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1. INTRODUCTION

The main objective of this dissertation is to study properties of the notion of truth. Staying
within the tradition initiated by Tarski, we take truth to be a property of sentences and apply
formal tools in order to clarify and answer interesting us questions. To be more precise, our
study consists of verifying how various properties of truth relate to each other. What is a prop-
erty of a notion P? For example non-emptiness, or dually, universality: the former applies to P
if there is an object which satisfies P : the latter applies to P if every object is P . Not to invoke
higher order objects (such as properties of properties), we may think of a property of P as of a
linguistic law governing its use. Stating this a little bit more formally, they may be considered
meaning postulates or axioms of our language that regulate the assertability conditions for sen-
tences in which P occurs. In this dissertation we are interested in the case when P is the notion
of truth and we investigate various axiomatic theories of truth which we take to model possible
meaning postulates for this notion.

What are the properties of truth? Let us give some examples. Firstly, the notion of truth
may be self-applicable (or untyped). In such a case we may make sense of sentences, such as

The sentence "The sentence "Snow is white" is true" is true.

When the notion of truth is defined only for sentences that themselves do not contain the truth
predicate, we say that the notion of truth is stratified (or typed). In this dissertation we focus our
attention exclusively on the axiomatic theories of stratified truth. Following Tarski, we agree
that the minimal condition for a notion T to be treated as the notion of stratified truth for some
language L (an object language) is satisfying all sentences of the form:

T ("φ") if and only if φ,

where "φ" is a name of φ (i.e. φ is mentioned on the left-hand side of the above equivalence).
What further properties of stratified truth we may consider? For example, compositionality is
an obvious candidate: a notion of truth for a language L is compositional (with respect to the
set of basic connectives and quantifiers of L) if among axioms for T we have those saying how
the truth of a compound sentence φ is related to the truth of its subformulae; e.g. the following
sentence may be taken as axiom:

For every φ, ψ, T ("φ ∧ ψ") if and only if T ("φ") and T ("ψ"),

where ∧ is a symbol for conjunction in L. Similar conditions should then be stated for other
connectives and quantifiers of L. If negation ¬ is a connective of L, we may also accept the
following compositional axiom:

For every φ, T ("¬φ") if and only if not T ("φ"). (NEG)
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In our thesis we focus primarily on compositional theories, although not all theories we study
admit NEG axiom: some of them will model a non-classical notion of truth.

Other properties the notion of truth might have are listed in the title of this dissertation.
The first one is weak inductiveness, meaning that the notion of truth satisfies bounded induc-
tion. This has a rather technical flavour and comes from metamathematical investigations into
Peano Arithmetic (as a first-order axiomatic theory; we introduce it properly in Chapter 2). In
this theory, the fact that each set satisfies the induction principle is expressed via a scheme: for
every formula of arithmetical language, we have a separate axiom stating that the set defined
by this formula satisfies induction. However, in order to determine "the amount of arithmetic"
needed to prove various combinatorial principles, one often studies subsystems of PeanoArith-
metic, which admit an induction scheme restricted to a certain class of formulae. One of the
most basic classes from which one usually starts consists solely of bounded formulae (∆0). The
characteristic feature of these formulae is that in order to verify whether a given formula of this
sort holds of an object a one needs to examine only a restricted fragment of the universe and
which fragment should be examined can be read directly of the formula. In this dissertation we
investigate which properties of truth followwhenwe assume that every bounded formula with
the predicate T satisfies induction. The question is intriguing for at least two reasons. Firstly,
with restricted possibilities of reasoning by induction, it is highly non-obviouswhether one can
invoke standard proof techniques (such as induction on the build-up of formulae, or induction
on the length of proofs), which are normally used in order to demonstrate that the notion of
truth has certain properties. Secondly, it is also highly unobvious what sort of sentences from
the object language will be provable in such a restricted setting, with only a weakly inductive
notion of truth at our disposal.

The current thesis contains original results on weakly inductive axiomatic truth theories,
as described in the last paragraph. We prove that such basic axioms suffice to guarantee that
the notion of truth is very well-behaved, meaning that it enjoys many further natural proper-
ties. Moreover, we show that this is the case for theories of both classically and non-classically
compositional truth.

The last place on the list from the title of this dissertation is occupied by reflection principles.
Intuitively, a reflection principle for a set of sentences X expresses the soundness of X with
respect to some logic L . In other words, the intuitive content of a reflection principle is that
every sentence provable in a logic L from a set X is true. As in the case of induction, this
intuition is often expressed without the notion of truth. In such cases reflection for a language
L is typically presented as a schema encompassing all sentences of the form

"if φ is provable from X in logic L , then φ",

where φ is a sentence of L. What is important is that "being provable from a set X in logic L "
is expressed by a formula of L. Having the truth predicate at our disposal, we may express
directly the above intuition in a single sentence, for example,

For every sentence φ of L, if φ is provable from X in logic L , then φ is true.

We shall distinguish completeness and closure reflection principles, depending on whether X
contains the set of all true sentences (the latter type) or not (the former one). Let us note that
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a closure reflection principle for a logic L implies that the property of being true is preserved
in reasoning in L ; or, to put it differently, that the set of true sentences is closed under reason-
ing in L . One of the main objectives of this thesis is to determine how such principles relate
to the bounded induction for the truth predicate, if the latter is compositional. In particular,
we shall ask whether bounded induction permits us to prove reflection principles, and if so,
which forms of reflection become provable as soon as the bounded induction is added to our
truth theory. Moreover, we shall ask whether this relation depends on how (classically or non-
classically) compositional the truth predicate is. The thesis contains new results clarifying these
dependencies.

Generally speaking, we are interested in the strength of the truth principles. We introduce
three different formal explications of this notion, but are focused mainly on the proof-theoretical
one: our aim is to characterize the sets of sentences of the object language L, which can be
deduced from various combinations of the truth properties we consider.

1.1 Structure of the Thesis

We shall focus on the case when the object language is the language of Peano Arithmetic (PA)
and treat the latter as the object theory. That is why we introduce all the notions and facts from
metamathematics of PA that we will need in this dissertation in the next chapter. Chapter 3
may be considered as a continuation of the above brief introduction: it begins with a presenta-
tion of motivations standing behind Axiomatic Theories of Truth, followed by the introduction
of three formal explications of the notion of strength of an axiomatic theory of truth. Next, we
define all the axiomatic truth (and satisfaction) theories that we will investigate and state all
the known facts about their strength. This chapter ends with two subsections devoted to in-
troducing various reflection principles and additional axioms with which we extend axiomatic
theories. Chapter 4 is devoted to the proof of the Global Reflection principle in CT0 (i.e. the
theory which contains basic compositional axioms for the truth predicate and induction for
∆0 formulae of extended language). We show how to fix a gap in Kotlarski’s original proof
[28]. This is the first major original result of our dissertation. We end this chapter by showing
the surprising equivalence between various extensions of CT− (a basic, non-inductive compo-
sitional theory of truth) with the principles introduced in Chapter 3. The proof of this "Many
Faces" Theorem is a combination of results due to Cieśliński ([7], [6], [4]), Enayat (unpublished)
and the above mentioned result on provability of Global Reflection in CT0. In Chapter 5 we
show that this result does not transfer to the context of non-classically compositional theories
of truth: in this case, analogous extensions of non-classically compositional theories generate
not only different theories, but also theories which differ in arithmetical consequences. In par-
ticular, the intuitive difference emerges between completeness and closure reflection principles,
the former being far weaker than the latter. All the results presented in Chapter 5 were, to our
best knowledge, previously unknown. In Chapter 6 we summarize our findings.



2. FORMAL PRELIMINARIES

2.0.1 Peano Arithmetic

All theories we consider are formulated in an extension of the first-order language of arithmetic,
in which ∨, ¬, ∃ and = are basic logical constants (we treat ∧,→, ∀, 6= as defined symbols). Let
us start by introducing the non-logical constants of this language:

Definition 1 (The language of arithmetic). The language of arithmetic, denotedLPA, is a first order
language over signature {0, 1,+, ·}, where

1. 0, 1 are constants,

2. ·,+ are binary function symbols.

The next definition introduces basic theory axiomatising the most important properties of
symbols from our signature.

Definition 2 (Robinson’s Arithmetic Q). The axioms of theory Q are the universal closures of
the following formulae

1. x+ 1 6= 0

2. (x+ 1 = y + 1)→ x = y

3. x 6= 0→ ∃y
(
y + 1 = x)

4. x+ 0 = x

5. x+ (y + 1) = (x+ y) + 1

6. x · 0 = 0

7. x · (y + 1) = x · y + x

Remark 3 (Abbreviations). For the sake of convenience (more concretely, to reduce the number
of shapes of atomic formulae), we decided not to include the relational symbol of ordering in
LPA and axioms governing its use in Q. We shall treat x ≤ y as an abbreviation of

∃z
(
x+ z = y

)
,

where, for the sake of definiteness, z is the variable with least index different to x, y. As usual,
x < y abbreviates x ≤ y ∧ x 6= y and x ≥ y, x > y abbreviate y ≤ x and y < x, respectively.
Moreover, we treat y = x− z as an abbreviation of(

x ≥ z ∧ y + z = x
)
∨
(
x < z ∧ y = 0

)
.

Since PA proves that for each x, z, there exists y = x − z and is uniquely determined (see e.g.
[19]), we will treat ”− ” as a binary function symbol.
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Remark 4. The above is not what is usually defined as Robinson’s Arithmetic, since the latter
theory is formulated in the language with unary function symbol S (for successor), instead of
constant 1 (sometimes also with a binary relational symbol ≤ for ordering). The distinction is,
however, purely notational, since by putting

S(x) := x+ 1

our theory will prove all the usual axioms of Q (as defined e.g. in [19]1). Vice versa, traditional
Q proves the axioms of our theory by interpreting 1 as S(0). This is purely a matter of our taste
that we prefer working with constant 1 instead of function S.

Definition 5 (PeanoArithmetic). The axioms ofPeanoArithmetic are all the axioms ofQ together
with universal closures of all formulae of the following form:

φ(0) ∧ ∀x
(
φ(x)→ φ(x+ 1)

)
−→ ∀xφ(x),

where φ is a formula of LPA and φ(t) in the above formula denotes the result of substitution of
a term t in the place of variable x. The universal closure of the above formula is also called the
instantiation of induction scheme with φ and denoted Ind(φ). If L is any language, then Ind(L)

denotes the set of axioms
{Ind(φ) | φ is a formula of L}.

If Th is an L theory proving Ind(L), then we call Th fully inductive.

Proposition 6. PA proves that ≤ is a discrete linear order, with 0 as the least element, 1 its immediate
successor and such that for all x, y

x < y → ∀z(x+ z < y + z)

x < y → ∀z(z 6= 0→ x · z < y · z)

Let us introduce a piece of notation:

Definition 7. Let L be arbitrary first-order language.

1. If φ(x0, . . . , xn−1) is an arbitrary formula of L and s0, . . . , sn−1 are arbitrary terms of L,
then

φ[s0/x0, . . . , sn−1/xn−1]∗

denotes the result of renaming bounded variables in φ to make them disjoint from vari-
ables occurring in terms s0, . . . , sn−1 and substituting si for xi, for every i ≤ n− 1.

2. If P is any n−ary predicate, thenL+P denotes the language extendingLwith P . Instead
of LPA + P , we shall be writing LP .

3. IfΘ is any formula ofL+P , andφ(x0, . . . , xn−1) is any formula having exactly x0, . . . , xn−1

as free variables, then
Θ[φ(x̄)/P (x̄)]

is a formula defined recursively on the complexity of Θ:
1 Definition of Q in [19] includes also the definition of ≤ in terms of addition. Obviously we can add it also in

our case. For the definition of ordering see Remark 3.
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(a) If Θ = (s = t) for some terms s, t, then Θ[φ(x̄)/P (x̄)] = Θ.

(b) If Θ = P (s0, . . . , sn−1) for some terms s0, . . . , sn−1, then

Θ[φ(x̄)/P (x̄)] = φ[s0/x0, . . . , sn−1/xn−1]∗.

(c) If Θ = Φ ∨Ψ for some formulae Φ, Ψ of LP , then

Θ[φ(x̄)/P (x̄)] = Φ[φ(x̄)/P (x̄)] ∨Ψ[φ(x̄)/P (x̄)].

(d) If Θ = ¬Φ for some formula Φ of LP , then Θ[φ(x̄)/P (x̄)] = ¬Φ[φ(x̄)/P (x̄)].

(e) If Θ = ∃xΦ for some formula Φ of LP and a variable x, then

Θ[φ(x̄)/P (x̄)] = ∃xΦ[φ(x̄)/P (x̄)].

Let L be an arbitrary first-order language extending LPA. Each formula in the definition
below is a formula of L and Th is an arbitrary L theory.

Definition 8 (Arithmetical Hierarchy). We shall say that (the outermost occurrence of) quanti-
fier ∃ in the formula ∃xφ is bounded if φ is of the form (x < t∧ψ) for some formula ψ and some
L term t.

1. Formula φ is in the class ∆0(= Σ0 = Π0) if all quantifiers occurring in it are bounded.

2. Formula φ is in the class Σn+1 if for some k ∈ ω it is of the form

∃xi1 . . . ∃xikψ

where ψ is in the class Πn (we stipulate that if k = 0, then the above prefix is empty). We
shall say that a formula φ is Σn(Th) if it is provably equivalent in Th to a formula in Σn

class.

3. Formula φ is in the class Πn+1 if for some k it is of the form

∀xi1 . . . ∀xikψ

where ψ is in the class Σn (we stipulate that if k = 0, then the above prefix is empty). We
shall say that a formula φ is of Πn(Th) class if it is provably in Th equivalent to a formula
in Πn class.

4. We shall say that a formula φ is of ∆n(Th) class if it is provably in Th equivalent to a
formula of Πn class and to a formula of Σn class.

5. If φ(x̄) is any formula having exactly x0, . . . , xn−1 as free variables, then ∆0(φ(x̄)) denotes
the class consisting of all formulae of the form

Θ[φ(x̄)/P (x̄)]

where P is an n-ary predicate not belonging to L and Θ is an arbitrary ∆0 formula of
L+ P .
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Definition 9 (Fragments of PA). For n ∈ ω, IΣn denotes the extension of Q with instantiations
of induction scheme for formulae in Σn class. Instead of IΣ0, we write I∆0.

