ” p2, 1q, Ccf Ø Cbe ” p3, 2q, Ccf Ø Cbe ” p3, 1q. (3.3.39)

This also explains why we are not able to apply Ccf Ø Cbe directly on (3.3.27).
Namely, permutations containing that transposition also invert other elements, or
contain the other transpositions too.

Regarding the center of mass conditions (3.2.4a) we have the following relations

λd “κλa, λb “κλc, λf “κλe, (3.3.40)
qda “da ` dd, qdc “dc ` db, qde “de ` df ,
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with αa “ da, βa “ dd, αc “ dc, βc “ db, αe “ de and βe “ df .
We can substitute (3.3.29) into the quiver series along with the afore relations

(3.3.40) to obtain

ÿ

qda, qdc, qde,ě0

pxλaq
qdapxλcq

qdcpxλeq
qde

pq2q
qda

pq2q
qdb

pq2q
qde

p´qq
ř

i,j
qC qdi qdjΠ

qda, qdc, qde
, (3.3.41)

with

Π
qda, qdc, qde

pq2q
qda

pq2q
qdc

pq2q
qde

“
ÿ

αa`βa“ qda

ÿ

αc`βc“ qdc

ÿ

αe`βe“ qde

κβa`βc`βep´qqπpαa,αc,αe;βa,βc,αeq

pq2qαapq2qβapq2qαcpq
2qβc

,

(3.3.42)
and

πpαa, αc, αe; βa, βc, βeq “

2pβaαc ` βcαeq ` r2kpαa ` αc ` αeq ` lpβa ` βc ` βeqs pβa ` βc ` βeq. (3.3.43)

This is a generalized version of (3.3.16) for a quiver with three symmetries
(3.3.25). Similarly as for the one symmetry (3.3.19) case Π

qda, qdc, qde
factor in (3.3.42) is

invariant under any permutation of its three indices. This crucial observation allows
us to finally make contact with S3. All equivalent quivers that arise from transpo-
sitions on (3.3.28) can be identified with a permutation of the indices of Π

qda, qdc, qde
.

Moreover, we now can correctly define the action of S3 on Π
qda, qdc, qde

as the symmetry
group behind the equivalent quivers.

Moreover, the starting two transpositions Cab Ø Ccd and Ccf Ø Cbe correspond
to the two transpositions Π

qdc, qda, qde
and Π

qda, qde, qdc
, respectively. This is why any quiver

matrix having the afore symmetries leads automatically to a third one.
Again (3.3.42) has the nice simplification when l “ 2k ` 1

pξq
qda` qdc` qde

pqq
qda

pq2q
qdc

pq2q
qde

“
ÿ

αa`βa“ qda

ÿ

αc`βc“ qdc

ÿ

αe`βe“ qde

pξq´1q
βa`βc`βe

p´qqβ
2
a`β2

c`β2
e`2pβc

qda`βe
qdc

pq2qαapq2qβapq2qαcpq
2qβcpq

2qαepq2qβe

,

(3.3.44)
with

ξ “ κq2kp qda` qdc` qdeq`1. (3.3.45)

n symmetries leading to Sn`1

All generating functions for the superpolynomials we will encounter are written in
terms of the q-Pochhammer symbol. This will be the origin of several, but not all the
symmetries we will study in our quiver. Without further ado, here we present the
general formula for decomposing a q-Pochhammer with qds, for s “ 1, . . . , n indices
into n partial sums

pξq
qd1`...` qdn

pq2q
qd1

¨ ¨ ¨ pq2q
qdn

“
ÿ

α1`β1“ qd1

¨ ¨ ¨
ÿ

αn`βn“ qdn

p´qqβ
2
1`...`β2

n`2
řn´1

i“1 βi`1p qd1`...` qdiqˆ

ˆ

`

ξq´1
˘β1`¨¨¨`βn

pq2qα1pq2qβ1 ¨ ¨ ¨ pq2qαnpq2qβn

. (3.3.46)
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The relevant observation is that the l.h.s. of (3.3.46) is manifestly invariant under
any permutation of its indices qds. This implies that the r.h.s. must also be invariant
under such permutations. In the exponent of p´qq we have

řn´1
i“1 βi`1p

qd1`. . .` qdiq “
ř

iąj βiαj `
ř

iąj βiβj, so the first term
ř

iąj βiαj is responsible for the equivalent
quivers, while

ř

iąj βiβj is the second elementary symmetric polynomial, which is
symmetric in all βi.

To make contact with the symmetries arising from quiver matrices like (3.3.21)
and (3.3.45) we define ξ to be

ξ “ κq2phn`1
qdn`1`...`hm´n

qdm´nq`2kp qd1`...` qdnq`1, (3.3.47)

where we are assuming that we have a quiver with m nodes and we have m ´

n spectator nodes with respective hs P Z as in (3.3.11). Also, κ and k are the
parameters arising from the solutions to the constraints (3.2.4b)

As we have argued before, the q-Pochhamer (3.3.46) is a very convenient and
compact way to encode the symmetries arising from the quiver matrix. Nevertheless,
there is a way to introduce an extra l parameter which gives us the generality we
need for any symmetry in the quiver matrix arising from theorem 2. Namely, we
refer to the Π

qd1,..., qdn
factor of the form

Π
qd1,..., qdn

pq2q
qd1

¨ ¨ ¨ pq2q
qdn

“
ÿ

α1`β1“ qd1

¨ ¨ ¨
ÿ

αn`βn“ qdn

κβ1`...`βn

pq2qα1pq2qβ1 ¨ ¨ ¨ pq2qαnpq2qβn

ˆ p´qq2
ř

iăj βiαj`p2
řm´n

s“n`1 hs
qds`2kpα1`...`αnq`lpβ1`...`βnqqpβ1`...βnq,

(3.3.48)

where we have the special case when l “ 2k` 1 the formula reduces to (3.3.46). We
do not know, if there is a compact product formula for Π

qd1,..., qdn
for generic l, however

it is not an obstacle for us, since all we need its is invariance under permutation of
its indices qds.

The above formula will be so important for us that we will define it as an oper-
ation relating a quiver and a prequiver.

Definition 3. Let qC be an pm ´ nq ˆ pm ´ nq prequiver matrix with m ě 2n ě 4
written as

qC “

»

—

—

—

—

—

—

—

—

–

qC1,1 . . . qC1,n
qC1,n`1 . . . qC1,m´n

... . . . ...
... . . . ...

qC1,n . . . qCn,n
qCn,n`1 . . . qCn,m´n

qC1,n`1 . . . qCn,n`1
qCn`1,n`1 . . . qCn`1,m´n

... . . . ...
... . . . ...

qC1,m´n . . . qCn,m´n
qCn`1,m´n . . . qCm´n,m´n

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

–

qΓ qΦ
qΦT Σ

fi

fl ,

(3.3.49)
with the respective λs from the knot change of variables (2.3.2)

qλ “

”

qλ1, . . . , qλn qλn`1, . . . , qλm´n

ıT

“

”

qλγ qλσ

ıT

, (3.3.50)

where γ “ 1, . . . , n and σ “ n ` 1, . . . ,m ´ n.
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Then, a pk, lq-splitting of n nodes nodes of the prequiver in the presence of m´2n
spectator nodes (with corresponding integer shifts hσ) yields the following quiver
matrix C of size m ˆ m

qC ÝÑ C “

„

Γ Φ
ΦT Σ

ȷ

, (3.3.51)

where Γ and Φ are given by

Γ “ qΓ b 12ˆ2 ` 1nˆn b Λ ` Lnˆn b LT
2ˆ2 ` LT

nˆn b L2ˆ2, (3.3.52)

with Λ, 1rˆs and Lrˆs are defined in (3.3.9); whereas

Φ “ qΦ b 12ˆ1 ` 1nˆ1 b H b LT
1,2, H “ rhn`1, hn`2, . . . , hm´ns . (3.3.53)

When the splitting is in unpermuted, or in its natural order, we obtain Lnˆn in the
tensor decomposition (3.3.52). It will be convenient sometimes to give the permuted
version of the quiver matrix τLnˆnτ

T , where τ P Sn in the matrix representation. In
that case we specify τ in terms of its inversion set. In our convention for two splitted
nodes in the prequiver matrix are inverted if i and j, i ă j, but τpiq ą τpjq, then
Li,j Ø Lτpiq,τpjq. If i ă j, and τpiq ă τpjq, then Li,j and Lτpiq,τpjq are unchanged.

Lastly, pk, lq-splitting also transforms qλ as follows

qλ ÝÑ λ “

”

qλ1, κqλ1, qλ2, κqλ2, . . . , qλn, κqλn qλn`1, . . . , qλm´n

ıT

“

”

qλγ b r1, κs qλσ

ıT

(3.3.54)

It is worth mentioning that, in practice we will not always provide the prequiver
in a block structure as in (3.3.49). In those situations, we will explicitly state which
nodes of the prequiver we will be pk, lq-splitting and which are the spectators. In
addition, we will specify the values of all parameters k, l and hσ.

To better grasp the reason why we introduced the notion of pk, lq-splitting it
is worth looking at the simplest examples. For instance, take the prequiver qC in
(3.3.14), which has m “ 6 and n “ 2. If we perform pk, lq-splitting on that prequiver,
we obtain (3.3.12), which was the general form of a quiver matrix that admits the
transposition Cab Ø Ccd. Additionally, that transposition could be thought as the
generator Gp1 2q of the group S2.

Similarly, if we start from the prequiver (3.3.29), with m “ 6 and n “ 3. We
may also apply pk, lq-splitting to that prequiver to obtain (3.3.25), which we obtain
as the most general solution to the constraints for the two symmetries Cab Ø Ccd

and Cbe Ø Ccf . There we also noticed that those two symmetries can be identified
with the two generators Gp1 2q and Gp2, 3q of S3.

On the other hand, it is not possible to write (3.3.23) as a pk, lq-splitting. Al-
though the form of that quiver matrix is almost identical to that of a (3.3.25), their
λi and qdi are considerably different. What it is possible in this case is to find a
prequiver and a pk, lq-splitting for of each transpositions Cab Ø Ccd and Caf Ø Cbe

separately. In this sense, we may say that pk, lq-splitting is the operation relating
all equivalent quivers.

To summarize, we could say that starting from the quiver matrix, finding its
symmetries, and solving the constraints leads us to a prequiver. Whereas pk, lq-
splitting is the inverse, we start from a prequiver and we obtain a quiver matrix
which satisfies the constraints and has the desired symmetries.
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The other advantage of using pk, lq-splitting, on n nodes of the prequiver, is
that it automatically gives the whole n! equivalent quivers. Working the other way
around is much harder. Starting from a quiver matrix and determining if a set
of symmetries reduces to a pk, lq-splitting in principle would require to identify all
npn ´ 1q{2 symmetries, one by one.

In practice, as we have seen, we do not need to derive all npn´ 1q{2 symmetries
to bring it to a pk, lq-splitting form (3.3.51). As we noticed in (3.3.28), we started
from two symmetries that gave the quiver matrix (3.3.25) a block structure. Those
two symmetries were enough to determine the pk, lq-splitting structure, this because
they are identified with the generators of S3.

This means that in general, we only need to find n ´ 1 symmetries. Next, take
the submatrix Γ of the quiver matrix C where those symmetries act on, and verify
it Γ has a block structure. Each block should be a 2 ˆ 2 matrix, and the blocks
containing the transposable elements should lie on the supradiagonal of Γ 6. If
all the afore conditions are satisfied, the n ´ 1 blocks on the supradiagonal will
correspond to the generators of Sn. Having identified the generators of Sn, the
remaining pn´ 1qpn´ 2q{2 symmetries and the pk, lq-splitting form (3.3.51) directly
follow.

Lastly, NCpsq ě 1 is the number of equivalent quiver matrices to C, as a function
of the number of symmetries s ě 0, with NCps “ 0q “ 1. We will provide some
simple lower and upper bounds for NCpsq.

The lower bound is obtained when we can not compose any two symmetries. This
because applying one would spoil the constraints of the other. In this situation, we
can apply each transposition at most once, then undo it, in order to apply the
next one. This gives one more equivalent quiver matrix for each symmetry, namely,
NCpsq ě s ` 1.

The upper bound on is the opposite scenario. Suppose that we are free to apply
any transposition after another. Consequently, this leads to NCpsq ď 2s.

Therefore, if NCpsq is bounded by

1 ď s ` 1 ď NCpsq ď 2s. (3.3.55)

We see that this is also satisfied in the case of pk, lq- splitting when those s
symmetries are identified with the n ´ 1 generators of Sn as n ´ 1 “ s,

1 ď s ` 1 ď NCpsq “ ps ` 1q! ď 2
sps`1q

2 . (3.3.56)

3.3.3 Permutohedra – what they are and why they arise

We begin by recalling that a permutohedron of order n, denoted Πn, is an pn ´ 1q-
dimensional polytope whose vertices represent permutations of n objects t1, . . . , nu

and edges correspond to flips (transpositions) of adjacent neighbors [43, 84]. In
figure 3.4 we can see examples of the first few permutohedra. To represent some
of this higher-dimensional objects, we take the skeleton of the polytope (the graph
consisting of vertices and edges) and embed it in a plane.

Some useful facts about the permutohedron Πn are that it has n! vertices and
each vertex has n ´ 1 immediate neighbors. Πn has also pn ´ 1qn!{2 edges; each

6The supradiagonal is the diagonal above the main diagonal of a square matrix.
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Π1 Π2 Π3 Π4

Figure 3.4: Planar realizations of permutohedra Πn of orders 1,2,3,4. One quadran-
gular face of Π4 is represented by an external region. Three-dimensional represen-
tation of permutohedron Π4 is shown in figure 3.6.

p1, 2, 3q

p2, 1, 3q

p1, 3, 2q

p2, 3, 1q

p3, 2, 1q

p3, 1, 2q

p1 3q

p2 3q

p1 2q

Figure 3.5: Permutohedron Π3. Each vertex represents a particular permutation of
3 elements. Two vertices are connected by an edge if corresponding permutations
differ by a flip of immediate neighbors. There are 3 types of flips, p1 2q, p2 3q and
p1 3q, which are represented by different colors in the figure.

edge corresponds to one of npn ´ 1q{2 types of flips (or transposition) pi jq (for
1 ď i ă j ď n) 7. To keep track of the flips, it is convenient to assign colors to each
of them; in that way we construct a colored version of the permutohedra, see for
example figures 3.6 and 3.5.

In figure 3.5 we can see that Π3 is a hexagon. On the other hand, Π4 is a (3-
dimensional) truncated octahedron consisting of 4! “ 24 vertices. It has 36 edges
of 6 different types, such that 3 edges meet at each vertex, and its faces form
6 quadrangles and 8 hexagons, see figure 3.6.

In a few words, a permutohedra is a very convenient visual representation of the
permutation of n elements, which encodes transpositions as edges. The map relating
the permutohedra to the pk, lq-splitting is that:

• Vertices correspond to equivalent quiver matrices.

• Edges correspond to symmetries, or inversions.

• n ´ 1 edges at each vertex match the generators of Sn.

7We refer to them as flips to distinguish them from transpositions of elements of quiver matrices.
Although, transpositions in quiver matrices are equivalent to flips.
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Figure 3.6: Permutohedron Π4. Its vertices are labeled by permutations of elements
t1, 2, 3, 4u, and different colors of edges correspond to different types of transpositions
pi jq (for 1 ď i ă j ď 4). Vertices connected by an edge differ by one transposition
of neighboring elements.

• Colors represent which elements in the quiver matrix are transposed.

This visual representation will prove itself extremely useful when we start in the
next section when we investigate the quivers associated to knots.

3.4 Equivalent quivers for knots
In this section, we analyze in detail the equivalent quivers and the structure of their
symmetry graphs, which we will refer to as permutohedra graphs, for knots 31, 41,
51, 52, 61 and 71. After that, we present the knots 62, 63 and 73, which are neither
torus knots, nor twist knots, and we take them as stand-alone examples. At the end
of this section, we summarise our results in table 3.1.

Remark 4. To have more compact expressions, let us introduce the bold font nota-
tion used in [42]

x “ rx1, x2, . . . , xms
T , λ “ rλ1, λ2, . . . , λms

T , d “ rd1, d2, . . . , dms
T ,

xd
“ xd11 x

d2
2 . . . xdmm , pq2qd “ pq2qd1pq2qd2 . . . pq

2
qdm , (3.4.1)

and analogously for qx, qλ and qd.
In terms of the new variables, the quiver generating series (2.1.40) takes the

more compact form

PQpx, qq “
ÿ

d

p´qqd¨C¨d xd

pq2; q2qd
”

ÿ

d1,...,dmě0

p´qq
řm

i,j“1 Cijdidj
xd11 ¨ ¨ ¨ xdmm

pq2; q2qd1 ¨ ¨ ¨ pq2; q2qdm
.

(3.4.2)

3.4.1 Trefoil knot, 31
The generating function of superpolynomials of the knot 31 is given by [27]

P31px, a, q, tq “

8
ÿ

r“0

xra2rq´2r

pq2qr

r
ÿ

k“0

„

r
k

ȷ

q2kpr`1qt2kp´a2q´2tqk, (3.4.3)
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where we use the q-binomial
„

r
k

ȷ

“
pq2qr

pq2qr´kpq2qk
. (3.4.4)

The coefficient of the first-order term (r “ 1) of (3.4.3) is the uncolored superpoly-
nomial P1pa, q, tq “ a2q´2 ` a2q2t2 ` a4t3. Its homological diagram consists of one
zig-zag composed of 3 nodes, see figure 3.7.

λ1

λ3

λ2

0

3

2

»

–

0 1 1
1 2 2
1 2 3

fi

fl

Figure 3.7: Homology diagram and a quiver matrix for 31 knot. The labels 0, 2 and
3 are t-degrees of generators, while λi arise in specialization of quiver generating
parameters. For 31 knot the quiver is unique, so the permutohedra graph consists
of one vertex (shown in red).

Let us derive the trefoil quiver taking advantage of the formula for a q-
Pochhammer with several indices (3.3.46). First, if we keep the q-Pochhammer
p´a2q´2tqk aside, the rest of P31px, a, q, tq can be expressed in a quiver form. To do
that, we use (3.4.4) to rewrite the q-binomial and cancel pq2qr:

8
ÿ

r“0

xra2rq´2r

pq2qr

r
ÿ

k“0

„

r
k

ȷ

q2kpr`1qt2k “

8
ÿ

r“0

xra2rq´2r
r
ÿ

k“0

1

pq2qr´kpq2qk
q2kpr`1qt2k.

(3.4.5)
Then, we introduce new summation indices: qd1 “ r ´ k and qd2 “ k, which brings
(3.4.5) closer to a motivic generating function for the prequiver:

ÿ

qd1, qd2ě0

p´qq2
qd1 qd2`2 qd22

pxa2q´2q
qd1

pxa2p´tq2q
qd2

pq2q
qd1

pq2q
qd2

“
ÿ

qd

p´qq
qd¨ qC¨ qd qx

qd

pq2q
qd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

qx“xqλ

,

qC “

„

0 1
1 2

ȷ

, qλ “

„

a2q´2

a2p´tq2

ȷ

.

(3.4.6)

Lets reintroduce p´a2q´2tqk with k “ qd2 and use (3.3.46) for splitting one node
(because only one qdi enters k):

pξq
qdi

pq2q
qdi

“
ÿ

αi`βi“ qdi

p´qqβ
2
i

pξq´1q
βi

pq2qαi
pq2qβi

, (3.4.7)

with ξ “ ´a2q´2t and i “ 2. We then have

P31px, a, q, tq “
ÿ

d1,α2,β2ě0

pxa2q´2q
d1

pxa2p´tq2q
α2

pxa4q´3p´tq2q
β2

pq2qd1pq2qα2pq2qβ2

ˆ p´qq2d1α2`2d1β2`2α2
2`2α2β2`3β2

2 ,

(3.4.8)
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which equals PQpx, qq|x“xλ for

C “

»

–

0 1 1
1 2 2
1 2 3

fi

fl , λ “

»

–

a2q´2

a2p´tq2

a4q´3p´tq3

fi

fl . (3.4.9)

This is the quiver already obtained in [30, 31]; in terms of splitting 3 this quiver
arises from (3.4.6) by p0, 1q-splitting of the second node, with trivial permutation
σp2q “ 2, h1 “ 0, and κ “ ´a2q´3t:

qC “

„

0 1
1 2

ȷ

ÝÑ C “

»

–

0 1 1 ` 0
1 2 2 ` 0

1 ` 0 2 ` 0 2 ` 1

fi

fl ,

qλ “

„

a2q´2

a2p´tq2

ȷ

ÝÑ λ “

»

–

a2q´2

a2p´tq2

a2p´tq2 ˆ a2q´3p´tq

fi

fl .

(3.4.10)

We expect that the above quiver (3.4.10) is unique. The reason being that there
are no possible permutations when splitting a single node. A sufficient independent
argument is that, since the trefoil knot is thin, and quiver equivalences come from
permutations of off-diagonal matrix entries. However, to make a pairing we need at
least a 4ˆ 4 matrix, and our matrix is 3ˆ 3. Hence, there are no other permutation
possible. This is the first nontrivial confirmation of our conjecture 1.

3.4.2 Figure-eight knot, 41
The two equivalent quivers for the figure-eight knot were found in [31, 39]. In
that reference the authors proved the equivalence of the two quivers using unlinking
(3.1.3). That is why it is instructive to arrive to the same conclusion, but through the
prequiver and splitting. The generating function of superpolynomials of the figure-
eight knot is [27]:

P41px, a, q, tq “

8
ÿ

r“0

r
ÿ

k“0

xrp´1qka´2kt´2kq´k2`3kpq´2rqk

pq2qrpq2qk
p´a2q´2tqkp´a2q2rt3qk.

The uncolored superpolynomial is P1pa, q, tq “ 1 ` a´2t´2 ` q´2t´1 ` q2t` a2t2. Its
homological diagram is made of a degenerate zig-zag that reduces to a single node,
and a diamond, as in figure 3.8.

First, we need pq´2rqk “ p´1qkq´2rk`kpk´1q pq2qr

pq2qr´k
, together with as (3.4.7) for

p´a2q2rt3qk{pq2qk, this gives us the prequiver

ÿ

0ďkďr

xrp´1qka´2kt´2kq´k2`3kpq´2rqk

pq2qrpq2qk
p´a2q2rt3qk “

ÿ

qd

p´qq
qd¨ qC¨ qd

qx
qd

pq2q
qd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

qx“xqλ

,

qC “

»

–

0 ´1 0
´1 ´2 ´1
0 ´1 1

fi

fl , qλ “

»

–

1
a´2q2p´tq´2

qp´tq

fi

fl , (3.4.11)

67



λ3

λ5

λ4

´1

2

1

»

—

—

—

—

–

0 ´1 ´1 0 0
´1 ´2 ´2 ´1 ´1
´1 ´2 ´1 0 0
0 ´1 0 1 1
0 ´1 0 1 2

fi

ffi

ffi

ffi

ffi

fl

λ2

´2
»

—

—

—

—

–

0 ´1 ´1 0 0
´1 ´2 ´2 ´1 0
´1 ´2 ´1 -1 0
0 ´1 -1 1 1
0 0 0 1 2

fi

ffi

ffi

ffi

ffi

fl

λ2λ5 “ λ3λ4

λ1

0

Figure 3.8: Homological diagram for 41 knot, with labels λi assigned to various
nodes (top). In the bottom the two equivalent quivers are shown, which differ by
a transposition of elements C2,5 and C3,4 of the quiver matrix (shown in yellow,
together with their symmetric companions). The positions of these elements are
encoded in combinations λ2λ5 and λ3λ4, which are equal to each other (satisfy
the center of mass condition).

where we substitute r´k “ qd1 and k “ qd2` qd3. In addition, we rewrite the remaining
term p´a2q´2tqk ” p´a2q´2tq

qd2` qd3
, using (3.3.46) for n “ 2:

pξq
qdi` qdj

pq2q
qdi

pq2q
qdj

“
ÿ

αi`βi“ qdi

ÿ

αj`βj“ qdj

p´qqβ
2
i `β2

j `2βipαj`βjq pξq´1q
βi

pq2qαi
pq2qβi

pξq´1q
βj

pq2qαj
pq2qβj

. (3.4.12)

The apperance of the two equivalent quivers is due to the two possibilities pi, jq in
the term βiαj, or pj, iq βjαi. Taking pi, jq “ p2, 3q, the quadratic terms in the expo-
nent of p´qq we derive the quiver matrix:

C “

»

—

—

—

—

–

0 ´1 ´1 0 0
´1 ´2 ´2 ´1 -1
´1 ´2 ´1 0 0
0 ´1 0 1 1
0 -1 0 1 2

fi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

–

1
a´2q2p´tq´2

q´1p´tq´1

qp´tq
a2q´2p´tq2

fi

ffi

ffi

ffi

ffi

fl

(3.4.13)

which the one obtained in [31] (up to a permutation of rows and columns). We
assign it to the red dot in figure 3.8.

Meanwhile, having pi, jq “ p3, 2q produces

C “

»

—

—

—

—

–

0 ´1 ´1 0 0
´1 ´2 ´2 ´1 0
´1 ´2 ´1 -1 0
0 ´1 -1 1 1
0 0 0 1 2

fi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

–

1
a´2q2p´tq´2

q´1p´tq´1

qp´tq
a2q´2p´tq2

fi

ffi

ffi

ffi

ffi

fl

(3.4.14)

which is yields the second quiver found in [39]. We can see the same two quivers
in figure 3.8, both are related by a transposition of elements highlighted in yellow.
This transposition corresponds to the unique inversion possible for βiαj in (3.4.12).
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We say that the two quivers (3.4.13) and (3.4.14) appear thanks to a p0, 1q-
splitting of nodes number 2 and 3 of the prequiver (3.4.11). Since we split two
nodes, there are 2 possible permutations. For the identity permutation (σp2q “ 2,
σp3q “ 3) we obtain (3.4.13)

qC “

»

–

0 ´1 0
´1 ´2 ´1
0 ´1 1

fi

fl

σp2qăσp3q
ÝÝÝÝÝÝÑ (3.4.15)

C “

»

—

—

—

—

–

0 ´1 ´1 ` 0 0 0 ` 0
´1 ´2 ´2 ` 0 ´1 ´1 ` 0

´1 ` 0 ´2 ` 0 ´2 ` 1 ´1 ` 0 ` 1 ´1 ` 1
0 ´1 ´1 ` 0 ` 1 1 1 ` 0

0 ` 0 ´1 ` 0 ´1 ` 1 1 ` 0 1 ` 1

fi

ffi

ffi

ffi

ffi

fl

.

On the other hand, for a transposition σ “ p2 3q (i.e. σp2q “ 3, σp3q “ 2) we get

qC “

»

–

0 ´1 0
´1 ´2 ´1
0 ´1 1

fi

fl

σp2qąσp3q
ÝÝÝÝÝÝÑ (3.4.16)

C “

»

—

—

—

—

–

0 ´1 ´1 ` 0 0 0 ` 0
´1 ´2 ´2 ` 0 ´1 ´1 ` 0 ` 1

´1 ` 0 ´2 ` 0 ´2 ` 1 ´1 ` 0 ´1 ` 1
0 ´1 ´1 ` 0 1 1 ` 0

0 ` 0 ´1 ` 0 ` 1 ´1 ` 1 1 ` 0 1 ` 1

fi

ffi

ffi

ffi

ffi

fl

.

In both cases we have h1 “ 0 and κ “ ´a2q´3t.
The center of mass condition (3.2.4a) as λ2λ5 “ λ3λ4 is also satisfied, thus

concluding that it is a symmetry. The permutohedra graph is Π2 as seen in figure 3.8.
Thanks to the thinnes of 41 any equivalent quiver arises from permutations of off-
diagonal entries of C. Nevertheless, there are no more pairings aside of λ2λ5 “ λ3λ4,
this means these are all equivalent quivers and confirms our conjecture 1.

3.4.3 Cinquefoil knot, 51

Moving on to the 51 knot. Its generating function of its colored superpolynomials is
given by [27]

P51px, a, q, tq “

8
ÿ

r“0

xra4rq´4r

pq2qr

ÿ

0ďk2ďk1ďr

„

r
k1

ȷ „

k1
k2

ȷ

p´a2q´2tqk1 (3.4.17)

ˆ q2rp2r`1qpk1`k2q´rk1´k1k2st2pk1`k2q,

again r “ 1 gives the superpolynoimal P1pa, q, tq “ a4q´4 ` a4t2 ` a6q´2t3 ` a4q4t4 `

a6q2t5. Its homological diagram is a a zig-zag consisting of 5 nodes, depicted in
figure 3.9.

We can split the q-Pochhammer p´a2q´2tqk1 in terms of the indices k1 “ pk1 ´
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λ1

λ3

λ2

0

3

2

λ4

4

»

—

—

—

—

–

0 1 1 3 3
1 2 2 3 3
1 2 3 4 4
3 3 4 4 4
3 3 4 4 5

fi

ffi

ffi

ffi

ffi

fl

λ1λ5 “ λ2λ3

λ5

5 λ1

λ3

λ2

0

3

2

λ4

4

λ5

5

λ3λ4 “ λ2λ5
»

—

—

—

—

–

0 1 1 3 2
1 2 3 3 3
1 3 3 4 4
3 3 4 4 4
2 3 4 4 5

fi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

–

0 1 1 3 3
1 2 2 3 4
1 2 3 3 4
3 3 3 4 4
3 4 4 4 5

fi

ffi

ffi

ffi

ffi

fl

Figure 3.9: Two copies of the homological diagram for 51 knot are shown on top. On
each copy we denoted a parallellogram that encodes a symmetry, i.e. a transposition
of two matrix elements that yields an equivalent quiver. In total there are 3 equiva-
lent quivers, shown in bottom, which correspond to 3 vertices of the permutohedra
graph. The permutohedra graph is made of two Π2 that share a common vertex (in
red).

k2q ` k2 “ qd2 ` qd3 (3.4.17), while the rest gives the prequiver

P51px, a, q, tq “
ÿ

qd

p´qq
qd¨ qC¨ qd x

qd

pq2q
qd

p´a2q´2tq
qd2` qd3

ˇ

ˇ

ˇ

qx“xqλ

qC “

»

–

0 1 3
1 2 3
3 3 4

fi

fl , qλ “

»

–

a4q´4

a4q´2p´tq2

a4p´tq4

fi

fl .