Definition 10. PAP is the theory formulated inLP whose only non-logical axioms are axioms of
PA (i.e. we allow instantiations of induction scheme with arithmetical formulae only). IΣn(LP )

is the theory extending PAP with instantiations of the induction scheme for LP formulae in Σn

class.

2.0.2 Arithmetisation

We would like to develop a theory of syntax inside PA. To achieve this goal we will make a
detour through set theory of hereditarily finite sets. In such a way themanner in which various
notions are formalisable in PAwill become clearer. This approach is implicit in [19]. Let us first
introduce the relevant set theory - in our presentation we rely on [25] in which this theory was
proved to be bi-interpretable with PA2:

Definition 11. The theory ZF− Inf∗ is a theory in the usual language of set theory containing
the following axioms:

1. full schemata of Replacement and Separation;

2. usual Axioms of Sum, Extensionality, Empty Set, Pair, Powerset, Foundation

3. negation of the Axiom of Infinity

4. the following scheme of ∈-induction:

∀ȳ
(
∀x
(
(∀z ∈ x φ(z))→ φ(x)

)
−→ ∀xφ(x)

)
Within ZF − Inf∗, in the manner well-known from basic logic courses, one can talk about

orderedpairs (of finite sets), functions (with finite domain), natural numbers (asVon-Neumann
ordinals), (finite) sequences, terms, formulae, substitution functions and so on.

Example 12. Obviously, in ZF− Inf∗ theory we cannot prove the existence of, for example, the
set of all LPA terms but nevertheless we can define a formula TermLPA(x) representing it. This
is done in the standard manner for recursively defined objects: we put termposLPA(y, i) ("i-th
position in a sequence y is occupied by a term") to be the following formula(

[y]i = 0 ∨ [y]i = 1 ∨ ∃j, k < i
(
([y]i = [y]_j ·_[y]k) ∨ ([y]i = [y]_j +_[y]k)

))
where 0, 1, +, · are designated codes of 0, 1, + and ·, respectively, and [y]l denote the projection
on the l−th axis of y. Further define:

termseq′LPA(y, x) := Seq(y) ∧ ∀i < len(y)
(
termposLPA(y, i)

)
∧ last(y) = x,

termseqLPA(y, x) := termseq′LPA(y, x) ∧ ∀z < y ¬termseq′(z, x),

2 Although the hardest part, being a classical result due to Gödel, is not given there: to prove that PA interprets
the relevant set theory one has to show that PA admits the exponential function (or coding of arbitrary sequences),
which requires some trickery. For the proof of this fact, consult either [19], chapter I or [24], chapter 5
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where Seq(x) means that x is a sequence, and last(y) = xmeans that x is the last element of the
sequence y. Finally put

TermLPA(x) := ∃ytermseqLPA(y, x).

It is a folklore result (carefully explained in [25]) that PA is really ZF − Inf∗ "in disguise".
More precisely, the theories are bi-interpretable (the latter notion being fully explained in [25]).
In this dissertation, we will only use the fact that PA is at least as expressive as ZF− Inf∗. More
concretely, we have the following

Theorem 13. There exists a ∆0 formula φ∈(x, y) ∈ LPA, such that for every axiom Φ of ZF− Inf∗ we
have

PA ` Φ[φ∈(x, y)/x ∈ y]

where Φ[φ∈(x, y)/x ∈ y] is as explained in 7.

In otherwords (not to be explained here in full generality), there is a direct and unrelativised
interpretation of ZF−+ Inf∗ in PA. In the context of arithmetic, we shall abbreviate the formula
φ∈(x, y) with x ∈ y. Let us note a consequence of the above theorem:

Proposition 14 (Extensionality in PA). The following sentence is provable in PA:

∀x, y
(
x = z ≡

(
∀z(z ∈ x ≡ z ∈ y)

))
We will use the above proposition when introducing new definitions in PA: it states that,

as in set-theory, to define an object it is enough to say which elements it contains. In the def-
inition below, we state usual set-theoretical definitions inside PA using the above-mentioned
interpretation.

Definition 15 (PA).

1. The ordered pair of x, y is {{x, y}{x}}. The ordered pair of x, y is denoted with 〈x, y〉.

2. x is a function if its sole elements are ordered pairs and for all y, z, z′, if 〈y, z〉 ∈ x and
〈y, z′〉 ∈ x, then y′ = y.

3. If x is any function, then dom(x) and im(x) denote the domain of function x and the image
of function x, respectively; i.e.

y ∈ dom(x) ≡ ∃z < x 〈y, z〉 ∈ x

and
y ∈ im(x) ≡ ∃z < x 〈z, y〉 ∈ x

4. A sequence is any function whose domain is downward closed; i.e. y is a sequence if y is
a function and for all x, if x ∈ dom(y), then for all z < x, z ∈ dom(y). The fact that y is a
sequence is denoted with Seq(y). If x0, . . . , xn−1 are any elements, then

〈x0, . . . , xn−1〉
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denotes the (unique) n−elementary sequence with x0, x1, . . . as first, second, ... elements.
The length of the sequence x is the numbermax(dom(x))+1 (wheremax(y) is themaximal
element of a set y). Each number smaller than the length of x is called a position in x.
last(x) denotes the last element of sequence x; i.e. the element occupying position len(x)−
1.

5. If c is any sequence, then
⋃
c denotes the generalised sum of c; i.e.

x ∈
⋃
c ≡ ∃z ∈ im(c) x ∈ z.

If c0, . . . , ca is an indexed family of sets then we also use
⋃
i≤a ci with the usual reading.

If a, b are two sets then a ∪ b denotes
⋃
{a, b}.

The following fact follows by the inspection of the usual definitions and the fact that φ∈(x, y)

is ∆0(PA).

Fact 16. y = 〈x, y〉, y ∈ dom(x), y ∈ im(x), Seq(x),x ∈
⋃
y are formulae of the class ∆0(PA).

All the below definitions are stated within PA.

Definition 17 (Syntax in PA).

1. x is a variable (denoted Var(x)) if for some y < x, x = 〈0, y〉.

2. termseqLPA(y, x) (y is the generating sequence of x) and TermLPA(x) are as defined in Ex-
ample 12. Since all languages we consider contains the same terms we skip the reference
to LPA in the subscript and write simply termseq(y, x) and Term(x). Term x is closed (de-
noted ClTermLPA(x)) if no variable occurs in the generating sequence of x.

3. y is the numeral naming x, if y is equal to the term of the form

(1 + (1 + (. . .+ (1︸ ︷︷ ︸
x times 1

+0) . . . ))

if x > 0 or 0 if x = 0. The numeral naming xwill be denoted x.

4. p=q, p∨q, p∃q, p¬q, p(q, p)q are any distinct numbers that are not terms3

5. y is the generating sequence of x if

(a) x is the last element of y

(b) for every position i in y, [y]i either

i. is equal to 〈p(q, s, p=q, t, p)q〉 for some terms s, t or
ii. is equal to 〈p(q, φ, p∨q, ψ, p)q〉 for some φ, ψ occurring in y on positions strictly

smaller than i or
iii. is equal to 〈p(q,¬, ψ, p)q〉 for some ψ occurring in y on position strictly smaller

than i or
3 One may define them as (respectively) the first, the second,... non-interesting numbers.
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iv. is equal to 〈p(q, p∃q, v, ψ, p)q〉where v is a variable and ψ occurs in y on position
strictly smaller than i

(c) y is the least number satisfying both the above conditions.

If y is the generating sequence of x, we denote it with formseqLPA(x). x is a formula of LPA
(denoted FormLPA(x)) if there exists the generating sequence of x.

6. y is a subformula of x if it both x, y are formulae and y occurs in the generating sequence
of x. If y is a subformula of x, then we denote it with Subf(y, x) or y E x.

7. An assignment is any function whose domain consists solely of variables. If y is an assign-
ment we denote it with y ∈ Asn.

8. Σx(y) denotes that y is a formula in Σx form (defined by inspection on the generating
sequence of x). Πx(y) has analogous meaning.

Fact 18. Var(x), termseq(y, x), formseqLPA(y, x), y ∈ Asn are∆0(PA) formulae. Term(x),ClTermLPA(x),
y = x, FormLPA(x), Subf(y, x) and Σx(y) are ∆1(PA) formulae.

Convention 1. Instead of 〈0, k〉we shall be writing vk, to denote the k−th variable. We will use
also w,w0, w1, . . . to denote variables.

The next definitions show the concrete way of formalising the notion of the syntactic tree of
a formula and an occurrence of a term or a subformula inside another term, or formula. These
formalisations are developed more carefully, since they will play an important role in some of
our arguments, and there seems to be no well-established way of operating themwithin PA (or
ZF).

Definition 19 (Tree). If σ and τ are two sequences of 0, 1, then we say that σ is a prefix of τ , if
len(σ) ≤ len(τ) and for every position i in σ, σ(i) = τ(i). If A is a set of finite 0, 1 sequences
then Pref(A) denotes the set of all prefixes of elements of A. We shall denote the one element
sequence consisting of 0 or 1 by 0 or 1, respectively. A binary tree is a set of sequences of 0, 1

closed under prefixes (including the empty prefix ε). If σ is a sequence and A is a tree, then

σ_A := Pref({σ_τ | τ ∈ A})

If A is a tree and σ, τ ∈ A, then we define σ ≺A τ if and only

1. either τ is a proper prefix of σ or

2. τ is not a proper prefix of σ and if n is the least number such that σ(n) 6= τ(n), then
σ(n) < τ(n).

So defined ordering ≺A is linear.

Definition 20 (Syntactic tree of a formula; PA). If s is a term, then the syntactic tree of s is a pair
〈As, ls〉where

1. As is a binary tree



2. Formal Preliminaries 13

2. ls is a function As → Terms(s)

defined by induction on the structure of s:

1. if s ∈ Var ∪ {0, 1} then As = {ε}, ls(ε) = s

2. if s = t� u, where � ∈ {·,+}, then As = {ε} ∪ 0_At ∪ 1_Au, ls(ε) = s and

(a) for every σ ∈ At, ls(0_σ) = lt(σ),

(b) for every σ ∈ Au, ls(1_σ) = lu(σ).

If φ is a formula, then the syntactic tree of φ is a pair 〈Aφ, lφ〉where

1. Aφ is a binary tree, called the full skeleton of φ.

2. lφ is a function Aφ → Subf(φ) ∪ Terms(φ).

defined by induction on the structure of φ:

1. if φ = (s = t) for some terms s, t then Aφ = {ε} ∪ 0_As ∪ 1_At, lφ(ε) = φ and

(a) for every σ ∈ As, lφ(0_σ) = ls(σ),

(b) for every σ ∈ At, lφ(1_σ) = lt(σ).

2. if φ = ¬ψ or φ = ∃vψ, then Aφ = {ε} ∪ 0_Aψ, lφ(ε) = ψ and for every σ ∈ Aψ, lφ(0_σ) =

lψ(σ).

3. if φ = ψ0 ∨ ψ1 for some formulae ψ0, ψ1, then Aφ = {ε} ∪ 0_Aψ0 ∪ 1_Aψ1 , lφ(ε) = φ and

(a) for every σ ∈ Aψ0 , lφ(0_σ) = lψ0(σ),

(b) for every σ ∈ Aψ1 , lφ(1_σ) = lψ1(σ).

The above definition gives a perspicuous presentation of both propositional and term structure
of a formula. We might need also one more notion making precise the idea of a purely proposi-
tional structure of a formula. If φ is a formula, then the reduced syntactic tree of φ is a pair 〈Aφ, lφ〉
satisfying the above definition of a syntactic tree in which we change condition 1 to 1′:

1’ if φ = (s = t) for some terms s, t then Aφ = {ε} and lφ(ε) = φ.

If 〈Aφ, lφ〉 is the reduced syntactic tree of φ, then Aφ is called the reduced skeleton, denoted
Skel(φ).

Definition 21 (Occurrences; PA). Let φ be formula.

1. If σ ∈ Aφ, then lφσ denotes the restriction of lφ to the set of prefixes of σ.

2. If s is an arbitrary term, then we say that s occurs in φ if there exists σ ∈ Aφ such that
lφ(σ) = s. If s occurs in φ then if σ is such that lφ(σ) = s, then lφσ is called an occurrence of
s in φ. The notion of occurrence of a subformula of φ is defined analogously.
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3. Let lφσ and lφτ be two occurrences of terms in φ. We define lφσ ≺φ lφτ if σ ≺Aφ τ .

4. Var(φ) denotes the set of variables which occur in φ (Var(t) has an analogous meaning for
a term t). If lφσ is an occurrence of a variable in φ thenwe say that lφσ is a bounded occurrence
of variable v if for some prefix τ of σ and some ψ ∈ Subf(φ) we have lφτ = ∃vψ. We say that
lφσ is a free occurrence of variable v if and only if lφσ is not bounded. The sets of variables
which have free (bounded) occurrence in φwill be denoted by FV(φ) (BV(φ)).

Remark 22. Let us stress that provably in PA, for every φ Var(φ) FV(φ), BV(φ) exists as finite
sets.

Definition 23.

1. Form≤1
LPA(φ) abbreviates

(
FormLPA(φ) ∧ ∃v FV(φ) ⊆ {v}

)
.

2. SentLPA(φ) abbreviates
(
FormLPA(φ) ∧ FV(φ) = ∅

)
.

Definition 24 (PA). The complexity of φ is the maximal length of a path in the reduced syntactic
tree of x. We take Compl(φ) = y to abbreviate that the complexity of φ is equal to y.

Definition 25 (Assignments and Substitution; PA).

1. Let φ be a formula and α an assignment. By φ[α], we mean the formula resulting from
φ by substituting numerals for free variables of φ such that x is substituted for vk if and
only if α(vk) = x.

2. If some variables vi0 , . . . , vik are specified and ti0 , . . . , tik are any terms then we use

φ(ti0/vi0 , . . . , tik/vik)

to denote the result of formal substitution of tij for vij in φ for every j ≤ k. Sometimes,
we also abbreviate this with φ(ti0 , . . . , tik), implicitly assuming that the numeral denoting
an object with index ik is substituted for variable with the same index. If φ has at most
one free variable, then we usually denote the result of the substitution of t for the unique
free variable of φ by simply φ(t).