(3.4.18)

Substituting (3.3.46) results in a p0, 1q-splitting of nodes 2 and 3 (the node 1 is
a spectator with h1 “ 0; κ “ ´a2q´3t). The identity permutation pσp2q “ 2, σp3q “

3q leads to

C “

»

—

—

—

—

–

0 1 1 3 3
1 2 2 3 3
1 2 3 4 4
3 3 4 4 4
3 3 4 4 5

fi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

–

a4q´4

a4q´2p´tq2

a6q´5p´tq3

a4p´tq4

a6q´3p´tq5

fi

ffi

ffi

ffi

ffi

fl

(3.4.19)

On the other hand, σ “ p2 3q yields

C “

»

—

—

—

—

–

0 1 1 3 3
1 2 2 3 4
1 2 3 3 4
3 3 3 4 4
3 4 4 4 5

fi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

–

a4q´4

a4q´2p´tq2

a6q´5p´tq3

a4p´tq4

a6q´3p´tq5

fi

ffi

ffi

ffi

ffi

fl

. (3.4.20)

We can see that the center of mass condition (3.2.4a) is satisfied in terms of the
parallelogram λ3λ4 “ λ2λ5 (shown in orange in figure 3.9). Nevertheless, 51 has a
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second pairing λ1λ5 “ λ2λ3 (shown in green in figure 3.9). The second pairing also
produces a symmetry. Interestingly, we can obtain the same quiver in (3.4.19) from
a p1, 3q-splitting on a distinct prequiver.8 In concrete, P51 can be rewritten as

P51px, a, q, tq “
ÿ

qd

p´qq
qd¨ qC¨ qd qx

qd

pq2q
qd

p´a2q2rt3q
qd2` qd3

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

qx“xqλ

qC “

»

–

4 3 3
3 0 1
3 1 2

fi

fl , qλ “

»

–

a4p´tq4

a4q´4

a4q´2p´tq2

fi

fl ,

(3.4.21)

producing (3.4.19) by p1, 3q-splitting of nodes 2 and 3 (the node 1 is a spectator
with h1 “ 1) with permutation σ “ p2 3q and κ “ ´a2q´1t3. But we now we can
preform the same splitting with the identity permutation, which leads to the other
equivalent quiver

C “

»

—

—

—

—

–

4 3 4 3 4
3 0 1 1 2
4 1 3 3 4
3 1 3 2 3
4 2 4 3 5

fi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

–

a4p´tq4

a4q´4

a6q´5p´tq3

a4q´2p´tq2

a6q´3p´tq5

fi

ffi

ffi

ffi

ffi

fl

, (3.4.22)

which, up to relabelling of the quiver nodes, is the matrix on the l.h.s of figure 3.9.
As we have seen in subsection 3.3.2, if the two transpositions overlap as in (3.3.23)

the symmetries can be composed. This means that, 51 has only three equivalent
quivers, and its permutohedra graph is made out of gluing of two Π2 along a common
middle vertex. Lastly, 51 is thin, it has no more pairings. Therefore, we found all
equivalent quivers, confirming again our conjecture 1.

3.4.4 52 knot

The knot 52 is a much more exciting and intricate example. This because it has 6
symmetries and 12 equivalent quivers. The structure of the permutohedra graph is
an interesting gluing of three Π3. For compactness we will present only the three
prequivers and their respective splittings leading to all equivalent quivers. To see
the 12 equivalent matrices we encourage to reader to consult [42, Appendix A]).

As for previous knots, the generating function of superpolynomials [31] for 52 is

P52px, a, q, tq “

8
ÿ

r“0

xr

pq2qr

ÿ

0ďk2ďk1ďr

„

r
k1

ȷ „

k1
k2

ȷ

p´1q
r`k1p´a2q´2tqk1

p´a2q2rt3qk1a
2k2qk

2
1`k1`2pk22´k2´rk1qt2k2´r. (3.4.23)

With the superpolynomial P1pa, q, tq “ a2q2t2`a2q´2`a4t3`a2t`a4q2t4`a4q´2t2`

a6t5. The homological diagram consists of a diamond and a zig-zag of length three,
see figure 3.10.

8In fact it admits also the inverse of p1, 2q-splitting with h1 “ 0 and h1 “ 2, but they capture
the same symmetries.
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λ2 λ1

λ3 λ5λ6

λ7

λ4

0

3

21

5

42

Figure 3.10: Homology diagram for 52 knot; labels λi are consistent with (3.4.30).

We can derive the first prequiver in the same fashion as in for the previous knots.
Starting from (3.4.23)) we get

P52px, a, q, tq “
ÿ

qd

p´qq
qd¨ qC¨ qd x

qd

pq2q
qd

p´a2q´2tq
qd2` qd3` qd4

ˇ

ˇ

ˇ

x“xqλ
,

qC “

»

—

—

–

0 0 1 1
0 1 1 2
1 1 2 2
1 2 2 4

fi

ffi

ffi

fl

, qλ “

»

—

—

–

a2q´2

a2q´1p´tq
a2p´tq2

a4q´2p´tq4

fi

ffi

ffi

fl

.

(3.4.24)

Applying (0,1)-splitting to the nodes 2, 3 and 4 with trivial permutation, h1 “ 0,
and κ “ ´a2q´3t leads to

C “

»

—

—

—

—

—

—

—

—

–

0 0 0 1 1 1 1
0 1 1 1 1 2 2
0 1 2 2 2 3 3
1 1 2 2 2 2 2
1 1 2 2 3 3 3
1 2 3 2 3 4 4
1 2 3 2 3 4 5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

–

a2q´2

a2q´1p´tq
a4q´4p´tq2

a2p´tq2

a4q´3p´tq3

a4q´2p´tq4

a6q´5p´tq5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (3.4.25)

Due to the fact that we splitted three nodes, as we explained in subsection 3.3.2 the
resulting symmetry group is S3 and the permutohedra graph is the hexagon Π3.

Additionally, (3.4.23) has the alternative form

P52px, a, q, tq “
ÿ

qd

p´qq
qd¨ qC¨ qd x

qd

pq2q
qd

Π
qd2, qd3, qd4

ˇ

ˇ

ˇ

x“xqλ

qC “

»

—

—

–

1 0 1 1
0 0 1 1
1 1 2 2
1 1 2 3

fi

ffi

ffi

fl

, qλ “

»

—

—

–

a2q´1p´tq
a2q´2

a2p´tq2

a4q´3p´tq3

fi

ffi

ffi

fl

, (3.4.26)

Π
qd2, qd3, qd4

“
ÿ

α2`β2“ qd2

ÿ

α3`β3“ qd3

ÿ

α4`β4“ qd4

p´qq2
qd1pβ2`β3`β4q`2pβ2`β3`β4q2`2pβ2α3`β2α4`β3α4q

ˆ
pa2q´2t2qpβ2`β3`β4qpq2q

qd2
pq2q

qd3
pq2q

qd4

pq2qα2pq2qβ2pq2qα3pq2qβ3pq2qα4pq2qβ4

.
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Here Πd2,d3,d4 stands for a p0, 2q-splitting of the last three nodes with trivial permu-
tation, h1 “ 1, and κ “ a2q´2t2, which leads to a relabelled version of (3.4.25):

C “

»

—

—

—

—

—

—

—

—

–

1 0 1 1 2 1 2
0 0 0 1 1 1 1
1 0 2 2 3 2 3
1 1 2 2 2 2 2
2 1 3 2 4 3 4
1 1 2 2 3 3 3
2 1 3 2 4 3 5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

–

a2q´1p´tq
a2q´2

a2p´tq2

a4q´4p´tq2

a4q´2p´tq4

a4q´3p´tq3

a6q´5p´tq5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (3.4.27)

Again, we have a Π3, and one of its vertices, is shared with previous Π3. That
common vertex is the one representing the above matrix. In fact, there is yet another
quiver shared by both Π3, the one corresponding to the transposition C1,7 Ø C3,5.
For the record, a p0, 2q-splitting of prequiver (3.4.26) with permutation σ “ p2 3q

reproduces the quiver for 52 previously derived in [31]:

C “

»

—

—

—

—

—

—

—

—

–

1 0 1 1 2 1 2
0 0 0 1 2 1 1
1 0 2 1 3 2 3
1 1 1 2 2 2 2
2 2 3 2 4 3 4
1 1 2 2 3 3 3
2 1 3 2 4 3 5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

–

a2q´1p´tq
a2q´2

a2p´tq2

a4q´4p´tq2

a4q´2p´tq4

a4q´3p´tq3

a6q´5p´tq5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (3.4.28)

The transposition needded to go from (3.4.27) to (3.4.28) is highlighted in yellow.
Moreover, we can obtain (3.4.28) from a different splitting. This leads to an

equivalent version of (3.4.23):

P52px, a, q, tq “
ÿ

qd

p´qq
qd¨ qC¨ qd x

qd

pq2q
qd

p´a2q2rt3q
qd2` qd3` qd4

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

x“xqλ

qC “

»

—

—

–

2 1 1 1
1 0 0 0
1 0 1 1
1 0 1 2

fi

ffi

ffi

fl

qλ “

»

—

—

–

a2p´tq2

a2q´2

a2q´1p´tq
a4q´4p´tq2

fi

ffi

ffi

fl

.

(3.4.29)

Having a p1, 3q-splitting of the last three nodes with permutation σ “ p2 3q, h1 “ 1,
and κ “ ´a2q´1t3 yielding

C “

»

—

—

—

—

—

—

—

—

–

2 1 2 1 2 1 2
1 0 1 0 2 0 1
2 1 3 1 3 2 3
1 0 1 1 2 1 2
2 2 3 2 4 3 4
1 0 2 1 3 2 3
2 1 3 2 4 3 5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

–

a2p´tq2

a2q´2

a4q´3p´tq3

a2q´1p´tq
a4q´2p´tq4

a4q´4p´tq2

a6q´5p´tq5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (3.4.30)

up to relabelling, it leads back to (3.4.28), which is the shared vertex with the
previous Π3. Thus (3.4.29) is responsible for the remaining Π3.
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(3.4.24) (3.4.26) (3.4.29)

Figure 3.11: The permutohedra graph for 52 knot consists of three Π3 (shown
schematically in bottom together with the formulas they correspond to) glued along
common edges. The edges in this graph correspond to 6 types of transpositions
arising from various quadruples of homology generators, which are also shown in
various colors on the homological diagrams.

All-in-all, the structure of the equivalence class of quivers for 52 is nicely depicted
in 3.11. The hexagon representing the 6 permutations of the p0, 1q-splitting of the
prequiver (3.4.24) is on the top of the graph. The bottom-right Π3 comes from all
possible p0, 2q-splittings of the prequiver (3.4.26). The last permutohedra, coming
from p1, 3q-splittings of (3.4.29) lead on the bottom-left. The green dot stands for the
quiver (3.4.25), whereas the red one represents the quiver (3.4.28). The transposition
joining the two quivers is the blue edge. In short, the whole permutohedra graph is
the result of 3 Π3 glued along their edges, as shown in figure 3.11.

An important remark is in order, we mentioned that in general it is not possible
to compose transpositions into a three-cycles; yet there is clearly a triangle in the
center of the diagram. This is not actually a contradiction, to see this, remember
that Π3 is a representation of S3 permuting the set t1, 2, 3u, what if instead it acted
on t1, 2, 1u? This is what is known as a generalized permutohedra [43, pag 24].
Then, certain distinct permutations lead to the same point on the graph. Thus, the
triangle can be thought as a degenerate hexagon, when thought of as a generalized
permutohedra. This is further justified by noticing that the elements in the permuted
entries are actually t1, 2, 1u.

A nice way to visualize the symmetries, edges of the permutohedron graph, is by
looking at the pairings on the homology diagram. This is the first example where
we are not able to guarantee that we found the whole set of equivalent quivers, still
based on the evidence, we conjecture that this is indeed the case 1.
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3.4.5 71 knot

The reason why we jump from knots with seven crossings to 71 with seven is because
in terms of complexity of the permutohedra graph and number of equivalent quivers
this is the adequate next step. We obtain a total of 13 equivalent quivers, whose
explicit quiver matrices can be found in [42, Appendix A]. The structure of the
graph reveals two Π3 glued at one vertex, plus two additional Π2 glued to each Π3.

As usual, we start from the generating function of colored superpolynomials
taken from [85, 86]

P71px, a, q, tq “

8
ÿ

r“0

xra6rq´6r

pq2qr

ÿ

0ďk3ďk2ďk1ďr

„

r
k1

ȷ „

k1
k2

ȷ „

k2
k3

ȷ

p´a2q´2tqk1

ˆ q2rp2r`1qpk1`k2`k3q´rk1´k1k2´k2k3st2pk1`k2`k3q. (3.4.31)

Setting r “ 1 yields the uncolored superpolynomial P1pa, q, tq “ a6q´6 ` a6q´2t2 `

a8q´4t3 ` a6q2t4 ` a8t5 ` a6q6t6 ` a8q4t7. Its homological diagram consists of one
zig-zag made of 7 nodes, see figure 3.12.

λ1

λ3

λ2 λ4

λ5 λ7

λ6

0

3

2 4

5 7

6

Figure 3.12: Homology diagram for 71 knot; labels λi are consistent with (3.4.33).

Next, we obtain its prequiver (3.4.31):

P71px, a, q, tq “
ÿ

qd

p´qq
qd¨ qC¨ qd qx

qd

pq2q
qd

p´a2q´2tq
qd2` qd3` qd4

ˇ

ˇ

ˇ

qx“xqλ

qC “

»

—

—

–

0 1 3 5
1 2 3 5
3 3 4 5
5 5 5 6

fi

ffi

ffi

fl

, qλ “

»

—

—

–

a6q´6

a6q´4p´tq2

a6q´2p´tq4

a6p´tq6

fi

ffi

ffi

fl

.

(3.4.32)

We further perform a (0,1)-splitting of the last three nodes with the identity per-
mutation, h1 “ 0, and κ “ ´a2q´3t obtaining

C “

»

—

—

—

—

—

—

—

—

–

0 1 1 3 3 5 5
1 2 2 3 3 5 5
1 2 3 4 4 6 6
3 3 4 4 4 5 5
3 3 4 4 5 6 6
5 5 6 5 6 6 6
5 5 6 5 6 6 7

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

–

a6q´6

a6q´4p´tq2

a8q´7p´tq3

a6q´2p´tq4

a8q´5p´tq5

a6p´tq6

a8q´3p´tq7

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (3.4.33)

which is the quiver also derived in [31]. Here we have the added advantage that
we know how to obtain the remaining five equivalent quivers corresponding to the
nontrivial permutations of S3.
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Moreover, we may re-express (3.4.31)) as

P71px, a, q, tq “
ÿ

qd

p´qq
qd¨ qC¨ qd qx

qd

pq2q
qd

p´a2q2rt3q
qd2` qd3` qd4

ˇ

ˇ

ˇ

qx“xqλ

qC “

»

—

—

–

6 5 5 5
5 0 1 3
5 1 2 3
5 3 3 4

fi

ffi

ffi

fl

, qλ “

»

—

—

–

a6p´tq6

a6q´6

a6q´4p´tq2

a6q´2p´tq4

fi

ffi

ffi

fl

.

(3.4.34)

After performing a p1, 3q-splitting of the last three nodes with permutation σ “ p2 4q,
h1 “ 1, and κ “ ´a2q´1t3 gives a relabelling of the quiver (3.4.33):

C “

»

—

—

—

—

—

—

—

—

–

6 5 6 5 6 5 6
5 0 1 1 3 3 5
6 1 3 2 4 4 6
5 1 2 2 3 3 5
6 3 4 3 5 4 6
5 3 4 3 4 4 5
6 5 6 5 6 5 7

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

–

a6p´tq6

a6q´6

a8q´7p´tq3

a6q´4p´tq2

a8q´5p´tq5

a6q´2p´tq4

a8q´3p´tq7

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (3.4.35)

considering the equivalent quiver matrices associated with other permutations in S3

we get the second Π3. Ultimately, we recognize that both Π have a common vertex,
namely (3.4.33).

Coming back to the initial Π3 associated with the prequiver (3.4.32). Surpris-
ingly, there is one equivalent quiver which possess an extra symmetry, that is

C “

»

—

—

—

—

—

—

—

—

–

0 1 1 3 3 5 5
1 2 2 3 4 5 6
1 2 3 3 4 5 6
3 3 3 4 4 5 6
3 4 4 4 5 5 6
5 5 5 5 5 6 6
5 6 6 6 6 6 7

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

–

a6q´6

a6q´4p´tq2

a8q´7p´tq3

a6q´2p´tq4

a8q´5p´tq5

a6p´tq6

a8q´3p´tq7

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (3.4.36)

which comes after a (0,1)-splitting of (3.4.32) with permutation σ “ p2 4q. Indeed,
p0, 1q-splitting of the last two nodes of the prequiver

qC “

»

—

—

—

—

–

0 1 5 1 3
1 2 6 2 4
5 6 7 6 6
1 2 6 3 4
3 4 6 4 5

fi

ffi

ffi

ffi

ffi

fl

, qλ “

»

—

—

—

—

–

a6q´6

a6q´4p´tq2

a8q´3p´tq7

a8q´7p´tq3

a8q´5p´tq5

fi

ffi

ffi

ffi

ffi

fl

, (3.4.37)

with permutation σ “ p4 5q, h1 “ 2, h2 “ 1, h3 “ 0, and κ “ ´a´2q5t leads to

C “

»

—

—

—

—

—

—

—

—

–

0 1 5 1 3 3 5
1 2 6 2 3 4 5
5 6 7 6 6 6 6
1 2 6 3 3 4 5
3 3 6 3 4 4 5
3 4 6 4 4 5 5
5 5 6 5 5 5 6

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

–

a6q´6

a6q´4p´tq2

a8q´3p´tq7

a8q´7p´tq3

a6q´2p´tq4

a8q´5p´tq5

a6q´6

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (3.4.38)
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which can be obtain from (3.4.36) via a relabelling. This leads to another equivalent
quiver, which has a connection to (3.4.36). Thus, we represent this as a Π2, which
is glued to a Π3 at the vertex that represents (3.4.36).

λ1λ5 “ λ2λ3

λ2λ5 “ λ3λ4

λ2λ7 “ λ4λ5

λ4λ7 “ λ5λ6

λ1λ7 “ λ3λ4

λ2λ7 “ λ3λ6

λ3λ6 “ λ4λ5

λ1λ7 “ λ2λ5

Figure 3.13: The permutohedra graph for 71 knot consists of two Π3 and two Π2

appropriately glued. Altogether it has 13 vertices representing equivalent quivers,
and 8 symmetries corresponding to various quadruples of homology generators (and
represented by different colors of the edges in the graph).

The same situation occurs for the second Π3, it also has a Π2 attached to it. The
whole graph can be appreciated in figure 3.13. The initial quiver (3.4.33), was the
first derived in [31], is the center of the entire graph, and the graph is symmetric
with respect to it; we denote it by a the red dot. The Π3 on the left originates from
(3.4.32), whereas the right one corresponds to the prequiver (3.4.34). The green dot,
which adheres Π2 to Π3, represents the quiver (3.4.36).

Lastly, we tested whether there were any further equivalent quivers, but were
unable to discover more. Therefore, following conjecture 1, we expect this is the
complete list of equivalent quivers for 71.

3.4.6 61 knot

We are now focused on the 61 knot. This seemingly simple knot already has 141
equivalent quivers and 16 symmetries, together build an impressive and sophisticated
structure for the permutohedra graph, depicted in figure 3.14.
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Figure 3.14: The permutohedra graph for 61 knot has 141 vertices that represent
equivalent quivers (left). Excluding symmetries that involve λ1 reduces the whole
graph to a cube-like shape (right). Each face of this cube is one Π4 (a bit squashed),
and neighboring Π4’s are glued along a square, which is a common face to both Π4’s.
The red vertex represents the quiver (3.4.41) (or its reordered form (3.4.43)).

The generating function of colored superpolynomials for the knot 61 has the form
[85]:

P61px, a, q, tq “

8
ÿ

r“0

xr

pq2qr

ÿ

0ďk2ďk1ďr

„

r
k1

ȷ „

k1
k2

ȷ

p´a´2q2t´1; q´2
qk1p´a´2q´2rt´3; q´2

qk1

ˆ a2pk1`k2qt2pk1`k2qq2pk21`k22´k1´k2q. (3.4.39)

The linear-order gives the uncolored superpolynomial P1pa, q, tq “ 1 ` a´2t´2 `

q2t ` q´2t´1 ` a2t2 ` 1 ` a2q2t3 ` a2q´2t ` a4t4. Its homological diagram, shown
in figure 3.15, is made of 2 diamonds and a degenerate zig-zag of one point that
coincides with one point of the upper diamond, so that λ1 “ λ6.

λ4 λ3

λ5 λ7λ8

λ9

λ1, λ6

´1

2

10, 0

4

31

´2

λ2

Figure 3.15: Homology diagram for 61 knot; labels λi are consistent with (3.4.41).
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Let us find the prequiver from (3.4.39)

P61px, a, q, tq “
ÿ

qd

p´qq
qd¨ qC¨ qd qx

qd

pq2q
qd

p´a2q´2tq
qd2` qd3` qd4` qd5

ˇ

ˇ

ˇ

qx“xqλ

qC “

»

—

—

—

—

–

0 ´1 ´1 ´1 ´1
´1 ´2 ´2 ´2 ´1
´1 ´2 ´1 ´2 ´1
´1 ´2 ´2 0 0
´1 ´1 ´1 0 1

fi

ffi

ffi

ffi

ffi

fl

, qλ “

»

—

—

—

—

–

1
a´2q2p´tq´2

q´1p´tq´1

1
a2q´3p´tq

fi

ffi

ffi

ffi

ffi

fl

.

(3.4.40)

With a p1, 3q-splitting of the last four nodes, associated with the permutation σ “

p2 4 5 3q, h1 “ 1, and κ “ ´a2q´1t3 produces the same quiver first obtained in [31]:

C “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

0 ´1 0 ´1 0 ´1 0 ´1 0
´1 ´2 ´1 ´2 ´1 ´2 0 ´1 0
0 ´1 1 0 1 ´1 1 1 2

´1 ´2 0 ´1 0 ´2 0 ´1 1
0 ´1 1 0 2 ´1 1 0 2

´1 ´2 ´1 ´2 ´1 0 1 0 1
0 0 1 0 1 1 3 2 3

´1 ´1 1 ´1 0 0 2 1 2
0 0 2 1 2 1 3 2 4

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

1
a´2q2p´tq´2

qp´tq
q´1p´tq´1

a2q´2p´tq2

1
a2q´1p´tq3

a2q´3p´tq
a4q´4p´tq4

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(3.4.41)

Meanwhile, 3.4.39 can be rewritten as

P61px, a, q, tq “
ÿ

qd

p´qq
qd¨ qC¨ qd qx

qd

pq2q
qd

Π
qd2, qd3, qd4, qd5

ˇ

ˇ

ˇ

qx“xqλ

Π
qd2, qd3, qd4, qd5

“
ÿ

α2`β2“ qd2

ÿ

α3`β3“ qd3

ÿ

α4`β4“ qd4

ÿ

α5`β5“ qd5

5
ź

i“2

pa2q´2t2qβipq2q
qdi

pq2qαi
pq2qβi

ˆ p´qq2pβ2`β3`β4`β5q2`2pα2β3`α2β4`α2β5`α3β4`α3β5`α4β5q

qC “

»

—

—

—

—

–

0 ´1 ´1 0 0
´1 ´2 ´2 ´1 ´1
´1 ´2 ´1 0 0
0 ´1 0 1 1
0 ´1 0 1 2

fi

ffi

ffi

ffi

ffi

fl

, qλ “

»

—

—

—

—

–

1
a´2q2p´tq´2

q´1p´tq´1

qp´tq
a2q´2p´tq2

fi

ffi

ffi

ffi

ffi

fl

,

(3.4.42)

After a p0, 2q-splitting of the last four nodes with permutation σ “ p2 5qp3 4q, h1 “ 0
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and κ “ a2q´2t2 we get

C “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

0 ´1 ´1 ´1 ´1 0 0 0 0
´1 ´2 ´2 ´2 ´1 ´1 0 ´1 0
´1 ´2 0 ´2 0 ´1 1 ´1 1
´1 ´2 ´2 ´1 ´1 0 1 0 1
´1 ´1 0 ´1 1 0 2 0 2
0 ´1 ´1 0 0 1 1 1 2
0 0 1 1 2 1 3 1 3
0 ´1 ´1 0 0 1 1 2 2
0 0 1 1 2 2 3 2 4

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

1
a´2q2p´tq´2

1
q´1p´tq´1

a2q´3p´tq
qp´tq

a2q´1p´tq3

a2q´2p´tq2

a4q´4p´tq4

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(3.4.43)
which is a rearrangement of (3.4.41). This implies that the afore quiver is a shared
vertex of two permutohedra Π4, and is represented with a the red dot in figure 3.14.
We offer a planar embedding perspective of the two Π4, together with the eight
symmetries that generate them in 3.16. The Π4 to the right of the red dot in
figure 3.14, arises thanks to the prequiver (3.4.40); whereas the second Π4 to the
left of the red dot originates from the prequiver (3.4.42). In spirit of conjecture 1
we assume that we have found all equivalent quivers.

3.4.7 62, 63, 73 knots

As one would expect, 62, 63 and 73, are left until the end of our discussion because
their number of equivalent quivers and symmetries is several orders of magnitude
higher, see table 3.1. That is why we limit ourselves to present an equivalent quiver
matrix C, their λ, their homological diagrams, and a few of their symmetries. The
quiver matrices are taken from [31] and [80].

62 knot We hit it off with the 62 knot. Its quiver and λ found in [31] are

C “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

´2 ´2 ´1 ´1 ´1 ´1 0 ´1 1 1 1
´2 ´1 ´1 0 0 0 1 0 1 2 2
´1 ´1 0 1 0 0 1 0 1 2 2
´1 0 1 0 0 0 1 0 2 1 1
´1 0 0 0 1 1 1 1 2 2 2
´1 0 0 0 1 1 1 1 2 2 2
0 1 1 1 1 1 2 1 2 2 2

´1 0 0 0 1 1 1 2 2 3 3
1 1 1 2 2 2 2 2 3 3 3
1 2 2 1 2 2 2 3 3 3 3
1 2 2 1 2 2 2 3 3 3 4

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

q´2p´tq´2

a2q´4p´tq´1

a2q´2

q2

a2p´tq
a2p´tq
a2q2p´tq2

a4q´2p´tq2

a4p´tq3

a2q4p´tq3

a4q2p´tq4

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(3.4.44)
The matrix of the quiver above (3.4.44) has eight local symmetries9 associated

9Those that can be applied to the quiver matrix as it stands. In the permutohedra graph, these
local symmetries would be the edges incident to the vertex that represents (3.4.44).
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Π4 Π4

(3.4.40) (3.4.42)

Figure 3.16: Planar projection of a part of the permutohedra graph for 61 knot. In
homological diagrams (on left and right) it is indicated how some of its symmetries,
corresponding to edges of the graph, arise from quadruples of homology generators.
The positions of two two permutohedra Π4 mentioned in the text are indicated
schematically in the bottom.

with :

λ1λ7 “ λ3λ4, λ1λ11 “ λ4λ8, λ5λ11 “ λ8λ10, λ6λ11 “ λ8λ10,

λ1λ9 “ λ3λ5, λ1λ9 “ λ3λ6, λ2λ7 “ λ3λ5, λ2λ7 “ λ3λ6.

In figure 3.17, we draw those eight symmetries in the form of parallelograms on top
of the homological diagram.
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λ1

λ2 λ3 λ5, λ6 λ7 λ10

λ8 λ9 λ11

λ4

*

*

*

Figure 3.17: Homology diagram and local symmetries for 62 knot, each picture
marked with * corresponds to two symmetries, due to double-valued nodes λ5 and
λ6.

63 knot We repeat the same procedure for the knot 63. We present its quiver
matrix C and λ below [31]

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

0 0 0 ´1 ´1 0 0 ´1 ´1 0 0 ´1 ´1
0 1 0 ´1 ´2 1 0 ´1 ´2 1 1 0 ´1
0 0 0 ´1 ´2 1 0 0 ´2 1 1 0 0

´1 ´1 ´1 ´2 ´3 0 ´1 ´2 ´3 ´1 0 ´2 ´2
´1 ´2 ´2 ´3 ´3 ´1 ´1 ´2 ´3 ´1 ´1 ´2 ´2
0 1 1 0 ´1 2 1 0 ´1 2 1 1 ´1
0 0 0 ´1 ´1 1 1 0 ´1 2 1 1 0

´1 ´1 0 ´2 ´2 0 0 ´1 ´2 0 0 ´1 ´2
´1 ´2 ´2 ´3 ´3 ´1 ´1 ´2 ´2 0 ´1 ´1 ´2
0 1 1 ´1 ´1 2 2 0 0 3 2 1 0
0 1 1 0 ´1 1 1 0 ´1 2 2 1 0

´1 0 0 ´2 ´2 1 1 ´1 ´1 1 1 0 ´1
´1 ´1 0 ´2 ´2 ´1 0 ´2 ´2 0 0 ´1 ´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

1
a2q´2p´tq

1
q´4p´tq´2

a´2q´2p´tq´3

a2p´tq2

q2p´tq
q´2p´tq´1

a´2p´tq´2

a2q2p´tq3

q4p´tq2

1
a´2q2p´tq´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(3.4.45)
The previous quiver (3.4.45) has six local symmetries:

λ2λ8 “ λ4λ6, λ2λ12 “ λ4λ10, λ3λ8 “ λ4λ7,

λ3λ9 “ λ5λ7, λ3λ13 “ λ5λ11, λ6λ13 “ λ8λ11,

which, again, we encode as parallelograms in the homology diagram in figure 3.18.
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λ5

λ4 λ8 λ1, λ3, λ12 λ7 λ11

λ2 λ6 λ10

λ13λ9

Figure 3.18: Homology diagram and local symmetries for 63 knot.

73 knot We present the quiver matrix C and λ for the 73 knot, following [80]

C “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

2 0 3 2 1 5 4 3 3 2 5 4 3
0 0 1 1 0 3 3 2 1 1 3 3 2
3 1 4 2 2 5 4 4 4 2 5 4 4
2 1 2 2 1 3 3 3 3 2 3 3 3
1 0 2 1 1 3 2 2 2 1 3 2 2
5 3 5 3 3 6 4 4 6 4 6 4 4
4 3 4 3 2 4 4 3 5 4 5 4 3
3 2 4 3 2 4 3 3 4 3 5 4 3
3 1 4 3 2 6 5 4 5 3 6 5 4
2 1 2 2 1 4 4 3 3 3 4 4 3
5 3 5 3 3 6 5 5 6 4 7 5 5
4 3 4 3 2 4 4 4 5 4 5 5 4
3 2 4 3 2 4 3 3 4 3 5 4 4

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, λ “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

a6q´4p´tq2

a4q´4

a6p´tq4

a4p´tq2

a4q´2p´tq
a6q4p´tq6

a4q4p´tq4

a4q2p´tq3

a8q´2p´tq5

a6q´2p´tq3

a8q2p´tq7

a6q2p´tq5

a6p´tq4

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(3.4.46)
This quiver (3.4.46) enjoys the following seven local symmetries:

λ1λ10 “ λ2λ9, λ2λ11 “ λ3λ10, λ3λ10 “ λ4λ9, λ3λ12 “ λ4λ11,

λ4λ13 “ λ5λ12, λ6λ12 “ λ7λ11, λ7λ13 “ λ8λ12.