Example 26 (PA). Let φ = p∀v1

(
v0 + v1 = v3

)
q and let αmap v0 to 3 and v3 to 0. Then

φ[α] = p∀v1

(
(1 + (1 + (1 + 0))) + v1 = 0)q

Remark 27 (PA). Let us observe that if φ, ψ are two formulae such that for some assignments
α, β,

φ[α] = ψ[β]

then the reduced skeletons of φ and ψ are the same.

Definition 28. If φ is a formula, then pφq denotes either the unique code of φ, obtained via the
translation of ZF − Inf+ in PA, or the numeral denoting this code (depending on whether pφq
is an element of the model or occurs in a formula).
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The above definition describes the unique context of using p·q function thatwewillmaintain
in this dissertation. In all the other situations when talking about syntax we adopt notational
conventions familiar from defining syntactical notions in ZF. Convention below highlights the
most important points:

Convention 2. Ifφ(x0, . . . , xn, y) is, provably in PA, a functional formula thenwe often treat it as
a new function symbol φ(x0, . . . , xn). In particular, ifΨ(x) is any formula then for any x0, . . . , xn

we write Ψ(φ(x0, . . . , xn)) instead of ∃y
(
φ(x0, . . . , xn, y)∧Ψ(y)

)
. Adopting this convention, we

use the following abbreviations:

1. s+t denotes the term (of arithmetised language) formed by concatenating term s, symbol
+ and term t.

2. s · t denotes the term (of arithmetised language) formed by concatenating term s, symbol
· and term t.

3. s = t denotes the atomic formula (of arithmetised language) formed by concatenating
term s, symbol = and term t.

4. φ ∨ ψ denotes the formula (of arithmetised language) formed by concatenating formula
φ, symbol ∨ and formula ψ.

5. ¬φ denotes the formula (of arithmetised language) formed by concatenating symbol ¬
with the formula φ.

6. ∃vφ denotes the formula (of arithmetised language) formed by concatenating symbol ∃,
variable v and the formula φ.

To avoid confusion, variables s and twill be used only in the context of terms, so, for example,
s+ t is never to be treated as the sum of two numbers s and t, but as a term of the arithmetised
language. We use φ, ψ, v in similar fashion. Moreover, we will use metavariables in order to
simplify formulae:

1. by writing ∀v, ∃w, we implicitly quantify over variables;

2. by writing ∀s(v̄), ∃t(w̄), we implicitly quantify over terms;

3. by writing ∀s, ∃t, we implicitly quantify over closed terms;

4. by writing ∀φ(v̄), ∃ψ(w̄),..., we implicitly quantify over arithmetical formulae;

5. by writing ∀φ(v), ∃ψ(v),..., we implicitly quantify over arithmetical formulae with at most
one free variable v;

6. by writing ∀φ, ∃ψ,..., we implicitly quantify over arithmetical sentences;

7. by writing ∀α,∃β,..., we implicitly quantify over assignments;

8. by writing ∀σ, ∃τ ,..., we implicitly quantify over sequences (sometimes we specify further
what kind of sequences we want to quantify over).



2. Formal Preliminaries 16

Sometimes, especially in the context of <, we will explicitly make use of the fact that we treat
formulae, terms, sequences as particular kind of numbers and write things such as

x < φ ∧ ψ

to mean that the number x is smaller than the number φ ∧ ψ. However, as already indicated, we
never use s+ t (s · t) to denote the sum (product) of two numbers.

Convention 3. We shall stretch the above convention even further by making ∀φ(v), ∀φ(x̄), ∀φ
etc. case-sensitive: in the course of our thesis we shall definewithin PA various extensions ofLPA
and while working with each of them, we will assume that φ, φ(x̄), etc. range over syntactical
objects of the appropriate extension. Sentences in which φ etc. range over syntactical objects of
Lwill be called L−variants. For example, the L−variant of sentence

∀φ T (φ)

is
∀x

(
SentL(x)→ T (x)

)
.

By default (under the absence of additional specifications), φ, φ(x̄) etc. range over syntactical
objects of LPA.

Definition 29 (PA). Ind(v, φ) denotes the instantiation of an induction axiom by φ w.r.t. v, i.e.
the sentence

∀w̄
((
φ[0/v] ∧ ∀v

(
φ→ φ[v + 1/v])

))
−→ ∀vφ

)
where w̄ contains all the free variables of φ, except of v.

Note that the above definition concerns sentences of arithmetised language.

Remark 30. Our convention, while in general helping to keep our formulae readable, some-
times might hide delicate points. For example, if Ψ is a LT formula of class ∆0, then

Φ := ∀φ, ψ < z
(
Ψ(φ ∧ ψ)

)
looks like a formula of class ∆0, but is really ∆1(PAT), since, using our convention, it is equal
to the formula

∀x, y < z
(
FormLPA(x) ∧ FormLPA(y)→ Ψ(x ∧ y)

)
and

1. FormLPA(x) is a ∆1(PA) formula and

2. Ψ(x ∧ y) is really a ∆1(PAT) formula.

This is particularly important, since one of the main focus of our thesis are truth theories with
∆0 induction only. Hence, at some points it will demand justification that we are allowed to
use induction axiom for a formula. We will indicate the way of solving this problem in the next
subsection.
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Convention 4. If Ψ is a formula, x- a variable and φ a code of a formula with at most one free
variable, then Ψ(φ(x)) denotes the formula with free variable x of the form

∃y, z
(
y = x ∧ z = φ(y) ∧Ψ(z)

)
Example 31. Let us show a typical example of applying the above convention: an LT formula

∀v∀φ(v)∃xT (φ(x))

is a short for
∀v∀φ(v)∃x

(
∃y, z

(
y = x ∧ z = φ(y) ∧ T (z)

))
In what follows, we take Th to be any fully inductive theory in LP with recursively enumer-

able set of axioms and extending PA.

Definition 32 (The value of a term; Th). If t is any term and α an assignment such that
dom(α) ⊆ Var(t), then (t)◦α denotes the value of t under α, defined as in [24]. If t is a closed
term, then t◦ abbreviates (t)◦ε , where ε is the empty valuation.

Definition 33 (Partial Truth Predicates; Th). SatΣn(x, y) denotes the standard satisfaction pred-
icate for Σn formulae of LP , defined (for Th = PA) as in [19] or [24]. We note that SatΣn(x, y) is
a Σn(Th) formula. Using this predicate, we define the truth predicate for Σn sentences of LP
by putting

TrΣn(φ) := SatΣn(φ, ε)

where ε denotes the empty valuation. TrΣn(x) is again a Σn formula of LP .

Proposition 34 ("It’s snowing"-It’s snowing lemma, [19] Corollary 1.76). For every sentence φ of
Σk class IΣ1 proves

TrΣk(pφq) ≡ φ.

Moreover the above can be arithmetised, so for every k

PA ` ∀φPrIΣ1(TrΣk(φ) ≡ φ)

The above-defined partial truth predicates work only for formulae in Σn forms. At some
points we will need ones defined for arbitrary sentences, which are delivered by the following
definition:

Definition 35 (Partial Truth Predicates for Arbitrary Sentences). Let Trn(x) denote the partial
truth predicate for sentences of complexity ≤ n, defined as in [38]

Proposition 36 (Pudlak, [38]). For every formula φ(x0, . . . , xk) of complexity ≤ n, PA proves

∀t0, . . . , tk
(
Trn(pφ(t0, . . . , tk)q) ≡ φ(t0

◦, . . . , tk
◦)
)

Definition below (for Th = PA) is taken from [19].
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Definition 37 (Definable sets; Th). We say that a is a Σn set if a is a Σn formula of LP with
exactly one free variable v0. Πn sets are defined analogously. If a is a Σn set, then we define

x ∈Σn b := SatΣn(b, [x])

where [x] denotes the function v0 7→ x. ∈Πn is defined analogously. A ∆n set is a pair 〈a, b〉 such
that a is a Σn formula, b is a Πn formula and we have

∀x
(
x ∈Σn a ≡ x ∈Πn b

)
If x = 〈a, b〉 is a ∆n set, we define:

1. z ∈n x := z ∈Σn a

2. x2 is the Σn formula equivalent to

∃v1, v2

(
v0 = 〈v1, v2〉 ∧ v1 ∈n x ∧ v2 ∈n x

)
Moreover if y = 〈c, d〉 is another ∆n set, then we define

x ⊆ y := ∀z(z ∈Σn a→ z ∈Πn d)

Definition 38 (Th). Th′ is a ∆n arithmetical theory if Th′ is a ∆n set of sentences; i.e. Th′ is such
that

∀x
(
x ∈n Th′ → SentLPA(x)

)
If Th′ is a formula such that for some n Th ` ”pTh′q is a ∆n arithmetical theory", then we

shall call Th′ Th provable theory.

Definition 39 (Provability in Classical Propositional Calculus; Th). Let Th′ be a ∆n arithmetical
theory. Formula ψ is provable in Classical Propositional Calculus from Th′ if there exists a sequence
σ such that last(σ) = ψ and for every position k in σ one of the following holds:

1. σ(k) ∈n Th′ or it is a formula of one of the following kinds

(a) φ→ (θ → φ)

(b) (φ→ (θ → χ))→ ((φ→ θ)→ (φ→ χ))

(c) φ→ φ ∨ θ

(d) θ → φ ∨ θ

(e) (φ→ χ)→ ((θ → χ)→ (φ ∨ θ → χ))

(f) φ ∧ θ → θ

(g) φ ∧ θ → φ

(h) φ→ (θ → φ ∧ θ)

(i) ¬¬φ→ φ

2. for some i, j < k, σ(j) = σ(i)→ σ(k).
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PrTh
′

CPC(ψ) abbreviates the formula constructed in the aboveway. PrCPC(φ) abbreviates Pr∅CPC(φ).

We proceed to arithmetising provability in First Order Logic. Two technical notions will be
needed:

Definition 40 (Th). Arithmetical formula ψ is a generalisation of a formula φ if for some x and
some variables v0, . . . , vx,

ψ = ∀v0 . . . ∀vxφ

We say that a term t can be substituted without clashes in a formula φ for a variable x if for every
free occurrence lφσ of x in φ, for no v ∈ Var(t), no τ ∈ Suff(σ) and no formula ψ it holds that
lφτ = ∃vψ.

The above definition of the relation "t can be substituted without clashes for x in φ" is as
usual for First-Order Logic: we make sure that no variable of t will become bounded after the
substitution.

Definition 41 (Provability in Th′; Th). If Th′ is a∆n arithmetical theory andψ is any arithmetical
formula, then ψ is provable in Th′ if there exists a sequence of formulae σ such that last(σ) = ψ

and for every position k in σ one of the following holds:

1. σ(k) is an axiom of First-Order Logic, i.e. a generalisation of a formula of the following
kind4:

(a) an axiom of Classical Propositional Calculus;

(b) ∀xφ→ φ[t/x], where t can be substituted for x;

(c) ∀x(φ→ ψ)→ (∀xφ→ ∀xψ), for all φ, ψ;

(d) φ→ ∀xφwhere x /∈ FV(φ), for all φ;

(e) x = x for all x ∈ Var;

(f) x = y → φ ≡ φ′ for all φwhere φ′ is obtained by replacing some or zero occurrences
of x by y;

2. σ(k) ∈n Th′;

3. for some i, j < k we have σ(j) = σ(i)→ σ(k).

PrTh′(ψ) abbreviates the formula constructed in the above way.

Definition 42. Con(Th′) denotes the sentence ¬PrTh′(p0 = 1q).

Example 43 (PA). ∅ is the ∆0 arithmetical theory; i.e. the empty set of sentences. Consequently,
Pr∅(x) holds if x is provable in pure First Order Logic. IΣx is the arithmetical ∆1 theory con-
sisting of all sentences Ind(v, φ), for v a variable and φ - a Σx formula, and all the axioms of
Q. PA is the arithmetical ∆1 theory consisting of all axioms of Q and sentences Ind(v, φ), for a
variable v and an arithmetical formula φ (we shall often write x ∈ PA instead of PA(x)).

4 The list of axioms of First-Order Logic is taken from [10].
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We now turn to the development of model theory inside PA.

Definition 44 (Th). A ∆n modelM for arithmetic is a tuple 〈UM,+M, ·M, a0, a1〉, where

1. UM, +M , ·M are ∆n sets, +M ⊆ U2
M and ·M ⊆ U2

M

2. a0, a1 are any numbers.

A full ∆n modelM is a triple 〈M,valM, SatM〉 such that

1. M is a ∆n model.

2. valM is a ∆n function of evaluation of terms.

3. SatM is a ∆n satisfaction relation forM.

The precise definitions of valM and SatM are as usual in model theory (details in the context of
arithmetic being given in [19]). If φ is any formula then function α is anM assignment for φ if

1. FV(φ) ⊆ dom(α);

2. im(α) ⊆M .

Convention 5. We shall use the standard model-theoretic conventions when working with
models in Th. In particular, working in Th, ifM is a full ∆n model, then for every formula φ
and α anM assignment for φwe write

M |=M φ[α]

for 〈φ, α〉 ∈n SatM. Moreover, if φ is a sentence thenM |=M φ stands forM |=M φ[ε].

Definition 45 (Th). Let Th′ be any ∆n arithmetical theory. IfM is any full model, thenwewrite
M |=M Th′ if for every φ ∈ Th′,M |=M φ.

Proof of the following proposition proceeds by a straightforward induction on the lengths
of proofs, carried out in PA.

Proposition 46 (Th). Let Th′ be any∆n arithmetical theory andM any full model such thatM |= Th′.
Then for arbitrary formula φ ∈ LTh′ we have

PrTh′(φ)→M |=M φ

Convention 6. Let N |= Th and N |= ”M is a full arithmetic model ”. ThenM canonically
encodes a model in the standard set-theoretic sense, i.e. modelM′ with universe

M ′ := {x ∈ N | N |= UM (x)}

and the interpretation of +, ·, 0, 1 defined analogously using +M , ·M , a0 and a1. Moreover for
every formula φ of LPA and everyM assignment α for φwe have

M′ |= φ[α] ⇐⇒ N |=
(
M |=M pφq[α]

)
,

where |= denotes the standard set-theoretical satisfaction relation, |=M is anN -definable satis-
faction relation forM and α on the left-hand side is the (set-theoretical) function encoded by
α. Abusing the notation a little, we shall use the same letters for arithmetic models and their
set-theoretic counterparts.



2. Formal Preliminaries 21

Let us note that if φ(x) is a formula, such that pφ(x)q provably in PA defines a ∆n theory,
then in every modelM |= PA, the set

φM ∩ N := {n ∈ N | M |= φ(n)}

codes (via the translation fromTheorem13) a theory in the traditional sense of ZFC. However, if
φ is of high complexity in the sense of the Σn−hierarchy, then this theory might highly depend
on the choice ofM. For example, if

φ(x) :=
(
(x = p0 = 0q) ∧ Con(PA)

)
∨
(
(x = p0 = 1q) ∧ ¬Con(PA)

)
there are modelsM,M′ such that φM ∩ N = {p0 = 0q} and φM

′ ∩ N = {p0 = 1q}. Such
a situation is impossible, if pφ(x)q is provably in PA a ∆1 theory, since all ∆1 sets of natural
numbers are strongly representable in PA:

Definition 47. Let A ⊆ N. We shall say that A is strongly represented in PA, if there exists a
formula of LPA φ(x), such that for all n ∈ N

n ∈ A ⇒ PA ` φ(n) (2.1)

n /∈ A ⇒ PA ` ¬φ(n) (2.2)

The well-known fact in metamathematics of PA is that "being strongly represented in PA"
is the same as "being ∆1 definable":

Theorem 48. The set A ⊆ N is strongly represented if and only if for some ∆1(PA) formula φ(x) and
for all n ∈ N:

n ∈ A ⇐⇒ N |= φ(n)

For the proof of this theorem, see [24] or [36] (in Polish).

Convention 7. If Th′ is provably in Th a ∆1 arithmetical theory, then we shall associate with it
the set of arithmetical sentences defined by Th′ in the standard modelN. Abusing the notation,
we shall denote this theory also by Th′ and write, for example,

Th′ ∪ {PrTh′(pφq)→ φ | φ ∈ SentLPA}

where first Th′ denotes the set of arithmetical sentences and Th′ written in PrTh′(x) denotes the
chosen arithmetical formula. Basing on this convention, instead of writing that Th is a provably
in PA, ∆1 theory, we shall call it simply a ∆1 theory.

The theorem below was proved in [19], Theorem 4.27 (Chapter 1), for the case of n = 1 and
Th = PA but the proof in greater generality is essentially the same.

Theorem 49 (Arithmetised Completeness Theorem). For every n ≥ 1, Th proves that every con-
sistent ∆n arithmetical theory has a full ∆n+1 model.
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Translations between logics

In the course of our thesis, we shall compare theories of truth formulated for the arithmetised
language extending LPA with new logical connectives and quantifiers. In the respective frag-
ments, the notion of a translation between logicswill play a key role.

Definition 50. A logical signature σ is a triple (qσ, oσ, τσ) such that qσ and oσ are non-empty
finite sets (thought of as the sets of quantifiers and propositional connectives respectively) and
τσ is a function with domain qσ ∪ oσ and codomain ω. The values of τ are called arities. The
arities determine how many formulae the given logical symbol takes. When we are given a
logical signature σ, a set of non-logical constants λ (i.e. predicate symbols, function symbols
and individual constants; we assume that symbols come with prescribed arities) and a set of
variables Var then this triple is called a language. When we are given a language Lwe can write
the formula defining the set of formulae of L, FormL, in the following way: the notion of a term
is as in any standard textbook (e.g. [10]) and now we define FormL as the least set satisfying:

1. if t0, . . . , tn−1 are any terms andR is anypredicate symbol of arityn, thenR(t0, . . . , tn−1) ∈
FormL;

2. if φ0, . . . , φn−1 ∈ FormL and O ∈ oσ is such that τσ(O) = n, then

O(φ0, . . . , φn−1) ∈ FormL

3. if φ0, . . . , φn−1 ∈ FormL, v ∈ Var and Q ∈ qσ is such that τσ(Q) = n, then

Q(v;φ0, . . . , φn−1) ∈ FormL

Sometimes instead of φ ∈ FormL we write φ ∈ L for short.

Remark 51. The above definition is not utterly general: for example, we do not allow for quan-
tifiers binding more than one variable at the same time. This level of generality is enough for
our purposes: we will never consider more exotic logics.

Definition 52 (Translation between languages). Suppose σ = (qσ, oσ, τσ) and σ′ = (qσ′ , oσ′ , τσ′)

are two logical signatures. Let λ and Var be two sets of extra-logical symbols and variables. Let
Lσ be the language over σ, λ and Var and Lσ′ be the language over σ′, λ and Var. Moreover let
P = {pi | i ∈ ω} be a set of fresh propositional constants (predicates of arity 0) that are neither
elements of Lσ nor elements of Lσ′ . Let L∗σ′ be a language Lσ′ with additional constants from
P. Formulae of L∗σ′ are to be thought of as propositional templates for formulae of Lσ′ . If

φ, ψ0, . . . , ψn

are any formulae of L∗σ, then
φ[ψ0/p0, . . . , ψn/pn]

denotes the result of substituting ψk for pk in φ for every k ≤ n. A pre-translation of Lσ into Lσ′
is a function

ρ : (qσ × Var) ∪ oσ → FormL∗
σ′

such that for every h ∈ (qσ × Var) ∪ oσ and every n if
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1. h = 〈Q, v〉 for some quantifier Q and variable v and τ(Q) = n or

2. h ∈ oσ and τ(h) = n,

then ρ(h) is a formula φ ∈ FormL∗
σ′

with exactly p0, . . . , pn−1 as propositional constants. Func-
tion

∗ : FormLσ → FormLσ′

is a translation of Lσ into Lσ′ if and only if there exists a pre-translation ρ of Lσ into Lσ′ such
that the following conditions hold

1. for every predicate R ∈ λ of arity n and every terms t0, . . . , tn−1

(R(t0, . . . , tn−1))∗ = R(t0, . . . , tn−1)

2. for every quantifier Q ∈ qσ such that τ(Q) = n, every formulae φ0, . . . , φn−1 ∈ FormLσ
and every variable v ∈ Var we have(

Q(v;φ0, . . . , φn−1)
)∗

= ρ(〈Q, v〉)[φ∗0/p0, . . . , φ
∗
n−1/pn−1]

3. for every logical operator O ∈ oσ such that τ(O) = n and every sequence of formulae
formulae φ0, . . . , φn−1 ∈ FormLσ we have(

O(φ0, . . . , φn−1)
)∗

= ρ(O)[φ∗0/p0, . . . , φ
∗
n−1/pn−1]

If ∗ is a translation between Lσ and Lσ′ and L is an arbitrary language, we say that ∗ is L-
conservative if for every formula φ ∈ FormLσ ∩ FormL we have

φ∗ = φ

Since the above definition refers solely to finite objects that admits recursive definitions,
there are no obstacles in stating it in ZFC− Inf∗ and, consequently, formalising it in PA.

2.0.3 Models of PA

Convention 8. IfM is a model for LP , φ(x̄) is an LP formula ā is a tuple of elements ofM,
then we will often write φM(ā) instead ofM |= φ[ā]. Moreover, φM denotes the set of all tuples
ā such that φM(ā).

Convention 9 (Extensions). LetM,N be two models ofQ (possibly for a language LP extend-
ing LPA) and let L ⊆ LP be a language. We write

1. M⊆e N , ifM is an end extension ofM.

2. M≺L N , ifM is an L− elementary submodel of N .

3. M≺L,e N , if N is an L-elementary end extension ofM.
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All the above notions are as defined in [27] and [24].

For the proof of the following proposition see [19], the first part of the proof of Theorem
2.40 (Chapter 3).

Proposition 53. LetM |= Th and let

M |= N is a full ∆n model of Q

ThenM⊆e N .

Convention 10.

1. We will use the same symbol ω to denote the least initial segment in every model of Q.
We use a >M ω to express the fact that for every n ∈ ω

M |= a > n

i.e. a is a nonstandard element.

2. IfM |= PA, then LM denotes the language of modelM, i.e. the language over arithmeti-
cal signature enriched with a constant for every element ofM.

For the proof of the next lemma see [24], Lemma 6.1.

Lemma 54 (Overspill). Let Th be a fully inductive LP theory. LetM |= Th and φ(x) be a formula
(possibly containing parameters fromM ). Suppose that for every n ∈ ω

M |= φ(n).

Then for some a >M ω we have
M |= φ(a)

Definition 55 (Class). LetM |= PA. A set A ⊆ M is a class if everyM−finite fragment of A is
coded inM, i.e. for every c ∈M there exists a d ∈M such that

{a ∈ A | a <M c} = {a ∈M | a ∈M d}

We shall say that A ⊂Mn is a class if the set

{〈a0, . . . , an−1〉 ∈M | (a0, . . . , an−1) ∈ A}

is a class.

The proposition below can be found in [27] (Proposition 1.4.2). We sketch the proof for the
reader’s convenience

Proposition 56. [Characterization of ∆0-induction] Let P be an n-ary predicate and Th be a theory in
LP extending PA. The following are equivalent:

1. Th ` I∆0(LP )
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2. in arbitraryM |= Th, (the extension of) P is a class.

Sketch of the proof. Without loss of generality assume that P is a unary predicate for otherwise
define

P1(y) := ∃x0 < y . . .∃xn−1 < y
(
y = 〈x0, . . . , xn−1〉 ∧

∧
i<n

P (xi)
)

Then Th ` I∆0(LP ) iff Th ` I∆0(LP1) and by definition, in every modelM |= Th, PM is a
class iff so is PM1 .

1.⇒ 2. Suppose Th ` I∆0(LP ) and fix an arbitraryM |= Th, and an arbitrary c ∈M . Let d
be the set of all elements below c i.e. for all x ∈M

x ∈M d ⇐⇒ x <M c

Let us consider the following formula

φ(x) := x < c+ 1→ ∃y < d+ 1∀z < x
(
z ∈ y ≡ P (z))

φ(x) is of class ∆0 and by a routine argument using induction on xwe show

∀xφ(x)

proving 2.

2. ⇒ 1. Let us fix an arbitraryM |= Th, and an arbitrary formula φ(x) ∈ ∆0. Since all
quantifiers in φ are bounded and P is a class, then for all a ∈M there exists a c ∈M such that
for all d ≤M a,

M |= φ(d) ⇐⇒ M |= φ[y ∈ c/P (y)](d)

where φ[y ∈ c/P (y)] is as explained in Definition 7(the above property can be proved by in-
duction on the complexity of φ, using the fact that all quantifiers occurring in it are bounded).
Suppose for some a ∈M

M |= φ(0) ∧ ¬φ(a)

Let c code the set of elements satisfying P below a. We have

M |= φ[x ∈ c/P ](0) ∧ ¬φ[x ∈ c/P ](a)

Hence, by the least number principle inM (we use the fact, thatM |= PA) there exists a d such
that

M |= ¬φ[y ∈ c/P (y)](d) ∧ ∀x < dφ[x ∈ c/P (y)](x)

In consequenceM |= ¬φ(d) ∧ ∀x < dφ(x), which ends the proof.

The next remark will play an important role in justifying the use of ∆0 induction for formu-
lae not in ∆0 form.
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Remark 57. Suppose Th is a LP theory proving I∆0(LP ) and extending PA. Suppose that φ is
an LP formula, such that (working in Th) for some z we have

φ(y) ≡ φ[(P (x̄) ∧ 〈x̄〉 < z)
/
P (x̄)](y)

i.e. only a bounded fragment of P is needed to determine the extension of φ(y). Then Th proves
the induction axiom for φ(y). Indeed, working in Thwith the same z as previously, by the above
assumption and Proposition 56 there exists c such that

∀x̄
((
P (x̄) ∧ 〈x̄〉 < z

)
≡ 〈x̄〉 ∈ c

)
In particular, we have

φ(y) ≡ φ[〈x̄〉 ∈ c
/
P (x̄)](y)

Hence, φ(y) equivalent to an arithmetical formula (with parameters). Since Th extends PA, we
are allowed to use the induction axiom for φ[〈x̄〉 ∈ c

/
P (x̄)](y) and, consequently, for φ(y).

Definition 58 (Recursive Saturation). LetM |= PA.

1. Let p(x) = {φi(x, ā) | i ∈ ω} be set of LM formulae with free variable x and using finitely
many parameters fromM. p(x) is a type overM if for every n ∈ ω

M |= ∃x
∧
i≤n

φi(x, ā).

The type p(x) is recursive if additionally the set {pφ(x, ȳ)q | φ(x, ā) ∈ p(x)} is recursive.

2. The type p(x) is realised in M if there exists a ∈ M such that for every φ(x) ∈ p(x),
M |= φ(a).

3. M is called recursively saturated if every recursive type overM is realised inM.

The next proposition is an immediate consequence of Löwenheim-Skolem Theorem (see
e.g. [35]) and the fact that every countable model is an elementary submodel of a countable
and recursively saturated model (see [24]). Its most important consequence is that for check-
ing whether a sentence φ is provable in PA, it is enough to examine whether it holds in every
countable and recursively saturated model of PA.

Proposition 59. For everyM |= PA there exists a countable and recursively saturated model N such
thatM and N are elementary equivalent.

The next definition introduces one of the most basic notions in investigating strength of
truth theories. We will explain its significance in the next chapter.

Definition 60 (Expandability). LetM |= PA and let Th be a LP theory. Let n be the arity
of P . We say thatM expands to a model of Th if and only if there exists A ⊆ Mn such that
(M, A) |= Th.
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2.0.4 Arithmetical Reflection

Definitions below are to systematise the notation used to denote various extensions of arith-
metical theories with reflection principles. Various such extensions have been studied in [1]
and [11], for example (for a good introduction to the results presented in the second paper, see
[16]). Also [8] gives a very good historical background to the investigations of reflection prin-
ciples. The most important result of this section is Theorem 70, which is rather folklore to the
discipline, but since it plays an important role in one of our arguments we reprove it for the
reader’s convenience.

Definition 61 (Reflection over a theory). Let Th be any ∆1 theory. We define UR(Th) to be the
extension of Th with all sentences of the form

∀t0, . . . , tn
(
PrTh(pφ(t0, . . . , tnq)→ φ(t0

◦, . . . , tn
◦)
)

for φ(x0, . . . , xn) ∈ FormLPA

The proof of the Proposition below can be found in [19].

Proposition 62 (Mostowski). For every n, PA ` UR(IΣn). In particular, PA ` UR(∅).