For the last time, in figure 3.19, we depict those seven symmetries as parallelograms
on the homology diagram.

For our grand finale, we condense all the information regarding the equivalent
quivers, pairings, and symmetries for various knots in the following table 3.1. For
the examples at hand, point out that for torus knots and twist knots, the growth
in the number of equivalent quivers is clearly factorial. Nevertheless, as seen by
the standalone examples, seemingly simple knots may have a baffling number of
equivalent quivers. This means that to study knots with a larger number of crossings,
new methods are needed, to make counting tractable.
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λ5

λ1 λ10 λ3, λ13 λ12 λ6

λ9 λ11

λ8λ4λ2 λ7

Figure 3.19: Homology diagram and local symmetries for 73 knot.

Knot Pairings Symmetries Equivalent quivers
Unknot 01 0 0 1

Torus knots T2,2p`1

31 0 0 1
51 2 2 3
71 9 8 13
91 24 20 68
111 50 40 405
131 90 70 2 684
151 147 112 19 557
...

...
...

...
p2p ` 1q1 p2pp ´ 1q{2 ppp2 ´ 1q{3 „ 2p!

Twists knots TK2|p|`2

41 1 1 2
61 24 16 141
81 105 61 36 555

Twists knots TK2p`1
52 8 6 12
72 52 34 1 983

Stand-alone examples
62 46 36 3 534
63 101 72 142 368
73 86 67 109 636

Table 3.1: The number of pairings, symmetries, and equivalent quivers that we have
found for p2, 2p ` 1q torus knots, twist knots, and 62, 63, 73 knots.
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Chapter 4

Quiver A-polynomials

The purpose of this chapter is to introduce a new object that we call quiver A-
polynomial. We begin by proving the existence of the quantum A-polynomial for
any quiver and the classical one immediately follows. After that we focus on the
classification of the classical A-polynomials in terms of their genus. We named them
quiver A-polynomials, since when the quiver is associated with a knot, the quiver
A-polynomial reduces to the A-polynomial for this knot.

To construct the quantum A-polynomial we start from the equations that the
quiver partition function satisfies. These are encoded in a set of linear operators,
which when they act on the quiver series (2.1.40) from the left-hand side, then the
right-hand side is equal to zero. These arise from the recursion relations satisfied by
the series of quivers as a q-difference equation. These operators will be the building
blocks used to construct the quantum quiver A-polynomial. We will present a few
examples of 2 ˆ 2 quiver matrices, for which this procedure can be carried out in
detail. The reason for concentrating on these rather small quiver matrices is that
they provide the simplest tractable examples. In that case, we achieve a complete
classification.

We also study the classical version of these operator equations. The leading term
in the asymptotic is encoded in the classical quiver A-polynomial. Thus, the zero
set of this polynomial is an algebraic curve which encodes the BPS spectrum of the
3d SUSY gauge theory. The results are also presented in [44].

It is worth reminding oursevels that the quivers we consider now are not nece-
sarely associated to knots, meaning that we concentrate on any 2-node quiver. Ad-
ditionally, that this is the first time, that we know of, that the concept of a quiver
A-polynomial is introduced, both in its classical and quantum version.

Remark 5. In [44] the authors used the notation q Ñ q1{2. We follow their notation
for this chapter. The reason is that, although at first sight it introduces an unneces-
sary square root, it actually simplifies the formulas for the resulting A-polynomials.
This also facilitates cross-checks with their results.

4.1 Quantum derivation and definition

As it is customary in combinatorics, whenever we have a sequence, we look for
its generating function. Then, the recursion relations of the sequence turn into
equations for the generating function. Let us apply this strategy to the coefficients
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of the quiver series (2.1.40)

Pd1,...,dm “
p´q1{2q

řm
i,j“1 Cijdidj

pq2qd1 . . . pq
2qdm

, (4.1.1)

they satisfy the simple first order linear recurrence relation

Pd1,...,dk`1,...,dm “
p´q1{2q

řm
i,j“1 Cijpdi`δikqpdj`δjkq

pqqd1 . . . pqqdk`1 . . . pqqdm
“

p´q1{2qCkk`2
řm

i“1 Cikdi

1 ´ qdk`1
Pd1,...,dm .

(4.1.2)
Then, we introduce the operators pzi, for i “ 1, . . . ,m with the commutation

relation pzlpxk “ qδklpxkpzl. In terms of operators acting on the quiver series (2.1.40)
the above recursion relation takes the form

ÿ

pd1,...,dmqě0

Pd1,...,dk`1,...,dm

m
ź

i

xdi`δki
i “

«

p1 ´ pzkq
´1

p´q1{2
q
Ckk

pxk

m
ź

j

pz
Ckj

j

ff

¨P px1, . . . , xmq.

(4.1.3)
Multiplying by 1 ´ pzk on both sides leads to

pHk ¨ P px1, . . . , xmq “ 0, pHk “ p´q1{2
q
Ckk

pxk

m
ź

j

pz
Ckj

j ` pzk ´ 1 (4.1.4)

for reasons we will explain in a moment we refer to the above (4.1.4) as the quantum
Nahm equations.

To obtain the classical equations, we notice that the q-Pochhammers in the
denominator lead to poles when q Ñ 1. We can make the change of variables q “ eℏ

to construct a WKB expansion around the singularity ℏ Ñ 0 with the ansatz

P px1, . . . , xmq „ e
ř8

k“´1 ℏkSkpx1,...,xmq. (4.1.5)

The next step is substitute the ansatz into the quantum Nahm equations and
take the limit ℏ Ñ 0

P´1
pHi ¨ P “ 0

ℏÑ0
ÝÝÑ Hi “ p´1q

Ciixi

m
ź

j“1

z
Cij

j ` zi ´ 1 “ 0, zi “ exiBxiS´1 . (4.1.6)

the above are the well-known Nahm equations1 [58, 59, 63]. These equations can be
also obtained by applying the saddle-point method directly to the quiver series.

In the previous chapter 3 we noticed that to make contact with knot invariants
we needed to perform the knot change of variables (2.3.2) xi “ λix. Furthermore, as
we explained in subsection 2.2.2, the equation satisfied by the generating function
of superpolynomials (2.2.14) is itself a knot invariant known as the quantum A-
polynomial (2.2.39). The quantum A-polynomial is expressed in terms of a single px
and py satisfying the commutation relation pypx “ qpxpy.

Obviously, py ‰ pzi, since they act on different variables. Still, there is a way to
relate the action of py to that of pzi after the change of variables

py ¨ P pλ1x, . . . , λmxq “ P pqλ1x, . . . , qλmxq “

m
ź

i“1

pzi ¨ P px1, . . . , xmq

ˇ

ˇ

ˇ

ˇ

ˇ

xi“λix

. (4.1.7)

1Not to be confused with the Nahm equations for monopoles in gauge theories.
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This means that any operator written in terms of xi and
śm

i“1 pzi can easily be
matched to an operator in in the two variables x and py. Thus, the main questions
of this chapter:

• Given a quiver series PCpx1, . . . , xmq and its operators pH ¨PCpx1, . . . , xmq “ 0,
how can we derive the equation for pAppx, pyq ¨ PCpx1 “ λ1x, . . . , λmxq “ 0?

As it turns out, this is a well-known and solved mathematical problem known
as non-commutative elimination. To see the connection, we start from the set of
operators pHi. Their main property is that when they act on the quiver series, they
set it to zero (4.1.4), we say they annihilate the quiver series. But there is more
structure than meats the eye at first sight, take any operator pF in terms of pxi and
pzi, in general pF ¨ P ‰ 0. However, if we multiply any pHi from the left by pF the
resulting operator does annihilate the quiver series

´

pF pH
¯

¨ PCpx1, . . . , xmq “ 0.

We can further add any two pHi` pHj and the resulting operator will still annihilate
the quiver series. We can summarize these two observations in the more general
statement

˜

m
ÿ

i“1

pFi
pHi

¸

¨ PCpx1, . . . , xmq “ 0, (4.1.8)

where pFi are arbitrary operators in pxi and pzi. The above equation (4.1.8) implies
that the set of operators that annihilate the series of quivers is closed by addition
and multiplication from the left. Any set closed under these operations is called an
ideal, and in the particular case of operators annihilating a function is known as left
sided annihilation ideal. Since any operator belonging to this ideal can be expressed
in terms of x pH1, . . . , pHmy, we say that they are generators of the ideal.

Now that we know that the quantum Nahm equations (4.1.4) generate an ideal,
we can use the operations of the ideal to construct the quiver quantum A-polynomial

pA

˜

px1, . . . , pxm,
m
ź

i“1

pzi

¸

¨ PCpx1, . . . , xmq

ˇ

ˇ

ˇ

ˇ

ˇ

xj“λjx

“ pAppx, pyq ¨ PCpxq “ 0. (4.1.9)

To that end, we can rewrite (4.1.7) as an operator annihilating the quiver series

P´1
C

˜

py ´

m
ź

i“1

pzi

¸

¨ PC “ 0
ℏÑ0
ÝÝÑ y “ e

řm
i“1 xiBxiS´1 . (4.1.10)

We can treat this equation as an extra generator of the ideal x pH1, . . . , pHm, py ´
śm

i“1 pziy. In this way, our setup is analogous to the problem of solving a set of
polynomial equations. Each generator produces an independent equation, m` 1 in
total, and we can think of py and pzi as m` 1 non-commutative variables. Therefore,
we can use the equations to progressively eliminate non-commutative variables pzi.
We can repeat this process until we obtain an equation in terms of py alone. This
strategy is the non-commutative elimination algorithm we mentioned before.

Next, we present a couple of important properties of the quiver series which
are passed on to the quiver A-polynomial. Lastly, it is worth mentioning that we
focus special attention in deriving quiver A-polynomials, which have genus zero as
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complex curves. The reason is because in [44] we proposed to recover the quantum A-
polynomial from the classical one, using a technique known as topological recursion.
For more on that topic, we encourage the reader to look at [44, 73] and references
therein.

4.1.1 Properties of the quiver A-polynomial

Framing As we discussed earlier in subsection (2.2.1), there is an ambiguity in
various knot invariants called framing. Framing inserts an extra factor in the gen-
erating function for colored superpolynomials (2.2.14) as

PK
pa, q, t, xq “

8
ÿ

r“0

xr

pqqr
p´q1{2

q
fr2PK

r pa, q, tq, f P Z. (4.1.11)

Due to the quadratic exponent r2, when reexpressing this in a quiver series, with
r “ d1 ` ¨ ¨ ¨ ` dm, framing acts on the quiver matrix as an overall shift of its entries

C ÝÑ C ` f1mˆm, (4.1.12)

where we recall that 1mˆm stands for the mˆm matrix with ones in all its entries.
At the level of the quantum Nahm equations (4.1.4) they lead to

xHk

1

“ p´q1{2
q
Ckk`f

pxk

m
ź

j

pz
Ckj`f
j ` pzk ´ 1 “ p´q1{2

q
Ckk

px1
k

m
ź

j

pz
Ckj

j ` pzk ´ 1,

px1
k “ pxkp´q1{2

pyq
f , (4.1.13)

where we should think of px1
i as a new operator, not as a change of variables. It is

straightforward to check that it does not change the commutation relations pzipx
1
j “

qδijpx1
jpzi and px1

ipx
1
j “ px1

jpx
1
i.

In other words, if we find the quiver quantum A-polynomial for a quiver matrix
C, then it suffices to transform pxi Ñ pxipy

f

pAC`f1mˆmppxi, pyq “ pACppxip´q1{2
pyq

f , pyq. (4.1.14)

We should keep in mind that if we want to normal order it, say all py to the right, that
will produce extra q-factors from products of xs, as pxipxj Ñ pxipy

f
pxjpy

f “ pxiq
f
pxjpy

2f .

Mirror transform The second operation we import from the realm of knot in-
variants is the mirror image of a knot. That is, when we invert the orientation
of the knot from the skein relation (2.2.17) we can see that it takes q Ñ q´1. In
the quiver series, this transformation actually produces a symmetry if we further
perform C Ñ I ´ C

PI´Cpx1, . . . , xm; q
´1

q “ PCpq1{2x1, . . . , q
1{2xm; qq (4.1.15)

where the q-prefactor in front of xi arises from the q-Pochhammers on the denomina-
tor thanks to the identity pq´1qd “ p´q´1{2qd

2
q´d{2pqqd. We call the matrix I´C the

reciprocal of C, and the reason behind this name is due to the operation it induces
on the quiver A-polynomial.
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To see the effect C Ñ I ´C has on the quantum A polynomial of the quiver, we
shall first look at the transformation of the quantum Nahm equations (4.1.4)

pHi,I´Cppxi, pzj; qq “p´q1{2
q
δii´Cii

pxi

m
ź

j“1

pz
δij´Cij

j ` pzi ´ 1

“p´pziq

«

p´q´1{2
q
Ciiq´1{2

pxi

m
ź

j“1

pz
´Cij

j ´ 1 ` pz´1
i

ff

“p´pziq pHi,Cpq´1{2
pxi, pz

´1
i , q´1

q. (4.1.16)

We can tell that it inverts pzi Ñ pz´1
i . Hence, to have a similar set of equations, let

us modify the equation for py, in terms of pz´1
i

py ´

m
ź

i“1

pzi “ ´py
m
ź

j“1

pzj

˜

py´1
´

m
ź

i“1

pz´1
i

¸

. (4.1.17)

Based on the fact that the quantum Nahm equations form an ideal, we may
always discard the prefactors on the l.h.s. of (4.1.16) and (4.1.17). Finally, as
expected, the effect of C Ñ I ´ C on the equations is q Ñ q´1, pzi Ñ pz´1

i , py Ñ

py´1, while rescaling pxi Ñ q´1{2
pxi. Since, rescaling pxi does not affect the rest of

the operators, in the end, this leads to the following transformation on the quiver
quantum A-polynomial

pAI´Cppxi, py; qq “ pACpq´1{2
pxi, py

´1; q´1
q. (4.1.18)

This operation in the context of polynomials is known as taking the reciprocal of
a polynomial in the variables py and q, and therefore we refer to it as the reciprocal
quiver.

These to properties would be very very important for us when deriving A-
polynomials for quivers. Thanks to them, if two quivers are related by the above
transformations, then for us their quiver A-polynomials will be practically equiva-
lent. We will concentrate then on quivers which are not equivalent and derive the
A-polynomial for its simplest representative.

4.2 Examples of explicit quiver A-polynomials

4.2.1 One node quiver

The first quiver in our list is the one node quiver. The quiver matrix is pure framing
C “ f

PCpxq “

8
ÿ

d“0

p´q1{2
q
fd2 x

d

pqqd
. (4.2.1)

Directly upon setting m “ 1 in the quantum Nahm equations (4.1.4) we obtain
the quantum (and classical) A-polynomial

Appx, pyq “ pxp´q1{2
pyq

f
` py ´ 1

ℏÑ0
ÝÝÑ Apx, yq “ xp´yq

f
` y ´ 1 “ 0. (4.2.2)
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It is easy to show that the classical A-polynomial is a genus zero complex curve.
This because it is linear in x and we can easily solve the previous equation for x in
terms of y and introduce the following rational parametrization

xptq “
1 ´ t

p´tqf
, yptq “ t, t P C. (4.2.3)

This particular quiver is the one associated to the colored superpolynomials of
the unknot.

4.2.2 Homogeneous quiver

The straightforward generalization of the one-node quiver is the mˆm homogeneous
quiver C “ f1mˆm. This quiver is essentially pure framing, so we can derive the
unframed version of the A-polynomial and reintroduce frame dependence at the end.

The quantum Nahm equations with f “ 0 for this quiver are

pzi ¨ PC“0 “
“

1 ´ p´q1{2
q
f
pxi
‰

¨ PC“0,
˜

ź

j‰i

pzj

¸

pzi ¨ PC“0 “

˜

ź

j‰i

pzj

¸

“

1 ´ p´q1{2
q
f
pxi
‰

¨ PC“0

m
ź

i“1

pzi ¨ PC“0 “

m
ź

i“1

“

1 ´ p´q1{2
q
f
pxi
‰

¨ PC“0. (4.2.4)

This clearly leads us to the following quiver A-polynomials

pAppxi, pyq “

m
ź

i“1

“

1 ´ pxip´q1{2
pyq

f
‰

´ py
ℏÑ0
ÝÝÑ Apxi, yq “

m
ź

i“1

`

1 ´ xip´yq
f
˘

´ y “ 0.

(4.2.5)
Then, upon the change of variables xi “ λix the classical A-polynomial is a genus

zero curve. To see this, we take the unframed A-polynomial f “ 0 solve for y and
take xptq “ t as a parameter

xptq “
t

p´yqf ptq
, yptq “ ´

m
ź

i“1

p1 ´ λixq, (4.2.6)

where the denominator of xptq is to reintroduce the framing dependence as mentioned
in (4.1.14).

4.3 Genus zero two-node quivers
In the previous section 4.2 we have seen two examples in which the entire quiver
dependence is encoded in a framing transformation. In this section, we concentrate
on another set of tractable examples, the two-node quiver matrices. In general, they
depend on three parameters, however, thanks to the framing transformation we will
deal with diagonal quiver matrices

C “

„

a 0
0 b

ȷ

. (4.3.1)
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4.3.1 Diagonal r a 0
0 1 s

The simplest nontrivial family of quivers

C “

„

a 0
0 0

ȷ

,

with a P Z. For the particular value of a “ 1 the quiver series gives the colored
superpolynomials for the unknot in the unreduced normalization [31]. Setting a “ 2
it reproduces the extremal invariants of the trefoil knot and certain Duchon paths
[52]. Lastly, for a “ 0 it gives back the homogeneous quiver from the previous
subsection 4.2.2.

The quantum Nahm equations (4.1.4) for this quiver matrix are
“

px1p´q1{2
pz1q

a
` pz1

‰

¨ PC “ PC , pz2 ¨ PC “ r1 ´ px2s ¨ PC . (4.3.2)

If we multiply the first equation (with px1) from the left by pz2 and use both the
second equation (with px2) we get

px1p´q1{2
q
a
ppz1q

a´1
py ¨ PC “ r1 ´ px2 ´ pys ¨ PC , (4.3.3)

where we also isolated the term with px1 on the l.h.s. Finally, we can multiply the
resulting equation by pza´1

2 from the left. On the l.h.s. that would produce a pya

factor, where as on the r.h.s. we may use the second quantum Nahm equation
(4.3.2) leading to the quantum A-polynomial

pAppx1, px2, pyq “

#

px1p´q1{2
pyqa ` pqpx2; qqa´1py ´ ppx2; qqa, a ě 1,

px1ppx2; qq1´a ` pq´a
px2 ´ 1 ` pyqp´q´1{2

pyq´a, a ď 0,
(4.3.4)

and the classical A-polynomial

Apx1, x2, yq “

#

x1p´yqa ` p1 ´ x2q
a´1y ´ p1 ´ x2qa, a ě 1

x1p1 ´ x2q1´a ` px2 ´ 1 ` yqp´yq´a, a ď 0
(4.3.5)

After the change of variables x1 “ λ1x and x2 “ λ2x, the classical A-polynomial
(4.3.5) is a genus zero curve, with the rational parametrization

xptq “
λa´2
1 pt ` p´1qaλ1q

ta
, yptq “

ta ´ λa´2
1 λ2t ` p´1qa`1λa´1

1 λ2
p´1qa`1λ1ta´1

. (4.3.6)

4.3.2 Diagonal r a 0
0 1 s

This family of quivers also yields genus zero classical A-polynomials

C “

„

a 0
0 1

ȷ

,

with a P Z. For a “ 1 and C Ñ I ´C this quiver is equivalent to the homogeneous
quiver with f “ 0.

The quantum Nahm equations are practically the same as for the previous fam-
ily (4.3.2). The difference is, the second equation (with pz2q we transform its r.h.s.
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r1 ´ px2s Ñ
“

1 ´ q1{2
px2
‰´1. Having done that transformation, the rest of the deriva-

tion of the quantum A-polynomials is analogous, and it gives

pAppx1, px2, pyq “

#

px1pq
1{2

px2; qqap´q1{2
pyqa ` p1 ´ q1{2x2qpy ´ 1, a ě 1,

pq1{2
px2; qqa`1py

a`1 ` p´q´1{2qapx1 ´ pq1{2
px2; qqapy

a, a ď 0.
(4.3.7)

The classical A-polynomial

Apx1, x2, yq “

#

x1p1 ´ x2q
ap´yqa ` p1 ´ x2qy ´ 1, a ě 1,

p1 ´ x2q
a`1ya`1 ` p´1qax1 ´ p1 ´ x2q

aya, a ď 0.
(4.3.8)

Upon the change of variables, they are genus zero curves with the parametrization

xptq “
λa´2
1 pt ` p´1qaλ1q

ta
, y “

p´1qa`1λ´1
1 ta`1

ta ´ λa´2
1 λ2t ` p´1qa`1λa´1

1 λ2
(4.3.9)

4.3.3 Reciprocal r a 0
0 1´a s

This next family of quivers is invariant under the reciprocal operation (4.1.18), so
that is why we refer to them as reciprocal quivers

C “

„

a 0
0 1 ´ a

ȷ

,

where a P Z` because a ď 0 is equivalent to x1 Ø x2. For the value a “ 1 it overlaps
with the diagonal (1, 0) seen in the previous subsections 4.3.2 and 4.3.1.

Its quantum A-polynomial has the form

pAppx1, px2, pyq “

a´1
ź

n“0

`

qapx1py
a

´ qpa´nqpa´1q`1{2
px2
˘

` qa{2
a´2
ź

n“0

`

qn`a
px1py

a´1
´ qpa´nqpa´1q`1{2

px2
˘

p1 ´ pyqp´pyq
a´1 (4.3.10)

Classical A-polynomial, the blue factor, is the one that encodes the asymptotics
of the quiver generating function, since is the one that satisfies ypx “ 0q “ 1.

Apx1, x2, yq “px1y
a

´ x2q
a

` p1 ´ yqp´yq
a´1

px1y
a´1

´ x2q
a´1 (4.3.11a)

Apx, x, yq “py ´ 1q
axa´1

`

xras
a
y ´ p´yq

a´1
ra ´ 1s

a´1
y

˘

, (4.3.11b)

where rasq “ p1 ´ yaq{p1 ´ yq “
řa´1

n“0 y
n. In the above equation we can observe

for the first time a very interesting phenomenon. When x1 “ x2 “ x the classi-
cal A-polynomial factorizes into two factors, blue and red, while the quantum A-
polynomial does not factorize. The reason for this degeneracy is due to the reciprocal
symmetry y´1px1, x2q “ ypx2, x1q, which in the case y´1pxq “ ypxq ùñ ypxq “ ˘1.
By looking directly at the quiver series (2.1.40), PCpx “ 0q “ 1 ùñ ypx “ 0q “ 1,
so the blue factor in (4.3.11b) is the only component which satisfies this, thus we
may discard the red factor.

In other words, we can think of the quiver series P1´apxq in the classical limit, as
the reciprocal of Papxq. A good example of this claim is when a “ 1, we then have

P1pq
´1{2xq “ px; qq8 “ P´1

0 pxq, (4.3.12)
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where px; qq8 is the infinite q-Pochhammer (2.1.31).
We found two suitable parametrizations for (4.3.11a). They are related via a

simple rational transformation, still upon setting x1 “ x2 “ x one parametrizes
the red factor in (4.3.11b), while the second parametrizes the blue factor. The first
parametrization is

xptq “pt ´ 1qp´tqa´1 pλ1t
a´1 ´ λ2q

a´1

pλ1ta ´ λ2qa
, yptq “t (4.3.13a)

xptq “p´tqa´1 ra ´ 1s
a´1
t

rasat
, yptq “t, λ1 “ λ2 “ 1. (4.3.13b)

The second parametrization, obtained from the first one after the transformation
t Ñ pc2t ´ 1q{pc1t ´ 1q

xptq “t
rpλ1t ´ 1qpλ2t ´ 1qp´∆a´1ptqqs

a´1

∆aptqa
, yptq “

λ2t ´ 1

λ1t ´ 1
(4.3.14a)

xptq “´t
rpa ´ 2qt ` 1sa´1

rp1 ´ aqt ´ 1sa
, yptq “1, λ1 “ λ2 “ 1, (4.3.14b)

where

∆aptq “
λ1pλ2t ´ 1qa ´ λ2pλ1t ´ 1qa

p´1qa`1pλ2 ´ λ1q
“ 1 ´ λ1λ2

a
ÿ

n“2

ˆ

a

n

˙

p´tqn
n´2
ÿ

m“0

λm1 λ
n´2´m
2

(4.3.14c)

4.3.4 Diagonal r a 0
0 a s

The last family of quivers yielding genus zero classical curves is the diagonal quiver
„

a 0
0 a

ȷ

Where a P Z`, because a ă 0 can be obtained from a ą 1 after C Ñ I ´ C. The
cases a “ 1 and a “ 0 are examples of homogeneous quiver in subsection 4.2.2 and
I ´ r 0 0

0 0 s.
We proceed to derive the quiver A-polynomial, starting from the quantum Nahm

equations

p´q1{2
q
a
px1pz

a
1 ¨ PC “ p1 ´ pz1q ¨ PC , p´q1{2

q
a
px2pz

a
2 ¨ PC “ p1 ´ pz2q ¨ PC . (4.3.15)

We can multiply the second equation from the left by p´q1{2qapx1pz
a`1
1 , leading to

qa`1
px1px2py

a
2 ¨ PC “ ppz1 ´ pyqp´q1{2

q
a
px1pz

a
1 ¨ PC “ ppz1 ´ pyqp1 ´ pz1q ¨ PC , (4.3.16)

where to obtain the second equality, we have used the first quantum Nahm equation
(4.3.15). The aforementioned equation can be rewritten as

pz21 ¨ PC “ p pBa`1pz1 ´ pyq ¨ PC , pBs “ 1 ` py ´ qspx1px2py
a. (4.3.17)

Now comes the interesting observation. We may multiply the above equation
from the left pz1, giving

pz31 ¨ PC “ p pBa`2pz
2
1 ´ pypz1q ¨ PC “

”

p pBa`2
pBa`1 ´ pyqpz1 ´ pBa`2pypz1q

ı

¨ PC , (4.3.18)
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where we used (4.3.17) for the term pz21 in the r.h.s. This quickly leads us to the
observation that any power pzk1 ¨ PC can be reexpressed as

pzk1 ¨ PC “ p pRk,apz1 ` pTk,aq ¨ PC (4.3.19)

where pRk,a and pTk,a are the resulting operators in terms of pBk and py. The second
index of pRk,a is associated with the index of Bs. The explicit form of these operators
for the two next values of k is the following

pR4,a “ pBa`1
pBa`2

pBa`3 ´ 2py pBa`1, T4,a “ ´ p pBa`2
pBa`3 ´ pyqpy, (4.3.20a)

pR5,a “ pBa`1
pBa`2

pBa`3
pBa`4 T5,a “ ´ p pBa`2

pBa`3
pBa`4 ´ 2py pBa`2qpy.

´ 3py pBa`1
pBa`2 ` py2, (4.3.20b)

Actually, we can derive the recursion relation satisfied by the previous operators by
multiplying pz1 from the left in (4.3.19),

pRk`1,a “ pRk,a`1
pBa ` pTk,a`1, pTk`1,a “ ´ pRk,a`1py. (4.3.21)

Given that this is a linear recursion relation, we can easily find the explicit solution

pRk,a “

t k`1
2

u
ÿ

n“0

ˆ

k ` 1 ´ n

n

˙

p´pyq
n
k`1´2n
ź

s“1

pBa`s, pTk,a “ ´ pRk´1,a`1py. (4.3.22)

So far, all this derivation has been for pz1. However, we can obtain the same
results for pz2 after pz1 Ñ pz2 and px1 Ñ px2, due to the symmetry of this particular
quiver.

Next, the combination of the quantum Nahm equations (4.3.15) with (4.3.19)
produces

qapx1px2py
a

¨ PC “p1 ´ pz1 ´ pz2 ` pyq ¨ PC , (4.3.23a)

p´q1{2
q
a
ppx1 ` px2qpy

a
¨ PC “

”

p pRa,a ´ pTa,a`1qppz1 ` pz2q ` 2ppTa,a ´ pRa,a`1pyq

ı

¨ PC .

(4.3.23b)

Lastly, we can multiply the first equation from the left by pRa,a ´ pTa,a`1, and add
them together and cancel the linear terms in pz1 and pz2. Finally, we obtain the quiver
quantum A-polynomial

pAppx1, px2, pyq “ p pRa,a ´ pTa,a`1qp1 ` pyq ` 2ppTa,a ´ pRa,a`1qpy

´

”

p´q1{2
q
a
ppx1 ` px2q ` p pRa,a ´ pTa,a`1qq

a
px1px2

ı

pya. (4.3.24)

In the classical limit, the A-polynomial simplifies to

Apx1, x2, yq “ pRa ` Taqp1 ´ yq ´ rp´1q
a
px1 ` x2q ` pRa ´ Taqx1x2s y

a (4.3.25)

with pBs
ℏÑ0
ÝÝÑ B0, pRk,a

ℏÑ0
ÝÝÑ Rk,0 “ Rk, likewise for Ta. The fact that these variables

do no longer depend on the second index produces a cancellation of terms in the
first line of the quantum A-polynomial (4.3.24); resulting in the nice factorization
we see in the classical case (4.3.25).
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Moreover, in the classical case we can give an alternative expression for Ra and
Ta. If we take the classical limit of the recursion relations (4.3.21) and write them
in matrix form

„

Rk`1

Tk`1

ȷ

“

„

B 1
´y 0

ȷ „

Rk

Tk

ȷ

“

„

B 1
´y 0

ȷk`1 „
R0 “ B0

T0 “ ´y

ȷ

. (4.3.26)

Thus, to compute the k-th term, we can raise the above matrix to its k-th power.
The k-th power is easily computed in terms of the eigenvalues. Then, when acting
on the

„

B 1
´y 0

ȷk

“
1

∆k{2

„

λk`1
` ´ λk`1

´ λk` ´ λk´
λ`λ´pλk´ ´ λk`q λ`λ´pλk´1

´ ´ λk´1
` q

ȷ

, λ˘ “
B0 ˘

?
∆

2
,

(4.3.27)
where ∆ “ B2

0 ´ 4y. After acting on the vector of initial conditions (4.3.26) the
result simplifies to

Ra “ pλa` ´ λa´q{
?
∆, Ta “ ´yRa´1, (4.3.28)

with a “ k ` 2.
Just like the A-polynomial for the reciprocal quiver (4.1.18) factorizes when

x1 “ x2 “ x, this A-polynomial does too, in the form

Apx, yq “ A1px, yq ¨ A2px, yq
2, (4.3.29)

where the blue factor reads as

A1px, yq “

#

pxyn ´ 1q2 ´ y “ 0, fora “ 2n,

pxyn ´ 1q2y ´ 1 “ 0, fora “ 2n ` 1,
(4.3.30)

whereas the red factor for the first few values of a looks as

A2px, yq|a“2 “xy ` 1, (4.3.31a)
A2px, yq|a“3 “x2y3 ` xy2 ´ 1, (4.3.31b)
A2px, yq|a“4 “x3y6 ` x2y4 ´ xy3 ´ xy2 ´ 1, (4.3.31c)
A2px, yq|a“5 “x4y10 ` x3y8 ´ x2y6 ´ 2x2y5 ´ xy4 ´ xy3 ` 1. (4.3.31d)

The blue factor is the correct one describing the asymptotics of the quiver series,
since is the one that has a unique solution with the feature ypx “ 0q “ 1.