Definition 63 (First reflective limit of a theory). Let Th be any ∆1 theory. We define

UR0(Th) := Th

Suppose that the ∆1 theory URn(Th) has been defined. Define

URn+1 := UR
(
URn(Th)

)
Let URn+1 be the natural ∆1 formula strongly representing the above set of sentences. Finally
the first reflective limit of a theory is the set⋃

n∈ω
URn(Th)

We shall denote this set by URω(Th).

Note that in the above definition we consider uniform reflection for arithmetical formulae
only.

Shortly, we shall introduce one of the most basic theories of truth, which will simplify the
reasoning in the proof Theorem 70. In fact, its use in this proof is the only reason for stating
some of the previous definitions and propositions (like the above Arithmetised Completeness
Theorem) for arbitrary fully inductive LP theories instead of simply PA:

Definition 64 (Definition of UTB). UTB− is the LT theory extending PA with all sentences of
the form

∀t0, . . . , tn
(
T (pφ(t0, . . . , tn)q) ≡ φ(t0

◦, . . . , tn
◦)
)

for every formula φ(x0, . . . , xn) ∈ LPA. UTB is the fully inductive extension of UTB−.
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Let us list the reasons why UTB is of interest to the current study:

1. it is fully inductive: hence, all the above definitions, stated usually in PA, make sense in
UTB and all the above theorems are provable within it;

2. it proves no more arithmetical theorems (i.e. sentences of LPA) than PA. More concretely,
the following proposition (its proof can be found in [20]) holds:

Proposition 65. For every sentence φ ∈ LPA, if UTB ` φ, then PA ` φ.

3. in every modelM of UTB the extension of T contains the elementary diagram ofM.
More precisely, if (M, T ) |= UTB, ā ∈ M and φ is an LPA formula such thatM |= φ[ā],
then pφ(ā)q ∈ T .

4. it imposes recursive saturation; more precisely, we have the following theorem:

Theorem 66. IfM |= UTB, thenM is recursively saturated.

For the details see [24], Proposition 15.45

The following proposition is an easy consequence of the second point of the above list (in
fact, it is an easy consequence of compactness and the existence of partial truth predicates, as
in Definition 33; for the details of its proof, see [24], Proposition 15.16

Proposition 67. For everyM |= PA, there exists N |= UTB such thatM≺LPA N .

In particular, we get the following refinement of Completeness Theorem:

Corollary 68. For every sentence φ ∈ LPA, PA ` φ if and only if for everyM |= UTB,M |= φ.

The next theorem ends our preliminary section: it will be of crucial importance to Section
5.3 and will be of no use before that. It will be convenient to introduce one more definition
(actually it is a scheme of definition, for every n, k).

Definition 69. Let Th′ be any ∆1 theory. TrTh′ �k is the Th provable arithmetical theory defined

TrTh′ �k (x) := x ∈n Th′ ∨ Trk(x).

Moreover we define
SCon(Th′) := {Con(TrTh′ �n) | n ∈ ω}

Theorem 70. LetM |= UTB and suppose that Th is a arithmetically definable arithmetical ∆n theory.
IfM |= SCon(Th) then there exists full arithmetical model N such that

1. M≺LPA N and
5 Kaye phrases this theorem in terms of partial nonstandard inductive satisfaction classes. For the proof of precisely

this formulation, consult [33]. It can be easily seen that having a partial inductive satisfaction class and expanding
to a model of UTB are equivalent conditions.

6 As previously this theorem is phrased in terms of partial nonstandard inductive satisfaction classes
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2. M |=
(
N |=N Th

)
.

Proof. Let us fixM |= UTB and suppose that for some arithmetically definable ∆n arithmetical
theory Th, for each each k,M |= Con(TrTh �k). Let us define

Th′(v0, w) :=
(
v0 ∈n Th

)
∨
(
Compl(v0) ≤ w ∧ T (v0)

)
Then for each c ∈M

M |= ”Th′(v0, c) is a ∆n+1 LT - theory”

Since for every n ∈ ω,

M |= ∀φ
(
Compl(φ) ≤ n→

(
T (φ) ≡ Trn(φ)

))
,

(the above sentence is provable in UTB by the external induction on n), then for every n in ω
we have

M |= Con(Th′(v0, n))

(Th′(v0, n) is a formulawith one free variable v0 and numeral denoting n). By overspill (Lemma
54) there is a c >M ω such that

M |= Con(Th′(v0, c))

Let N be the full model of Th′(v0, c). Then

1. M |=
(
N |=N Th

)
2. M≺LPA N

The first point is obvious, sinceM |= Th ⊆n+1 Th′(v0, n) (by the definition of Th(v0, c)). The
second one holds since the conjunction of axioms of Q, let us denote it with φQ, is a Π1(PA)

sentence true inM. Hence,M |= T (pφQq) and consequently

M |= pφQq ∈n+1 Th′(v0, c).

Hence, also N |= φQ (see Convention 6). Hence, by Proposition 53 M ⊆ N . Moreover if
φ(x0, . . . , xn) is any Σn formula of complexity k and a0, . . . , an are such thatM |= φ[a0, . . . , an],
then

M |= Compl(pφ(ā)q) ≤ k ∧ Σn(pφ(ā)q) ∧ T
(
pφ(ā)q

)
where pφ(ā)q is a short for pφ(a0, . . . , an)q. Consequently, pφ(ā)q ∈Mn+1 Th′(v0, c), and N |=
φ(a0, . . . , an).

The next proposition provides a link between Uniform Reflection and Strong Consistency.

Lemma 71. For every ∆1 theory Th extending IΣ1, for every n, k,m and every formula φ(x0, . . . , xm)

in LPA we have

UR(Th) ` ∀x0, . . . , xm
(
PrTrTh�k(pφ(x0, . . . , xm)q)→ φ(x0, . . . , xm)

)
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Proof. Let us fix Th, n,m, k and a formula φ(x0, . . . , xm) ∈ LPA. Working in UR(Th) assume

PrTrTh�k(pφ(x0, . . . , xm)q).

Hence, there are sentences ψ0, . . . , ψa of complexity at most k such that

PrTh

∧
i≤a

ψi

→ φ(x0, . . . , xm)

 .

Since Σk(∅) classes are closed under taking conjunctions, we have there exists a sentence θ of
complexity Σk such that

Pr∅

∧
i≤a

ψi

 ≡ θ
 .

Hence, since Th extends IΣ1, by Proposition 34, we have

PrTh
(
TrΣk(θ)→ φ(x0, . . . , xm)

)
.

By the uniform reflection for Th and the formula

TrΣk(θ)→ φ(x0, . . . , xm)

we obtain
TrΣk(θ)→ φ(x0, . . . , xm),

which ends the proof, since TrΣk(θ) holds.

Proposition 72. For every ∆1 theory Th extending IΣ1, the following theories are deductively equiva-
lent

1. PA + UR(Th)

2. PA + SCon(Th)

Moreover if Th is a ∆1 theory which is contained in IΣn for some n, then

PA ` SCon(Th)

Proof. Let us start with the first part of the thesis.
1.⇒ 2.

It follows immediately by Lemma 71.
2.⇒ 1.

Let us fix arbitraryM |= PA + SCon(Th). If for some φ(x0, . . . , xn) and some arithmetised
closed terms t0, . . . , tn ∈M we had

M |= PrTh(φ(t0, . . . , tn)) ∧ ¬φ(t0
◦, . . . , tn

◦)

then, by 36, we would have (for n = Compl(φ))

M |= PrTh(φ) ∧ Trn+1(¬φ)

Then we would haveM |= PrTrTh�n+1(0 = 1), contradictingM |= SCon(Th).
The moreover part follows, since obviously it is sufficient to show that for each n ≥ 1

PA ` SCon(IΣn).

But for such theories this is a consequence of Theorem 62 and the first part of our proof.



3. AXIOMATIC THEORIES OF TRUTH

3.1 Definition and Motivations

On the formal side, in the field of Axiomatic Theories of Truth, we aim at determining proper-
ties of axiomatic theories built in the following way: we start with a base theory B, expressive
enough to formalise syntax and enrich its language with a fresh unary predicate denoted T (x).
We then add axioms governing the newly added predicate. The minimal requirement for the
resulting theory to be called an axiomatic theory of truth over B is to prove all sentences of the
form

T (pφq) ≡ φ (T-scheme)

for every sentence φ from the language of the base theory B. In the above pφq denotes the
canonical name of sentence φ, according to the chosen way of formalising syntax in B (for
B = PA it was introduced in the previous section).

Example 73. For B = PA, UTB, as defined in Definition 64, is an axiomatic theory of truth over
PA.

Let us motivate the above sketch of definition: the base theory B is to serve as a model for
all of our knowledge about facts that do not engage the notion of truth. Any axiomatic theory
of truth over B models, then, what happens when this knowledge is supplemented with some
statements expressing properties of the notion of truth? Let us observe that if B is consistent,
then the predicate T added to B and satisfying T-scheme cannot be provably in B equivalent
to any formula of LB . This is the content of the celebrated Tarski’s Theorem (we focus on LP -
theories but its applicability is far more general):

Theorem 74 (Tarski; [34]). LetB be any consistent LP -theory extending PA. There is no formula θ(x)

in LP such that for all φ ∈ LP
B ` θ(pφq) ≡ φ

where p.q is as explained in previous chapter.

In particular, extendingB, somehow, is necessary for introducing the notion of truth for LB
and we are interested in "what happens" when the truth predicate is introduced in the above-
described way.

Such a way of formally introducing the notion of truth for a language is certainly not the
only possibility. From the very beginning, it is worth to contrast our axiomatic approach with
two others, both stemming from the work of Alfred Tarski: the study originally pursued by
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Tarski himself, that initiated the field ofModel Theory, and the "disentangled syntax approach",
studied in [21] and [32]. Two issues are characteristic for the original Tarskian approach1:

1. The notion of truth for a theory B is introduced via definition which uses only non-
semantical notions2;

2. The definition of truth is given in a metatheory, which properly extends the base theory
B.

In fact, the motivation behind the second point is purely logical, assuming one wants to realise
the first: by Tarski’s Theorem 74, the truth definition cannot be given in the base theory, so it
is necessary to enrich the language of B, somehow. That the first one was really what Tarski
aimed at is amply illustrated by the following quotation:

It is desirable for the meta-language not to contain any undefined terms ex-
cept such as are involved explicitly or implicitly in the remarks above, i.e.: terms
of the object-language; terms referring to the form of the expressions of the object-
language, and used in building names for these expressions; and terms of logic. In
particular, we desire semantic terms (referring to the object-language) to be intro-
duced into the meta-language only by definition. For, if this postulate is satisfied,
the definition of truth, or of any other semantic concept, will fulfill what we intu-
itively expect from every definition; that is, it will explain the meaning of the term
being defined in termswhosemeaning appears to be completely clear and unequiv-
ocal. And, moreover, we have then a kind of guarantee that the use of semantic
concepts will not involve us in any contradictions. ([44], 350-351)

Since the notion of truth should be analysable in terms of non-semantical notions, one has to
introduce new primitive notions to the language of B (i.e. it is not sufficient to introduce new
axioms in LB), using Tarski’s term: to enrich B essentially. For this reason, Tarski’s approach
cannot be used to model the situation we would like to study: if we have to enrich B with new
notions of extra-semantical origins, then B could not encompass all of our extra-semantical
knowledge. That is why, contrary to Tarski, we do not require that the truth predicate for the
language of the base theory be definable in metatheory, in terms of more primitive notions, but
it is a new primitive notion explicitly added to the language. To illustrate this distinction: Tarski
showed (inter alia) that ZFC can define a truth predicate for PA, for example by putting

TZFC(φ) := N |= φ (Tarski’s Definition)

where |= denotes the satisfaction relation and N—the standard model of arithmetic. All the
notions on the right-hand side have well defined mathematical meaning, hence, the notion of

1 In what follows, we are basing on [44]. What we call theories, Tarski would rather call languages. The distinction
is purely terminological since for Tarski, any formal language always comes with specified axioms and rules of
inference.

2 Tarski’s definition of truth uses the notion of satisfaction, but the latter is defined in terms of non-semantical
notions.
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arithmetical truth can be seen as reduced to the notion of a set (as axiomatised by ZFC3). For so
defined TZFC, for every φ belonging to the arithmetical language, ZFC proves

TZFC(φ) ≡ φ∗ (ZFC-T-scheme)

where φ∗ is the standard translation of arithmetical sentence φ to the set-theoretical metalan-
guage. In a sense, the approach undertaken inAxiomatic Theories of Truth ismuchmore naïve:
we assume that we have a notion of truth, which a priori need not have any mathematical con-
tent except for what we explicitly stipulate by adding some axioms. Pursuing this strategy, we
might not succeed in laying mathematical foundations for the notion of truth by reducing it
to the notion of purely mathematical provenance, but we can study the notion of truth for B
without introducing objects or relations from the outside of B.

The second difference between our approach and the Tarskian model is where the syntac-
tical notions should be formalised. What is interesting is that in [44], Tarski noticed that the
metatheory of B need not be stronger than B itself,4 if we stipulate that the truth predicate (or
the satisfaction predicate) is introduced axiomatically:

Thus we see that the condition of "essential richness" is necessary for the pos-
sibility of a satisfactory definition of truth in the meta-language. If we want to de-
velop the theory of truth in a meta-language which does not satisfy this condition,
we must give up the idea of defining truth with the exclusive help of those terms
which were indicated above (in Section 8). We have then to include the term "true,"
or some other semantic term, in the list of undefined terms of the meta-language,
and to express fundamental properties of the notion of truth in a series of axioms.
There is nothing essentiallywrong in such an axiomatic procedure, and itmayprove
useful for various purposes.([44], p. 352)

When the notion of truth is introduced axiomatically, the question whether syntax of LB
should be formalised inside of B or in a distinct metatheory for B is not addressed by Tarski
(in [44]). However, in [21] and [32], Richard Heck (first paper), Graham Leigh and Carlo Nico-
lai (second paper) claim that mathematical and syntactical parts of the theory of truth for B
should be kept separate. The main motivation for doing this is to isolate purelymetatheoretical
reasonings and to separate them from reasonings in the object theory, allowing the truth pred-
icate only in the former. To illustrate the distinction, let us consider the following truth theory
(we allow ourselves for informal presentation): we take ZFC as our base theory and extend its
language with a binary predicate S(x, y) with the intended reading "sequence y satisfies for-
mula x", allowing it in the axioms schemata of comprehension and replacement. We also add
the UTB-like scheme

∀x0, . . . , xn
(
S(φ, 〈x0, . . . , xn〉) ≡ φ(x0, . . . , xn)

)
3 In [44], Tarski admitted thatmetatheory should contain logic "in a broad sense"; i.e. including "themathematical

theory of sets". Under so robust understanding of logic, Tarski’s truth definition can indeed be seen as given purely
in logical terms. However, Tarski also stated that he preferred to treat logic more narrowly. See [44], footnote 12, p.
371

4 In fact, it can be much weaker as all we demand is that some basic syntactical operations be expressible in it.
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for all formulae φ in the language of set-theory (where 〈x0, . . . , xn〉 denotes the sequence of
n elements having xi as its i–th element). The prominent example of a metatheoretical rea-
soning involving the truth predicate is, for example, induction on the length of proofs used in
demonstrating

∀φ ∈ SentZFC
(
PrZFC(φ)→ S(φ, ∅)

)
using the assumptions ∀φ

((
PrZFC(0, φ)→ S(φ, ∅)

)
and

∀φ
(
∀n ∈ ω

((
PrZFC(n, φ)→ S(φ, ∅)

)
→
(
PrZFC(n+ 1, φ)→ S(φ, ∅)

))
,

where PrZFC(x, φ) formalises the relation "there exists a proof of sentence φ from the axioms of
ZFC in at most x steps". In such a case, the reasoning "... is carried out on syntactic objects"
([32]); i.e. derivations within a formal system. We reason in the object theory using the satis-
faction predicate, when e.g. for a formula φ in the sense of the object theory we would like to
demonstrate

∀xS(φ, 〈x〉)

(〈x〉 denotes the one-elementary sequence) via ∈-induction, using the assumption

S(φ, 〈∅〉) ∧ ∀y
((
∀x ∈ yS(φ, 〈x〉)

)
→ S(φ, 〈y〉)

)
For such an argument to be valid, the quantifiers really have to range over all the objects from
the domain of our object theory, and not only over those of purely syntactical origins (obviously
if the two cannot be identified, as in the example above).

In [32], metatheory is disentangled from the object theory by introducing two additional
sorts of variables (i.e. new with respect to sorts of variables used by the object theory): one
whose intended interpretation is the set of expressions of the object language and which can ax-
iomatise relevant syntactical operations and the second for sequences (used as assignments).
Then the syntax of the object theory is given in terms of objects of the first sort (by adding some
appropriate axioms; in [32] the theory of expressions is simply PA) and a satisfaction predicate
is characterized axiomatically as a relation between expressions and sequences of objects from
the object domain of the object theory. In such a way, not only the truth predicate is "disen-
tangled" from the base theory, which is a characteristic feature of our approach, but the whole
metatheory is "disentangled" from it.

Let us now comment on the relation between our approach and that described above. In
fact, what we have just seen is really a formalisation of Tarski’s suggestion given in the second
quotation above5. Such an approach has an obvious advantage of making it possible to study
the notion of truth for theories that are tooweak to encode syntax (such as the theory of fields6).
Moreover, it provides a uniform way of building the metatheory for arbitrary theory Th and
since the notion of truth is treated axiomatically, we might vary its axioms while keeping the
syntactical part of the metatheory fixed, thus studying the notion of truth to some extent in-
dependently of the theory of syntax. Having said that, let us indicate why it is not the route

5 This inspiration is explicit in both [21] and [32].
6 Which, although undecidable, is not essentially undecidable, hence, cannot interpret Q.
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we would like to take, indicating however that it is not because we find the "disentangled syn-
tax" approach wrong in what it is meant to model. The main reason is really in the big picture
we would like to investigate: we do not want to treat B only as a theory we reason about, but
as a theory we reason in, when we do not use any semantical notions. B is to be treated as a
model of our non-semantical knowledge and that is why we want to formalise syntax using
the conceptual resources provided by B and not from the outside of B. Let us stress that in the
"disentangled syntax" approach, we need not assume that the metatheory is "essentially richer"
than the object theory. But still, it is based on the assumption that syntactical objects we use to
characterise the truth for B do not belong to the object domain of B. As was suggested above,
we do not want to treat all the metatheory as distinct from the base theory. The unique piece
of our knowledge that comes to B from the outside is the knowledge about the notion of truth
(or more general: semantics) for the language ofB. The last crucial point is that when the truth
(or satisfaction) predicate is added, we want it to characterise the notion of truth for the whole
language of B; i.e. for the language in which all non-semantical facts can be expressed. This
is not the case in Tarski’s and in the "disentangled syntax" approach, since there the notion of
truth is introduced only for the object theory, leaving the notion of truth for the syntactical part
of the metatheory undefined.

Although such a path is not exploited in our dissertation, let us briefly mention that our
axiomatic approach leaves open the possibility of studying properties of the self-applicable no-
tion of truth. It is a central idea of Tarski’s truth definition that the truth predicate is defined
for the language that does not contain it. As was convincingly argued by Kripke (in [30]), there
are good reasons for developing theories of truth in which this restriction is lifted. Taking the
axiomatic approach, the first step to realise this idea is trivial: simply add appropriate axioms
to base theoryB. Nowwe should check with howmany axioms we can extend the base theory,
not to render the resulting theory inconsistent. It showed up that many different axiomatisa-
tions of self-referential truth are possible (such as KF, WKF, PKF,FS, VF to name a few7, each
highlighting an important trait of the notion of truth 8

What are the questions wewould like to answer? Our goal is to examine how the properties
of a theory of truth change depending on the choice of truth-theoretical axioms. Consider, for
example, the minimal theory of truth over PA:

Definition 75 (TB). TB− is an LT theory extending PA with all axioms of the form

T (pφq) ≡ φ

where φ is an arbitrary arithmetical sentence. TB is the fully inductive extension of TB−.

Now we might ask whether adding induction to TB− or considering UTB− (Definition 64)
instead of TB− changes some properties of theories we investigate. Those properties, in turn,

7 For the definition consult [20](KF, PKF, FS), [17] (WKF) and [3] (VF).
8 For example, FS and PKF are "symmetrical", by which wemean that the outer logic (the logic in which respective

theories are formulated) and inner logic (the logic for which the semantics given by the truth predicate is sound)
coincide. This is not true of every theory of self-applicable truth: e.g. in KF both logics diverge, the inner being the
three valued Strong Kleene Logic, the outer being classical. It is an interesting discovery that KF is far stronger then
the two "symmetrical" systems.
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serve as explications of certain other traits of a notion of truth. Let us give some examples of
which properties of axiomatic theories might be considered, together with explanation of their
philosophical meaning (in the following, Th is an arbitrary theory extending B):

1. We might ask whether Th proves new (i.e. unprovable in B) sentences of LB ;

2. We might ask whether Th facilitates proofs of theorems of B; i.e. whether it proves some
theorems of B much faster than B itself (this notion being fully explained originally in
[38] and in this context in [13]);

3. We might ask which theories are relatively interpretable in Th (this notion being defined
in [25] and [21]);

4. We might ask which models of B are expandable to models of Th.

We shall elaborate further on points 1, 3 and 4 later on in this chapter (see Section 3.2), since
the three are actually our candidates for explicating the notion of "strength" of the notion of
truth. Point 2 was introduced by Martin Fischer (in [13]) as an explication of the notion of
"usefulness" of the notion of truth. In consequence, we may investigate how strength or the
usefulness of the notion of truth is related to its various properties (represented by the chosen
axioms forT ). For example: is classical compositionality a usefulproperty of truth? Is classically
compositional notion of truth stronger, than a non-classically compositional one? Under the
taken approach, we might study how varying the axioms for T influences answers to any of
the above questions. Furthermore, we can investigate which axioms for the truth predicate are
responsible for proving new sentences in the language ofB. Tarski Theorem states that the full
truth theory over B, being inconsistent, proves a lot new sentences of LB (obviously if only B is
consistent). Moreover, we know that if B is recursively axiomatisable, then there are sentences
undecided by B. This is the content of the famous Gödel’s Theorems:

Theorem 76 (Gödel–Rosser’s First Incompleteness Theorem; [34], [24], [19]). If B is a consistent
recursively axiomatisable theory extending Q, then there is a sentence φ ∈ LB such that

B 0 φ and B 0 ¬φ

In the theorem below, Con(B) is the natural consistency statement for B as introduced in
the previous chapter.

Theorem 77 (Second Gödel’s Theorem; [34], [19]). If B is a consistent recursively axiomatisable
theory extending Q, then B 0 Con(B).

Nowwe might ask which axioms (which truth properties) are responsible for deciding unde-
cidable sentences of the base theory. For many logicians, this view being clearly presented in
[45], proving the consistency ofB or reconstructing the metatheoretical reasoning that leads us
to accept the Gödel sentence for B, is one of the most important roles of the notion of truth.

To better explain the above picture, let us draw a parallel between this programme and the
motivations standing behind a plethora of research in Reverse Mathematics (for the exposition
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of its most important results see [41]) and in fact, the Hilbert’s Programme, since the former
aims to "partially realise" the latter (this "partial realisation" is the main topic of [40]). The base
theory is, in this case, IΣ1 being a "finitistically acceptable" part of mathematics, proving the
sameΠ1 sentences9 as Primitive Recursive Arithmetic (PRA). The latter is usually taken (after the
argumentation given by Tait in [43]) to be the theory capturing finitistic notions and reasonings.
To this base theory we add axioms expressing properties of infinite sets of natural numbers,
such as Weak König’s Lemma, Ramsey’s Theorem or comprehension for restricted class of formulae
and then study whether those principles have non-finitistic Π1 consequences 10 Similarly to our
case, this line of research aims at establishingwhat happenswhenprinciples concerning infinite
totalities are added to purely finitistic base theory. We study what happens when principles
concerning the truth are added to a base theory, which cannot represent this notion. We will
go back to this comparison when explaining the notion of strength, which interests us most.

In our investigations we shall restrict our attention to one particular base theory B and
study (a particular kind of) axiomatic theories of truth over Peano Arithmetic PA, as defined in
Definition 5. There are at least four reasons to motivate this choice:

1. Importance

PA is one of themost important theories in the Foundations ofMathematics being the nat-
ural first-order variant of Dedekind axiomatisation (that this is indeed the natural vari-
ant is sometimes called the Isaacson’s thesis, see [8] for a discussion). Moreover, it can be
treated as the theory of hereditarily finite sets in disguise, being bi-interpretable with a very
natural set theory of hereditarily finite sets (see Subsection 2.0.2).

2. Possibility of dealing with compositional truth

In contrast to e.g. ZFC, PA proves that every object from the domain can be named (by a
numeral, for example). This feature makes it possible to define compositional axioms for
T in the form

T (∃vφ) ≡ ∃xT (φ(x))

whereas in ZFC such an axiom would yield unwanted consequences. In particular, to
verify whether an existential sentence ∃xφ is true, it would be sufficient to check whether
an object which can be named satisfies φ.

3. Convenience

PA is a well-studied and fairly well understood axiomatic theory with nicely developed
metamathematics (see e.g. [19]) and model theory (see e.g. [24], [27]).

4. Not-that-much-loss-of-generality

Usually, it can be easily seen how results obtained for PA can be transferred to other base
theories. This is, however, more heuristic than a theorem and the case of each axiomatic
truth theory has to be considered separately.

9 In fact, the sameΠ2 sentences, whichmeans that the provably total in IΣ1 are exactly primitive recursive functions.
10 The recent breakthrough in the field, obtained jointly by Ludovic Patey andKeita Yokoyama, shows that Ramsey

Theorem for pairs and two colours is finitistically reducible.
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In summary, we think that from a methodological point of view the choice of PA as a start-
ing point is very natural: moreover, it is a well established line of research. For example, [20] is
wholly devoted to axiomatic theories of truth extending PA. Obviously, it does not mean that
there are no results concerning axiomatic truth or satisfaction theories obtained in greater gen-
erality. For example, [9] studies the theory of Full Satisfaction Class over everyB strong enough
for representing syntax (this latter notion being formalised in terms of interpretability of some
designated theory; a similar perspective is taken up in [31]) and [18] investigates the strength of
various theories of satisfaction over some set theories. Now the definition of axiomatic theory
of truth as used in this dissertation can be given:

Definition 78. Let LT be the language LPA ∪ {T} where T is a unary predicate symbol. An
axiomatic theory of truth is any LT theory extending TB−.

3.2 Strength of Axiomatic Theories of Truth

As already signalled in the last section, the main focus of this dissertation is the strength of
axiomatic theories of truth. This notion can be explicated in many different ways. The most
crude is simply via the inclusion of sets of consequences: we may say that Th1 is not stronger
than Th2, if Th2 proves all the axioms of Th1 (Th2 ` Th1) and Th2 is strictly stronger, if Th1

is not stronger than Th2 but not vice versa. Using such a criterion, we easily see, for example,
that TB is not stronger than UTB: moreover, an easy compactness argument shows that, in
fact, UTB is strictly stronger11. Such a definition, in many applications, however, goes against
intuition: it classifies some natural theories as incomparable in the situation where one seems
to axiomatise a stronger notion of truth than the other. Still, it can be treated as the (obvious,
in fact) "upper-bound" on the explications of the notion of strength, in the following sense: if
Th2 proves the axioms of of Th1, then Th1 has to be not stronger than Th2, according to any
reasonable notion of "strength". The next subsection provides us with a more relaxed criterion
and the two following subsections are devoted to presenting two notions of strength based on
the relation between the truth theory and its base theory. The last one is the main focus of this
dissertation, but we think it is worth seeing in a wider context.

3.2.1 Relative Truth Definability

In [17], Kentaro Fujimoto observed that in the context of axiomatic truth theories over the same
base theories, the following refinement of the standard relative intepretability relation (as de-
fined in [19], for example) seems to be particularly fruitful:

Definition 79. Let Th1 and Th2 be two axiomatic truth theories. We say that Th1 is relatively
truth definable in Th2 if there exists a formula φ(x) ∈ LT with one free variable, such that for
every axiom Ψ of Th1

Th2 ` Ψ[φ(x)/T (x)]

11 The intuition behind the argument is that TB knows nothing about the truth of sentences with non-standard
terms. By compactness, it is easy to see that there is a modelM |= TB such that for some c >M ω,M |= ¬T (c = c).
Such a model cannot serve as an interpretation of UTB
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where Ψ[φ(x)/T (x)] is as explained in Definition 7. We write Th1 ≤F Th2
12 to denote that Th1

is relatively truth definable in Th2.