This factorization arises due to the symmetry x1 Ø x2, which degenerates at
the value x1 “ x2 “ x. The quantum A-polynomial also factorizes, we will show
this explicitly in the case of a “ 2. In general, the number of linearly independent
solutions to the equation pAppx1, px2, pyq¨PC “ 0 is deg

py
pA “ a2. Due to the factorization

of the quantum A-polynmial, the py degree decreases, implying that the dimension of
the space of solutions is also reduced. This means that some of the solutions upon
x1 “ x2 “ x become identical and lead to the factorization.

These classical A-polynomials are also genus zero curves with a rational
parametrization

xptq “
pt ´ 1qp´tqa´1pλ1t

a´1 ´ λ2q
a´1

pλ1ta ´ λ2qa
, yptq “

pλ1t
a ´ λ2q

2

tpλ1ta´1 ´ λ2q2
(4.3.32a)

xptq “tp´tqa´1 ra ´ 1s
a´1
t

rasat
, yptq “

ras2t

tra ´ 1s2t
, λ1 “ λ2 “ 1, (4.3.32b)
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which after x1 “ x2 “ x they parameterise the red factor A2px, yq. To obtain a ratio-
nal parametrization for the blue factor A1px, yq we preform the same transformation
t Ñ pλ2t ´ 1q{pλ1t ´ 1q

xptq “t
rpλ1t ´ 1qpλ2t ´ 1qp´∆a´1ptqqs

a´1

∆aptqa
, yptq “

∆aptq2

pλ1t ´ 1qpλ2t ´ 1q∆a´1ptq2
,

(4.3.33a)

xptq “´t
rpa ´ 2qt ` 1sa´1

rp1 ´ aqt ´ 1sa
, yptq “

„

pa ´ 1qt ` 1

pa ´ 2qt ` 1

ȷ2

, λ1 “ λ2 “ 1, (4.3.33b)

where ∆a defiend in (4.3.14c).

r 2 0
0 2 s The value a “ 2 is the simplest nontrivial case in which we can observe

the factorization at both quantum and classical levels. Let us write the quantum
A-polynomial in a way which is easy to see the factorization feature

pAppx1, px2, pyq “pq3px1px2py
2

´ 1qpq2px1px2py
2

´ 1q ´ pqpx2py ` 1qpqpx1py ` 1qpy, (4.3.34a)
pAppx, px, pyq “rqpxpy ` 1srpqpxpy ´ 1qpq2px2py2 ´ 1q ´ pqpxpy ` 1qpys, (4.3.34b)

and for the classical one

Apλ1x, λ2x, yq “pλ1λ2x
2y2 ´ 1q

2
´ pλ2xy ` 1qpλ1xy ` 1qy (4.3.35a)

Apx, x, yq “pxy ` 1q
2
rpxy ´ 1q

2
´ ys. (4.3.35b)

We have for the first parametrization

xptq “pt ´ 1qp´tq
pλ1t ´ λ2q

pλ1t2 ´ λ2q2
, yptq “

pλ1t
2 ´ λ2q

2

tpλ1t ´ λ2q2
, (4.3.36a)

xptq “
´t

pt ` 1q2
, yptq “

pt ` 1q2

t
, λ1 “ λ2 “ 1, (4.3.36b)

while for the second

xptq “ ´ t
pλ1t ´ 1q pλ2t ´ 1q

pλ1λ2t2 ´ 1q
2 , yptq “

pλ1λ2t
2 ´ 1q

2

pλ1t ´ 1q pλ2t ´ 1q
, (4.3.37a)

xptq “´
t

pt ` 1q2
, yptq “pt ` 1q

2, λ1 “ λ2 “ 1. (4.3.37b)

4.4 Higher genus quiver A-polynomials
Having exhausted all nonequivalent families of quivers yielding genus zero classical
A-polynomials, we switch our attention to the higher genus ones. Here we also
define equivalent families of quivers up to framing (4.1.14) and/or reciprocal (4.1.18)
transformations. Furthermore, there are two more operations that preserve the
genus of the classical A-polynomial, these are C1,1 Ñ 1 ´ C1,1 and C2,2 Ñ 1 ´ C2,2

(remembering that C1,1 “ a and C2,2 “ b). This allows us to focus only on quivers
with a, b ą 0. Quite surprisingly, the number of nonequivalent quivers with a given
genus g ą 0, happens to be finite, contrary to the g “ 0 case, where we have infinite
families (previous section 4.3).
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pa, bq Apx1, x2, yq

(3,2) y6x21x
3
2 ´ 2y4x1x2

2 ´ y4x1x2 ´ 3y3x1x2 ´ y3x1 ` y2x2 ` y ´ 1
(4,2) y8x21x

4
2 ´ 3y5x1x2

2 ´ y5x1x2 ´ 2y4x1x2
2 ´ 4y4x1x2 ´ y4x1 ´ y2x2 ´ y ` 1

(-1,-2) y6 ´ y5 ´ y4x1 ` 3y3x1x2 ` 2y2x21x2 ´ x31x
2
2 ` y3x2 ` y2x1x2

(-1,-3) y8 ´ y7 ´ y6x1 ´ 2y4x21x2 ´ 4y4x1x2 ´ 3y3x21x2 ` x41x
2
2 ´ y4x2 ´ y3x1x2

(3,-1) y6x21 ´ 2y4x1x2 ´ y4x1 ` 3y3x1x2 ` y3x1 ` y2x2
2 ´ yx2

2 ´ x2
3

(4,-1) y8x21 ` 3y5x1x2 ´ 2y4x1x2
2 ` y5x1 ´ 4y4x1x2 ´ y4x1 ´ y2x32 ` yx32 ` x42

(2,-2) y6x31 ` y5x21 ´ y4x21 ´ 3y3x1x2 ´ y3x2 ` 2y2x1x2 ` y2x2 ´ x2
2

(2,-3) y8x41 ` y7x31 ´ y6x31 ´ 2y4x21x2 ´ 4y4x1x2 ´ y4x2 ` 3y3x1x2 ` y3x2 ` x2
2

Table 4.1: Complete list of nonequivalent two-node quivers A-polynomials with
g “ 1, upon setting x1 “ λ1x and x2 “ λ2x.

For example, table 4.1 displays a list of diagonal quivers with A-polynomials of
genus one:

On the other hand, table 4.2 provides a the exhaustive list of quiver A-
polynomials of small genus.

g “ 1 g “ 2 g “ 3
(2,3), (2,4) (2,5), (2,6) (2,7), (2,8)

(3,4), (3,5), (3,6) (3,7), (3,8), (3,9)
(4,5), (4,6), (4,7), (4,8)

Table 4.2: All nonequivalent pairs pa, bq that yield an A-polynomial with genus
g “ 1, 2, 3.

Finally, based on these examples, we conjecture that the set of A-polynomials of
genus g for nonequivalent two-node quivers follows the pattern

genus “ g, pa, bq :

p2, 2g ` 1q, p2, 2g ` 2q

p3, 3g ´ 2q, p3, 3g ´ 1q, p3, 3gq

p4, 4g ´ 7q, p4, 4g ´ 6q, p4, 4g ´ 5q, p4, 4g ´ 4q
...

pg ` 1, g ` 2q, . . . , pg ` 1, 2pg ` 1qq
looooooooooooooooooooomooooooooooooooooooooon

g`1

(4.4.1)
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Chapter 5

Conclusions

In this thesis, we have uncovered a rich structure surrounding 3d N “ 2 gauge
theory, Chern-Simons theory, topological strings, knot theory, and quiver represen-
tation theory. On the one hand, we accomplished this by finding new nontrivial
symmetries in the partition function of 3d N “ 2 gauge theory and for colored
superpolynomials. On the other hand, we found the quiver A-polynomial curves for
various infinite families of couplings of the supersymmetric theory and began their
classification according to their genus.

In chapter 3 we proved the existence of nontrivial symmetries of the quiver series
under certain conditions. Then, we provide an extensive set of examples of these
symmetries appearing when the 3d SUSY gauge theory may be associated to a
given knot. This discovery enabled us to find a permutohedra graph representing
an enormous number of equivalent couplings of the 3d gauge theory. Lastly, if the
knots-quivers correspondence is proven to be true for all knots, our results provide
strong evidence that permutohedra graphs could be seen as a new knot invariants.

A very promising research question will be to find an interpretation of the permu-
tohedra graph directly from the BPS-spectra of supersymmetric gauge theory and
the homology of knots. Another ambitious goal would be to find explicit formulas
for the number of equivalent quivers for a given knot.

We continued to derive the quiver A-polynomial curves for 3d supersymmet-
ric from the quantum Nahm equations of the quiver series. Using insights from
operations on the A-polynomial from knots, we extended those notions to define
equivalence classes of quiver A-polynomial curves of 3d SUSY theory. On the basis
of the genus of the A-polynomial, we achieved a classification of all nonequivalent
A-polynomials arising from two-node quivers. Additionally, in chapter 4, we came
across two different types of factorization of the quiver A-polynomial curves and
explained them thanks to the underlying symmetries of the 3d theory.

To gain more insight into the quiver A-polynomial curves of 3d theory, it would
be worth to deduce explicit formulas for the A-polynomials for larger quivers (e.g.
three-node quiver). To that end, it would be convenient to find a definition of
the quiver A-polynomial directly from the quiver data, without having to use the
elimination algorithm on a case-by-case basis. On top of that, it would be interesting
to observe the effect of the factorization of the A-polynomial curve on the classical
BPS spectrum of the 3d gauge theory.

These efforts are only the beginning of a more systematic program where we
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gain new insights into physical theories from the study of the properties of quiver
generating series. This is because these q-series are simpler objects that exhibit
remarkable features with direct consequences for the BPS-spectra of 3d theory and
knots.
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Appendix A

Local symmetry graph algorithm

Here we deduce the algorithm we used to derive all equivalent quivers for a given
knot K. For concreteness, we use the simplest nontrivial case, knot K “ 52. It turns
out that K “ 52 already encodes all details we need to consider for the algorithm.

In short,

Input: Homological degrees ai, qi, ti of a knot K and the quiver matrix C.

Output: The symmetry graph GspKq, the list of symmetries of K with their associated
colors.

The vertices of the graph Gspkq represent the equivalent quiver matrices C »

C 1. Meanwhile, the edges of the graph Gspkq represent the action of a symmetry
transposition relating two quiver matrices C Ð p a b

c d q Ñ C 1. Where for compactness,
in the symmetry graph Gspkq each paring has an associated color p a b

c d q

What are the steps of our code?

A.1 Find all pairings
First, it takes the homological degrees of the knot pai, qiq, for i “ 1, . . . ,m, as in
figure 3.10 for 52. Then, it finds all pairings p a b

c d q and makes a list of them LP pKq.
In essence, it tests the center of mass condition (3.2.4a) for all combinations of four
elements pqa, aaq, pqb, abq, pqc, acq and pqd, adq where a, b, c, d “ 1, . . . ,m plus they
are pairwise distinct (a ‰ b and c ‰ d) 1

LP pKq “

"ˆ

a1 b1
c1 d1

˙

,

ˆ

a2 b2
c2 d2

˙

, . . . ,

ˆ

aNp bNp

cNp dNp

˙*

(A.1.1)

where Np is the number of pairings of a given knot K.
In the case of K “ 52 we have

LP p52q “

"ˆ

1 3
4 5

˙

,

ˆ

1 6
2 5

˙

,

ˆ

1 6
3 4

˙

,

ˆ

1 7
3 5

˙

,

ˆ

2 3
4 6

˙

,

ˆ

2 5
3 4

˙

,

ˆ

2 7
3 6

˙

,

ˆ

4 7
5 6

˙*

(A.1.2)

1We do not need to test the ti degrees because we are working only with thin knots, which satisfy
δ “ ai ` qi{2 ´ ti, for some δ which independent of i, this guarantees that they are automatically
satisfied for ti.
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Figure A.1: Color legend of which entries are transposed on the quiver matrix.

A very clear and useful way to visualize the pairings p a b
c d q is by drawing a line

between the entries Ca,b
color

ÐÝÑ Cc,d of the quiver matrix them on the quiver matrix
as in figure A.1. There we have assigned a color to each pairing to keep track of it.
These will be the same coloring of edges as in Gsp52q, as seen in figure A.2 .

We have to remember that pairings p a b
c d q are not necessarily symmetries. For

example, figure A.1 the two pairings p 1 3
4 5 q and p 2 3

4 6 q lead to trivial transpositions.
Moreover, they do not satisfy the constraints (3.2.4b) from the local equivalence
theorem 2. That is why they do not appear in Gsp52q in figure A.2.

When looking for symmetries under transposition of elements of the quiver ma-
trix Ca,b

color
ÐÝÑ Cc,d, in principle, we would need to check the constraints (3.2.4)

on all possible combinations. However, thanks to the fact that only pairings may
be symmetries, we only need to test those in LP p52q. This is a drastic simplifica-
tion. In spite of that reduction, for a general case, we have to test possible trivial
pairings for every equivalent quiver matrix. The reason is that in general, parings
that might be trivial alone, like p 1 6

3 4 q might later combine into a non-trivial cycle
C1,6

colori
ÐÝÝÑ C2,5

colorj
ÐÝÝÑ C3,4.