One can base the notion of strength on the above definition in the obvious way: Th1 is
not stronger in the sense of Fujimoto than Th2, if Th1 ≤F Th2 and Th2 is stronger in the sense of
Fujimoto than Th1 if Th1 is not stronger than Th2, but not the otherway round (this latter relation
will be denoted Th2 �F Th1). The intuition behind this notion of strength is that if Th1 �
Th2, then Th2 axiomatises a more expressive notion of truth: Th2 admits resources to define
the notion of truth axiomatised by Th1, but Th1 cannot do the same thing with the notion of
truth axiomatised by Th2. It is of crucial importance that, in interpreting Th1 in Th2, we are
allowed neither to redefine notions from the base theory (shared by both truth theories) nor
to relativise the range of quantifiers (and such changes are allowed by the standard relation of
relative interpretability).

Obviously, if Th2 ` Th1, then Th1 ≤F Th2, since for the formula φ(x) from Definition 79,
one can simply take T (x), where T is the truth predicate from Th2. However, there are theories
Th1 and Th2, such that neither Th1 ` Th2, nor Th2 ` Th1, but Th1 ≤F Th2. The examples
were already given Fujimoto’s original paper: for Th1 one can take WKF and for Th2– KF (both
theories defined in [17]; the question whether WKF �F KF is still open).

Remark 80. It will be worth stretching the scope of Definition 79 to also compare the theo-
ries of satisfaction (which can be defined analogously to truth theories, but instead of a unary
predicate T (x) having a binary predicate S(x, y)) with other satisfaction or truth theories. The
modification, however, is obvious: if Th1 and Th2 are two theories of satisfaction, then Th1 is
relatively truth definable in Th2 if there exists a formula φ(x, y) such that for every axiom Ψ of
Th1

Th2 ` Ψ[φ(x, y)/S(x, y)].

The cases when only one of Th1, Th2 is a theory of satisfaction (and the other a theory of truth)
are handled in a similar way.

Loosely speaking, both the above notions of strength are sensitive to the truth theoretical
content of the truth theories (in fact, relative truth definability was offered as an explication
of precisely this notion) as well as to their non-semantical content; i.e. how much do they say
about the realm of the base theory. Expressing the last thought a little bit more precisely (in a
moment we shall present two possible formal explications of this latter notion), there might be
two reasons for Th1 not being relatively truth definable in Th2:

1. Th1 saysmore about the notion of truth, but none of the theories deliversmore restrictions
on the realm of the base theory;

2. In comparison with Th2, Th1 says something essentially new about the realm of the base
theory.

12 "F" standing for "Fujimoto".
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From the philosophical viewpoint it is worth distinguishing between 1 and 2. For exam-
ple, if one takes the instrumentalist standpoint towards the notion of truth, then he or she is
not interested in what the truth really is, but what consequences accepting a certain theory of
truth might have on the truth-free part of our knowledge. Once again, the analogy with Reverse
Mathematics comes in handy: apart from the questions about which second-order sentences
are provable in which systems, we are interested in whether certain axioms have non-finitistic
consequences. For example, that WKL is not provable in RCA0 is not the end of the story:
the interesting thing is that RCA0 can be extended with WKL and the resulting theory, WKL0

proves the same Π0
1 sentences as IΣ1

13. As we already indicated, the motivation standing be-
hind this kind of research in Reverse Mathematics was Hilbert’s Programme. A similar role in
Axiomatic Truth Theories was played by Deflationism, whose central thesis on the "lightness"
of truth was proposed to be explicated in terms of conservativity over the base theory. From the
very beginning, two different notions of conservativity were involved:

Definition 81 (Conservativity). Let Th be an axiomatic theory of truth.

1. Th is proof-theoretically conservative14 over PA if for every sentence φ ∈ LPA,

Th ` φ⇒ PA ` φ.

2. Th is model-theoretically conservative15 over PA if every model of PA expands (in the sense
of Definition 60) to a model of Th.

For quite some time, it was claimed 16 that the deflationary theory of truth should be con-
servative over PA and both notions of conservativity were, in fact, present in the discussion. As
for now, we are highly skeptical that this is a correct explication of deflationary theses (mainly
after the arguments given in [4]). However, based on both notions of conservativity we can
define two notions of strength relative to PA. We start with a stronger one and then proceed to
one which is of central interest to this dissertation.

3.2.2 Model-theoretical Strength

Let us start with a definition:

Definition 82. Let Th1 and Th2 be two truth theories. We shall say that Th1 ismodel-theoretically
not stronger than Th2, symbolically Th1 ≤M Th2, if every model of PA which expands to a
model of Th2, expands to a model of Th1. We shall say that Th2 is model-theoretically stronger,
symbolically Th1 �M Th2, if Th1 ≤M Th2 but Th2 �M Th1.

This definition is motivated in the following way: we take the class of models of a theory to
be all possibilities admitted by this theory. If there aremodels of PA that cannot be expanded to

13 For all these facts and definitions of theories involved, see [41]. The good reference for Π0
1 conservativity of

WKL0 over IΣ1 is also [47]
14 This property of theories is sometimes called also "syntactical conservativity".
15 This property of theories is sometimes called also "semantical conservativity".
16 See [39], [26], [42] for support of this thesis and [45] for critical remarks.
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models of Th, it means that Th excludes some of the possibilities allowed by PA. If Th2 ismodel-
theoretically stronger than Th1, then Th2 excludes more possibilities than Th1. However, it is to
be noted that in most interesting cases the class of possibilities we eliminate cannot be defined
by a LPA sentence. Let us give one such example: we shall show that TB �M UTB. By Theorem
66 every model of UTB is recursively saturated. By Theorem 3.7 in [33] there exists a model of
TB which is not recursively saturated; hence, TB �M UTB. That TB ≤M UTB is obvious, since
TB is a subtheory of UTB. Since TB and UTB are both proof-theoretically conservative over PA,
they do not differ on arithmetical consequences. It is worth mentioning that already TB is not
model-theoretically conservative over PA17, hence, the class of PAmodels expandable to TB (or
UTB) is not closed under (LPA) elementary equivalence. In particular, there are models of PA
M0,M1,M2 which are (LPA) elementary equivalent, but

1. M0 cannot be expanded to a model of TB.

2. M1 can be expanded to a model of TB, but not to a model of UTB.

3. M2 can be expanded to a model of UTB.

3.2.3 Proof-Theoretical Strength

Usually, when we talk about proof-theoretical strength of a theory we study how much sen-
tences from certain class Γ the chosen theory proves: for example, many researchers working
in Reverse Mathematics concentrate around the question whether a given subsystem of Sec-
ond Order Arithmetic proves more Π1 sentences than IΣ1 (such consequences are called non-
finitistic). A theory can be considered "strong" if it has non-finitistic consequences. InAxiomatic
Theories of Truth, when investigating the proof-theoretical strength of truth theories, we ask
which axioms for the truth predicate allow us to deduce sentences of the base theory that are
unprovable bymeans of the base theory itself. Since the base theory (PA in our model) is meant
to represent our knowledge on non-semantical facts, the above motivation can be paraphrased
in the following way: which properties of the notion of truth allow us to deduce sentences
about non-semantical facts that couldn’t be deduced from this part of our knowledge which is
formulated without invoking the truth predicate? A theory of truth is strong if it proves more
LPA sentences than PA itself. If Th1 and Th2 are two truth theories, then Th2 is stronger if it
proves strictly more LPA sentences than Th1. Let us put it in the form of a definition:

Definition 83. Let Th1 and Th2 be two truth theories. We shall say that Th1 is proof-theoretically
not stronger Th2, symbolically Th1 ≤P Th2, if for every sentence φ ∈ LPA we have

Th1 ` φ⇒ Th2 ` φ.

We shall say that Th2 is proof-theoretically stronger if Th1 ≤P Th2 but Th2 �P Th1.

In this dissertation, this question will be of particular interest to us: which axiomatic truth
theories are strong enough to prove the uniform reflection scheme for PA (i.e. UR(PA), as

17 This being an observation due to Cezary Cieśliński and Fredrik Engström (independently). For a proof see [33].
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defined in Definition 61)? Not all instantiations of this scheme are provable in PA, since for
example if

PrPA(p0 = 1q)→ 0 = 1

was provable, then ConPA would be, contradicting Gödel’s Second Incompleteness Theorem
(Theorem 77). As the next theorem witnesses, instantiations of reflection with sentences are
provable only for those sentences which are already theorems of PA:

Theorem 84 (Löb’s Theorem; [19] Theorem 2.26). For every formula φ ∈ LPA the following are
equivalent

1. PA ` PrPA(pφq)→ φ.

2. PA ` φ.

In particular, we see that the case of sentence 0 = 1 was not exceptional: PrPA(pφq)→ φwill
be unprovable in PA for every φ which is unprovable itself (in particular, for every refutable
sentence). However, it is often claimed that PA "implies" UR(PA) in a weaker sense. The re-
flection scheme is claimed to express that consequences of PA are valid, and doing this from
the point of view of PA, since PrPA predicate naturally formalises provability in PA. Hence, if
anyone accepts PA and admits that inferences in First-Order Logic preserve validity, then he or
she should accept UR(PA). Such a view has been discussed, for example, in [22]. Feferman’s
classical paper ([11]) studies which theories are obtained as limit of this process (see also [8] for
an overview and [16] for a gentle introduction). We have to admit that there is a lot of philo-
sophical work to clarify these intuitions (see [4]), but the intuitions seems correct. We think that
the results of this dissertation shed some light on which truth principles allow us to deduce the
implicit commitments of PA.

3.2.4 Relations between the three notions of strength

Before we introduce the truth theories we would like to study, let us make explicit the relations
between the three above notions of strength.

Proposition 85. For every axiomatic truth theories Th1 and Th2:

Th1 ≤F Th2 ⇒ Th1 ≤M Th2 ⇒ Th1 ≤P Th2.

Sketch of the proof. We prove Th1 ≤F Th2 ⇒ Th1 ≤M Th2 first. Assume Th1 ≤F Th2 and let
φ(x) define Th1 in Th2. Let us pick arbitrary modelM |= PA which expands to Th2 and let
M′ := (M, T r) be the result of this expansion. Then (M, φM

′
) is a model of Th1 (we use

Convention 8). To prove Th1 ≤M Th2 ⇒ Th1 ≤P Th2 assume the former holds. Pick arbitrary
φ ∈ LPA such that Th1 ` φ. To see that Th2 ` φ fix arbitrary model M |= PA such that
(M, T r) |= Th2. SinceM expands to a model of Th2, then it expands to a model of Th1, hence,
M |= φ.



3. Axiomatic Theories of Truth 43

It is worth mentioning that none of the above implications reverses: we have already said
that TB and UTB have the same consequences in LPA, but UTB �M TB. Their non-inductive
counterparts provide a counter example to the implication Th1 ≤M Th2 ⇒ Th1 ≤F Th2: UTB−

and TB− are model-theoretically conservative over PA18, but UTB− �F TB−. The latter holds,
for otherwise we would have UTB ≤F TB19 and this is not true by the first part of the proof
and already mentioned fact that UTB �M TB. Let us state one more proposition, that can be
proved in a similar way to that stated above:

Proposition 86 ([17]). Let Th1 and Th2 be two theories of truth (or satisfaction) such that Th1 ≤F Th2.
Then

1. ifTh2 is proof-theoretically (model-theoretically) conservative overPA, thenTh1 is proof-theoretically
(model-theoretically) conservative over PA.

2. if Th1 is not proof-theoretically (model-theoretically) conservative over PA, then Th2 is not proof-
theoretically (model-theoretically) conservative over PA.

This dissertation is oriented mainly on proof-theoretical strength. However, at some points
we shallmention the other two notions. Lastly, let us observe that having three different notions
of strength of axiomatic theories of truth makes it possible to measure not only whether one
theory is stronger than another one, but also how much stronger it is. In the next section we
define the theories which will be of interest.

3.3 Definitions of Axiomatic Theories of Truth in Study

In this sectionwe introduce all the basic theories studied in the current dissertation. All the the-
ories will be stratified, i.e. the notion of truth is characterized only for the arithmetised language
LPA. Although the main focus of this thesis is axiomatic theories of truth, in some contexts (for
example, in model theory of Peano Arithmetic) the notion of satisfaction plays a more impor-
tant role. Moreover, this notion can be generalised to theories which does not prove that every
object can be named by a closed term (ZFC being the most important example). Last but not
least axiomatic theories of satisfaction are, in general, relatively truth definable (made precise in
Subsection 3.2.1, Remark 80) in their truth theoretic counterparts and in this sense, are weaker.
To sum up: axiomatic theories of satisfaction enable us to obtain more general results. Below,
we introduce all the relevant theories of truth and their "satisfaction counterparts". We start
with some handy notational conventions:

Definition 87 (PA).

1. If x is a term or a formula, then
18 The proof is very easy and moreover, both theories are subtheories of PT− and WPT−, hence, it is also a conse-

quence of results mentioned in Subsection 3.3.4 and Theorem 209
19 As can be easily verified, if Th1 is relatively truth definable in Th2, then Th1 + Ind(LT ) is relatively truth

definable in Th2 + Ind(LT ). See also Proposition 28 in [17].
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(a) we say that an assignment α is an assignment for x if and only if dom(α) = FV(x)

(dom(α) = Var(x), if x is a term). The set of assignments for x will be denoted by
Asn(x).

(b) If c is any set of terms or variables, then Asn(c) =
⋃
x∈cAsn(x). If x0, . . . , xn are any

terms or formulae, then Asn(x0, . . . , xn) is a short for Asn({x0, . . . , xn}).

2. If α, β are assignments and v is a variable then β ∼v αmeans that β differs from α at most
on the value assigned to the variable v and β is defined on v variable. This includes the
situation in which α does not assign anything to v and β assigns something to it. We note
that, in contrast with the logical tradition, this relation is not an equivalence relation. We
prefer such format because it will be more convenient later on.