A.2 First generation of equivalent quivers

The following step is to take each pairing p a b
c d q from LP pKq (A.1.1) and apply

one-by-one all the transpositions of the off-diagonal entries of the quiver matrix
Ca,b

color
ÐÝÑ Cc,d. For every transposition, we verify if it satisfies the constraints

(3.2.4b) from the local equivalence theorem 2, if they do we call them a down-right
symmetry. We will explain what do we mean by "down-right" in a moment.
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In the explicit example of K “ 52, that Cp52q has the following three symmetries

Cp52q “ M0,1 “

»

—

—

—

—

—

—

—

—

–

2 1 2 1 2 1 2
1 0 1 0 2 0 1
2 1 3 1 3 2 3
1 0 1 1 2 1 2
2 2 3 2 4 3 4
1 0 2 1 3 2 3
2 1 3 2 4 3 5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

M1,1 Ö p 1 6
2 5 q M1,2 Ó p 2 5

3 4 q M1,3 Œ p 2 7
3 6 q

»

—

—

—

—

—

—

—

—

–

2 1 2 1 2 2 2
1 0 1 0 1 0 1
2 1 3 1 3 2 3
1 0 1 1 2 1 2
2 1 3 2 4 3 4
2 0 2 1 3 2 3
2 1 3 2 4 3 5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

—

–

2 1 2 1 2 1 2
1 0 1 0 1 0 1
2 1 3 2 3 2 3
1 0 2 1 2 1 2
2 1 3 2 4 3 4
1 0 2 1 3 2 3
2 1 3 2 4 3 5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

—

–

2 1 2 1 2 1 2
1 0 1 0 2 0 2
2 1 3 1 3 1 3
1 0 1 1 2 1 2
2 2 3 2 4 3 4
1 0 1 1 3 2 3
2 2 3 2 4 3 5

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

where M1,1 “ C1,6 Ø C2,5, M1,2 “ C2,6 Ø C2,5 and M1,3 “ C2,7 Ø C3,6.
In the above expression, we can appreciate that if we think of Cp52q as the initial

matrix, the equivalent quiver matrices M1,1, M1,2 and M1,3 as descendants and the
transpositions as arrows pointing downwards. This is the reason behind the "down-"
part of down-right symmetry. Then, set

DRSpCq “

"ˆ

1 6
2 5

˙

,

ˆ

2 5
3 4

˙

,

ˆ

2 7
3 6

˙*

(A.2.1)

is the set of down-right symmetries of C. The "-right" part will become apparent
in the next subsection.

The above are the first vertices and edges of our symmetry graph Gsp52q. The
list of edges reads

LEpGsp52qq “

"

M0,1 Ð

ˆ

1 6
2 5

˙

Ñ M1,1,M0,1 Ð

ˆ

2 5
3 4

˙

Ñ M1,2,

M0,1 Ð

ˆ

2 7
3 6

˙

Ñ M1,3

*

(A.2.2)

In general, we would have: CpKq “ M0,1
color

ÐÝÑ M1,ν the starting vertex M0,1

shares an edge with the equivalent matrix M1,ν , were ν “ 1, . . . , NspCq and NspCq “

DRSpCq, with 0 ď NspCq ď Np (number of down-right symmetries of C). We also
give the annotation that the edge should be colored with the color corresponding to
the pairing p a b

c d q.
To understand the subindices notation, it helps to think of the equivalent matri-

ces as vertices of a rooted tree graph2 like in figure A.2. There we can see that the
initial quiver matrix C “ M0,1 is the root vertex and the equivalent matrices M1,1,
M1,2 and M1,3 correspond to the first generation arising from M0,1.

In short, the first subindex g in Mg,ν specifies in which generation is the matrix,
or how many transpositions it is away from M0,1. Whereas, the second subindex ν
indicates which matrix in the g-generation we are referring to.

2Although the graph, it is not even a tree graph, this is just a layout.
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Figure A.2: A tree graph version of the symmetry graph of 52

A.3 From the second to the last generation of equiv-
alent quivers

Now we are ready to look for the second generation of equivalent quiver matrices.
As before, we perform every transposition from our list of pairings (A.1.1) on M1,ν

and test the constraints. However, we already know that M1,ν has a symmetry, the
one that leads us back to M0,1. Hence, when testing on M1,ν all transpositions from
the list of pairings, we make sure to exclude that one. That symmetry will belong
to what we will call, the up-left symmetries, which we will explain in breve why
"up-left".

Coming back to our explicit example of 52, we test the pairings (A.1.1) on M1,1,
we see that M1,1 has two down-right symmetries 3, DRSpM1,1q “ tp 1 6

3 4 q, p 1 7
3 5 qu.

After we apply the first symmetry transposition, we find M1,1 Ð p 1 6
3 4 q Ñ M1,2.

This is the horizontal edge in figure A.2. We call such symmetries horizontal sym-
metries. Moreover, since M1,2 is on the r.h.s. of M1,1, this explains the the "-right"
in down-right symmetries. This also means that, in contrast to M0,1 where all its
symmetries lead to new equivalent quivers, now we may have symmetries that lead
to known equivalent quivers.

This is why, in general, after applying each symmetry transposition to M1,ν

we need to compare the resulting equivalent quiver matrix M̃1,ν with all known
equivalent quiver matrices. This will determine if M̃1,ν is really a new equivalent
matrix. Later we will see there is a clever argument to simplify the task of comparing
matrices 4. Next, we apply the transposition corresponding to the second symmetry
of M1,1. The result, is a new equivalent quiver matrix, M1,1 Ð p 1 7

3 5 q Ñ M2,1.
In regard to M1,2, there are two pairings we do not need to test,

ULSpM1,2q “ tp 2 5
3 4 q, p 1 6

3 4 qu (A.3.1)
3Excluding p 1 6

2 5 q because it leads back to M0,1.
4In principle, if we keep track of the elements that we have transposed we could deduce if the

resulting matrix is a new matrix, without having to compare it with others. However, in practice
the number of equivalent matrices grows exponentially, so it is not efficient to keep track of all the
sequences of transpositions.
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because we know, they are already symmetries. We refer to them as up-left symme-
tries. When looking at the diagram A.2, it is pretty clear that p 2 5

3 4 q takes M1,2 up to
the generation above. Whereas p 1 6

3 4 q takes M1,2 to the left, with a known equivalent
quiver matrix.

When we test the other pairings from (A.1.1) on M1,2 we find that it has another
symmetry DRSpM1,2q “ tp 4 7

5 6 qu where M1,1 Ø M1,2. Therefore, in our code we
need to keep track of those symmetry to exclude them from the testing list.

We see M1,2 has a new symmetry beside the aforementioned symmetry, namely
p 4 7
5 6 q. Then, after applying M1,2 Ð p 4 7

5 6 q Ñ M̃1,2 we need to compare M̃1,2 with
M1,3. We easily see that it does not match. Still, we can not guarantee that it
does not match M2,1. Thus, we need to compare it with M2,1 too. After checking
that M̃1,2 and M2,1 are different, we can assign a new edge M1,2 Ð p 4 7

5 6 q Ñ M̃2,2

connecting to a new vertex M2,2.
To finish deriving the whole second generation, we repeat the same procedure

with M1,3. We find DRSpM1,3q “ tp 1 7
3 5 q, p 4 7

5 6 qu. The nice observation is that, after
we apply the transpositions, we do not need to compare the resulting matrices with
M1,1 nor M1,2. Why? Because if those symmetries would lead to either M1,1 or M1,2

we would already have found them when we compared the symmetries of M1,1 nor
M1,2 with M1,3.

Hence, it only remains for us to compare the resulting matrices with M2,1 and
M2,2. After a quick check, we make sure that those are new equivalent matrices, so
we assign them their respective new vertices M1,3 Ð p 1 7

3 5 q Ñ M2,3 and M2,4 along
with their edges joining it with M1,3 Ð p 1 7

5 6 q Ñ M2,4.

We repeat the same process for the third generation M3,ν out of M2,ν . Here we
see that for the down-right symmetries of M2,3 and M2,4 lead to M3,1 and M3,4,
respectively, which where found before from M2,1 and M2,2, see A.2. This is why it
is important to compare a potentially new equivalent quiver matrix Mg,ν Ð p a b

c d q Ñ

M̃g,ν also with the equivalent quiver matrices from the next generation Mg`1,ν1 .
Lastly, we see that when repeating the process, the third generation does not

produce any new equivalent quiver matrices. Hence, this means we have finished
and we have found all equivalent quiver matrices and their symmetries.

An important observation for producing a memory efficient algorithm is that
we do not need the equivalent matrices from the first generation M1,ν anymore to
construct the third or further generations Mg,ν , with g ě 3. Thanks to that, we
can erase M1,ν RAM memory space for future generations. Every time after we
construct a generation Mg`1,ν we no longer need the matrices can always erase the
previous generation Mg,ν . This will

To construct the third generation, we just need to repeat the process we just
explained. However, how do we know that the program will stop? Simply, the
size of the quiver matrix is finite. Hence, there is only a finite number of possible
transpositions. When do we know that we reached the last generation? When all
symmetries of the whole latest generation lead to no new equivalent quivers.

A.4 The algorithm
Here are three useful observations that will help us code an efficient program for
constructing the graph of symmetries of the knot GspKq:
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1. We mentioned that every time we apply a down-right symmetry Mg,ν Ð

p a b
c d q Ñ M̃g,ν , in principle, we need to compare it with all the other known

equivalent quivers to determine if it is indeed a new equivalent quiver matrix.
This would be very time consuming for a computer. In practive we compare
M̃gν only with Mg,ν1ąν (to the right of Mg,ν in the diagram) and Mg`1,ν2 (below
Mg,ν in the diagram).

We do not need to compare M̃g,ν to any equivalent quiver from previous gen-
erations Mg1ăg,ν1 . This because we excluded the up-left symmetries, so it can
not be a symmetry that takes Mg,ν to Mg´1,ν2 . It can not be a symmetry
connecting with generations further up Mg2ăg´1,ν , because that would imply
Mg“g2`1,ν which is a contradiction. Similarly, since p a b

c d q is not an up-left
symmetry, we do not need to compare M̃g,µ1 with any Mg,ν1ăν .

2. Thanks to the above conclusion, after we derived Mg`1,ν1 from Mg,ν we do not
no longer need Mg,ν . Therefore, to clear the space in the RAM, every time we
find the whole new generation, we delete the matrices from the previous one.

3. How do we know that the program will stop? Simply, because the size of
the quiver matrix is finite. Hence, there is only a finite amount of possible
transpositions. When do we know that we reached the last generation? When
none of the symmetries of the latest generation lead to new equivalent quivers.

The following two functions can be used to effectively construct the GspKq.

First function obtains a list of all possible pairings.
Second function constructs GspKq .
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Algorithm 1 Auxiliar functions
1: function search4pairings(a,q,m “ dimq)
2: LP pKq Ð tu Ź List of pairings p a b

c d q as in (A.1.1)
3: for i = 1 . . .m do
4: for j = i ` 1 . . .m do
5: for k = 1 . . .m & k ‰ j do
6: for l = k ` 1 . . .m & l ‰ j do
7: if ai ` aj “ ak ` al & qi ` qj “ qk ` ql then
8: LP pKq Ð LP pKq Y

`

i j
k l

˘

9: return LP pKq

10:
11: function testconstraints(mat, p a b

c d q, m “
?
dimmat) Ź mat is a matrix.

12: test Ð 0
13: if |mata,b ´ matc,d| “ 1 then Ź mata,b are elements of mat.
14: if mata,b ą matc,d then
15: for p = 1 . . . m do
16: if matp,a ` matp,b ´ δp,a ´ δp,b “ matp,c ` matp,d then
17: test Ð test ` 1
18: else
19: Break
20: else
21: for p = 1 . . . m do
22: if matp,a ` matp,b “ matp,c ` matp,d ´ δp,c ´ δp,d then
23: test Ð test ` 1
24: else
25: Break
26: if test “ m then return True
27: else
28: return False
29: else
30: return False
31:
32: function search4symms(Mg,ν , m “

a

dimMg,ν , LP pKqzULSpMg,νq)
33: Ź ULSpMg,νq as in (A.3.1) Ÿ

34: DRSpMg,νq Ð tu Ź DRSpMg,ν as in (A.2.1)
35: for σ “ 1, . . . ,#pLP pKqzULSpMg,νqq do
36: if testconstraints(Mg,ν , m,

`

iσ jσ
kσ lσ

˘

) = true then
37: DRSpMg,νq Ð DRSpMg,νq Y

␣`

iσ jσ
kσ lσ

˘(

38: return DRSpMg,νq

106



Algorithm 2 Constructing GspKq, first part
1: function constructgraph(Mg“0,ν“1 “ C, a, q, m “ dim a)
2: Ź Variables Ÿ

3: GspKq Ð tu Ź The graph of symmetries for the knot K
4: totalsymms Ð tu Ź A list with all the symmetries.
5: g Ð 0 Ź Generation in the tree graph, as in A.2
6: testsymms Ð 0 Ź Counter ...

7: Ź Operations Ÿ

8: Ź Serching for the first generation g “ 1 Ÿ

9: LP pKq Ð search4pairingspa,q,mq Ź As in (A.1.1)
10: DRSpM0,1q Ð search4symmspM0,1,m, LP pKqq Ź As in (A.2.1)
11: totalsymms Ð totalsymms Y DRSpM0,1q

12: for ν = 1 . . .#pDRSpM0,1qq do
13: ULSpMg`1,νq Ð

␣`

iν jν
kν lν

˘(

14: Mg`1,ν Ð Mg,1piν , jνq Ø Mg,1pkν , lνq Ź Mg`1,ν is the resulting matrix af-
ter applying the transposition of entries piν , jνq and pkν , lνq to Mg,1.

15: GspKq Ð GspKq Y
␣

Mg,1 Ð
`

iν jν
kν lν

˘

Ñ Mg`1,ν

(

16: Ng`1 Ð #pDRSpMg,1qq Ź Number of equivalent quivers in generation g.
17: Clear(Mg,1, DRSpMg,1q) Ź Freeing RAM space.
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Algorithm 3 Constructing GspKq, second part
18: Ź Searching for the second til the last generation g ě 2 Ÿ

19: while Ng`1 ą 0 do Ź Until there are no new equivalent quiver matrices.
20: g Ð g ` 1
21: Ng`1 Ð 0
22: for ν = 1 . . .Ng do
23: DRSpMg,νq Ð search4symmspMg,ν ,m, LP pKqzULSpMg,νqq

24: totalsymms Ð totalsymms \ DRSpMg,νq

25: for σ = 1 . . .#pDRSpMg,νqq do
26: M̃g,νpσq Ð Mg,νpiσ, jσq Ø Mg,νpkσ, lσq

27: for µ “ ν ` 1 . . . Ng do
28: if M̃g,νpσq “ Mg,µ then
29: ULSpMg,µq Ð ULSpMg,µq Y

␣`

iσ jσ
kσ lσ

˘(

30: GspKq Ð GspKq Y
␣

Mg,ν Ð
`

iσ jσ
kσ lσ

˘

Ñ Mg,µ

(

31: Break
32: else
33: testsymms Ð testsymms + 1
34: if testsymms “ Ng ´ ν then
35: for ρ “ 1, . . . Ng`1 do
36: if M̃g,νpσq “ Mg`1,ρ then
37: ULSpMg`1,ρq Ð ULSpMg`1,ρq Y

␣`

iσ jσ
kσ lσ

˘(

38: GspKq Ð GspKq Y
␣

Mg,ν Ð
`

iσ jσ
kσ lσ

˘

Ñ Mg`1,ρ

(

39: Break
40: else
41: testsymms Ð testsymms + 1
42: if testsymms “ Ng ´ ν ` Ng`1 then
43: Ng`1 Ð Ng`1 ` 1
44: Mg`1,Ng`1 Ð M̃g,νpσq

45: ULSpMg`1,Ng`1q Ð ULSpMg`1,Ng`1q Y
␣`

iσ jσ
kσ lσ

˘(

46: GspKq Ð GspKq Y
␣

Mg,ν Ð
`

iσ jσ
kσ lσ

˘

Ñ Mg`1,Ng`1

(

47: ClearpMg,ν , M̃g,νp@ σq, ULSpMg,νq, DRSpMg,νqq

48:
49: Ź Results Ÿ

50: if Ng“1 ą 0 then
51: return tGspkq, totalsymms, LP pKqu

52: else
53: return This knot has no symmetries.
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