3. if φ is a formula and α is an assignment, then α �φ denotes the restriction of assignment α
to the free variables of φ. In the context of a satisfaction predicate S, S(φ, α �.) abbreviates
S(φ, �φ).

3.3.1 Classically Compositional Theories

Definition 88 (CT−). CT− is the LT theory extending PA with the following axioms:

1. ∀x
(
T (x)→ SentLPA(x)

)
2. ∀s, t

(
T (s = t) ≡ (s◦ = t◦)

)
3. ∀φ

(
T (¬φ) ≡ ¬T (φ)

)

4. ∀φ, ψ
(
T (φ ∨ ψ) ≡

(
T (φ) ∨ T (ψ)

))

5. ∀v∀φ(v)

(
T (∃vφ) ≡ ∃x T (φ(x))

)
Proposition 89 (Truth conditions for ∧,→ and ∀). The following sentences are provable in CT−

1. ∀φ, ψ
(
T (φ ∧ ψ) ≡

(
T (φ) ∧ T (ψ)

))

2. ∀φ, ψ
(
T (φ→ ψ) ≡

(
T (φ)→ T (ψ)

))

3. ∀v∀φ(v)

(
T (∀vφ) ≡ ∀x T (φ(x))

)
Definition 90 (CS−). CS− is the extension of PA with the following axioms:

1. ∀x, y
(
S(x, y)→ x ∈ FormLPA ∧ y ∈ Asn(x)

)
.

2. ∀s(x̄), t(x̄)∀α ∈ Asn(s, t)
(
S(s = t, α) ≡ (s)◦α = (t)◦α

)
.

3. ∀φ(x̄), ψ∀α ∈ Asn(φ, ψ)
(
S(φ ∨ ψ, α) ≡ S(φ, α �.) ∨ S(ψ, α �.)

)
.
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4. ∀φ(x̄)∀α ∈ Asn(φ)
(
S(¬φ, α) ≡ ¬S(φ, α)

)
.

5. ∀φ(x̄)∀v∀α ∈ Asn(∃vφ)

(
S(∃vφ, α) ≡ ∃β ∼v α S(φ, β �.)

)
.

Recall that in the arithmetised language LPA, for all formulae φ, ψ, φ ∧ ψ, φ → ψ and ∀vφ
are treated as abbreviations of ¬(¬φ ∨ ¬ψ), ¬φ ∨ ψ and ¬∃v¬φ, respectively. Also we have the
following easily provable proposition

Proposition 91 (Satisfaction conditions for ∧, → and ∀). The following sentences are provable in
CS−

1. ∀φ(x̄), ψ(x̄),∀α ∈ Asn(φ, ψ)
(
S(φ ∧ ψ, α) ≡ S(φ, α �φ) ∧ S(ψ, α �ψ)

)
.

2. ∀φ(x̄), ψ(x̄),∀α ∈ Asn(φ, ψ)
(
S(φ→ ψ, α) ≡ S(φ, α �φ)→ S(ψ, α �ψ)

)
.

3. ∀φ(x̄)∀v∀α ∈ Asn(∀vφ)

(
S(∀vφ, α) ≡ ∀β ∼v α S(φ, β �φ)

)
.

Remark 92 (Full satisfaction classes in models of PA). IfM is a model of PA then any A ⊂M2

such that
(M, A) |= CS−

is called a full satisfaction class onM. This notion is very important in the study of structure of
models of PA. Its significance is described, for example, in [24] and [27].

Definition 93 (CT and its subsystems). CT is the theory axiomatised by CT− and Ind(LT ) and
CTn is the theory axiomatied by CT− and IΣn(LT ).

3.3.2 Non-Classically Compositional Theories of Truth

To our best knowledge theory PT− has been introduced in [12] as the stratified counterpart of
Kripke-Feferman theory KF− (defined as KF � in [20]). Its introduction was connected with the
search of axiomatic theory of truth that would be both semantically conservative over PA and
not relatively interpretable in it.

Definition 94 (PT−). PT− is the LT theory extending PA with the following axioms:

1. ∀x
(
T (x)→ SentLPA(x)

)
2. ∀φ

(
T (¬¬φ) ≡ T (φ)

)
3. (a) ∀s, t

(
T (s = t) ≡ (s◦ = t◦)

)
(b) ∀s, t

(
T (¬(s = t)) ≡ (s◦ 6= t◦)

)
4. (a) ∀φ, ψ

(
T (φ ∨ ψ) ≡

(
T (φ) ∨ T (ψ)

))
(b) ∀φ, ψ

(
T (¬(φ ∨ ψ)) ≡

(
T (¬φ) ∧ T (¬ψ)

))
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5. (a) ∀v∀φ(v)

(
T (∃vφ) ≡ ∃x T (φ(x))

)
(b) ∀v∀φ(v)

(
T (¬∃vφ) ≡ ∀x T (¬φ(x))

)
In PT− (and KF−), the internal logic is modelled after Strong Kleene Logic. In [17] theory

WKF− has been introduced: the internal logic of this theory is modelled after Weak Kleene
Logic. Theory WPT− introduced below is its natural stratified counterpart. Before giving its
axioms, we shall introduce formulae that are crucial in studying properties of non-classically
compositional theories:

Definition 95.
tot(φ) := Form≤1

LPA(φ) ∧ ∀x
(
T (φ(x)) ∨ T (¬φ(x))

)
cons(φ) := Form≤1

LPA(φ) ∧ ¬∃x
(
T (φ(x)) ∧ T (¬φ(x))

)
Tot := ∀v∀φ(v) tot(φ)

Cons := ∀v∀φ(v) cons(φ)

Moreover to save place, let us introduce the following abbreviation (which gives the seman-
tics for the disjunction according to the Weak Kleene Logic):

∨wk(φ, ψ) :=
(
T (φ) ∧ T (ψ)

)
∨
(
T (¬φ) ∧ T (ψ)

)
∨
(
T (φ) ∧ T (¬ψ)

)
Definition 96 (WPT−). WPT− is the LT theory extending PA with axioms 1, 2, 3(a), 3(b), 4(b),
5(b) from Definition 94 and the following sentences:

4(a)w ∀φ, ψ
(
T (φ ∨ ψ) ≡ ∨wk(φ, ψ)

)

5(a)w ∀v∀φ(v)

(
T (∃vφ) ≡

(
tot(φ) ∧ ∃xT (φ(x))

))
Proposition 97. The following sentences are provable in both PT− and WPT−:

1. ∀φ, ψ
(
T (φ ∧ ψ) ≡

(
T (φ) ∧ T (ψ)

))
2. ∀v∀φ(v)

(
T (∀vφ) ≡ ∀x T (φ(x))

)
3. ∀φ, ψ

(
∨wk(φ, ψ) ≡

(
tot(φ) ∧ tot(ψ) ∧ T (φ) ∨ T (ψ)

))
Moreover, the following sentences are provable in PT−:

4. ∀φ, ψ
(
T (¬(φ ∧ ψ)) ≡

(
T (¬φ) ∨ T (¬ψ)

))

5. ∀φ, ψ
(
tot(φ) ∧ cons(φ) −→ T (φ→ ψ) ≡

(
T (φ)→ T (ψ)

))

6. ∀v∀φ(v)

(
T (¬∀vφ) ≡ ∃xT (¬φ(x))

)
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and the following are provable inWPT−:

7. ∀φ, ψ
(
T (¬(φ ∧ ψ)) ≡

(
tot(φ) ∧ tot(ψ) ∧

(
T (¬φ) ∨ T (¬(ψ))

)))

8. ∀φ, ψ
(
tot(φ) ∧ cons(φ) ∧ tot(ψ) −→ T (φ→ ψ) ≡

(
T (φ)→ T (ψ)

))

9. ∀v∀φ(v)

(
T (¬∀vφ) ≡ tot(φ) ∧ ∃xT (φ(x))

)
Proposition 98. CT− proves the axioms of both PT− and WPT−. Moreover

1. PT− + Tot `WPT−

2. WPT− + Tot ` PT−

3. PT− + Tot + Cons ` CT−

4. WPT− + Tot + Cons ` CT−

Proposition 99. For every formula of LPA φ(x0, . . . , xn) both PT− andWPT− prove

∀t0, . . . , tn
(
T (φ(t0, . . . , tn)) ≡ φ(t0

◦, . . . , tn
◦)
)

In particular, every standard formula of LPA is total and consistent, provably in both theories.

Let us now define two non-classically compositional theories of satisfaction. To our best
knowledge this is the first time these theories have become objects of study.

Definition 100 (PS−). PS− is the extension of PA with the following axioms:

1. ∀x, y
(
S(x, y)→ x ∈ FormLPA ∧ y ∈ Asn(x)

)
.

2. ∀φ(x̄)∀α ∈ Asn(φ)
(
S(¬¬φ, α) ≡ S(φ, α)

)
.

3. (a) ∀s, t ∈ Term∀α ∈ Asn(s, t)
(
S(s = t, α) ≡ (s)◦α = (t)◦α

)
.

(b) ∀s, t ∈ Term∀α ∈ Asn(s, t)
(
S(¬s = t, α) ≡ (s)◦α 6= (t)◦α

)
.

4. (a) ∀φ(x̄), ψ(x̄)∀α ∈ Asn(φ, ψ)
(
S(φ ∨ ψ, α) ≡ S(φ, α �.) ∨ S(ψ, α �.)

)
.

(b) ∀φ(x̄), ψ(x̄)∀α ∈ Asn(φ, ψ)
(
S(¬(φ ∨ ψ), α) ≡ S(¬φ, α �.) ∧ S(¬ψ, α �.)

)
.

5. (a) ∀φ(x̄)∀v∀α ∈ Asn(∃vφ)

(
S(∃vφ, α) ≡ ∃β ∼v α S(φ, β �.)

)
.

(b) ∀φ(x̄)∀v∀α ∈ Asn(∃vφ)

(
S(¬∃vφ, α) ≡ ∀β ∼v α S(¬φ, β �.)

)
.

The following definition generalises the notion of total formulae in theories of satisfaction:

Definition 101.
tot(φ, α) := S(φ, α) ∨ S(¬φ, α)

totv(φ, α) := ∀β ∼v α tot(φ, β �φ).

Tot(S) := ∀φ(x̄)∀α ∈ Asn(φ) tot(φ, α).
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For further usage let us define also the dual of totv(α, φ):

Definition 102.
cons(φ, α) := ¬

(
S(φ, α) ∧ S(¬φ, α)

)
consv(φ, α) := ∀β ∼v α cons(φ, β).

Cons(S) := ∀φ(x̄)∀α ∈ Asn(φ) cons(φ, α).

Moreover, to save place, let us use the following abbreviation (analogous to ∨wk(φ, ψ) de-
fined earlier):

∨wk (φ, ψ, α) :=

((
S(φ, α �φ) ∧ S(ψ, α �ψ)

)
∨
(
S(¬φ, α �φ) ∧ S(ψ, α �ψ)

)
∨
(
S(φ, α �φ) ∧ S(¬ψ, α �ψ)

))
∨wk gives the semantics for disjunction according to Weak Kleene Logic.

Definition 103 (WPS−). WPS− is the extension of PA with axioms 1, 2, 3, 4(b), 5(b) from the
definition of PS− and additionally

4(a)w ∀φ(x̄), ψ(x̄)∀α ∈ Asn(φ, ψ)
(
S(φ ∨ ψ, α) ≡ ∨wk(φ, ψ, α)

)
.

5(a)w ∀φ(x̄)∀v∀α ∈ Asn(∃vφ)

(
S(∃vφ, α) ≡ totv(φ, α) ∧ ∃β ∼v α S(φ, β �φ)

)
.

As usual φ ∧ ψ in the arithmetised language abbreviates ¬(¬φ ∨ ¬ψ) and ∀vφ abbreviates
¬∃v¬φ. For completeness, let us note that both theories prove the expected truth conditions for
∧ and ∀:

Proposition 104. If Th is any of PS−,WPS−, then the following hold

1. Th ` ∀φ(x̄), ψ(x̄)∀α ∈ Asn(φ, ψ)
(
S(φ ∧ ψ, α) ≡ S(φ, α �φ) ∧ S(ψ, α �ψ)

)
2. Th ` ∀φ(x̄)∀v∀α ∈ Asn(∀vφ)

(
S(∀vφ, α) ≡ ∀β ∼v α S(φ, β �φ)

)
Moreover, the following sentences are provable inWPS−:

3. ∀φ(x̄), ψ(x̄)∀α ∈ Asn(φ, ψ)
(
S(¬(φ ∧ ψ), α) ≡

(
∨wk(¬φ,¬ψ, α)

))
4. ∀φ(x̄)∀v∀α ∈ Asn(∀vφ)

(
S(¬∀vφ, α) ≡

(
totv(φ, α) ∧ ∃β ∼v α S(¬φ, β �φ)

))
and the following are provable in PS−:

5. ∀φ(x̄), ψ(x̄)∀α ∈ Asn(φ, ψ)
(
S(¬(φ ∧ ψ), α) ≡

(
S(¬φ, α �φ) ∨ S(¬ψ, α �ψ)

))
6. ∀φ(x̄)∀v∀α ∈ Asn(∀vφ)

(
S(¬∀vφ, α) ≡

(
∃β ∼v α S(¬φ, β �φ)

))
Let us make the following easy observations, analogous to those made while introducing

CT−, PT− and WPT−:
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Proposition 105. CS− proves the axioms of both PS− and WPS−. Moreover

1. PS− + Tot(S) `WPS−

2. WPS− + Tot(S) ` PS−

3. PS− + Tot(S) + Cons(S) ` CS−

4. WPS− + Tot(S) + Cons(S) ` CS−

The following definition is analogous that given for CT−:

Definition 106. PT and WPT denote the fully inductive extensions of PT− and WPT−, respec-
tively. For every n PTn and WPTn denote the extensions of PT− and WPT− with instantiations
of induction scheme for Σn LT formulae. PS, PSn, WPS, WPSn are analogously defined exten-
sions of PS− and WPS−.

The next proposition gives a method of relatively truth defining theories of satisfaction in
respective theories of truth. We state it for the pair CT− and CS− but it holds without changes,
also for the pairs

PT− and PS−

WPT− and WPS−

Proposition 107. Let φS(x, y) be the LT formula

FormLPA(x) ∧ y ∈ Asn(x) ∧ T (x[y])

Then CT− ` CS−[φS(x, y)/S(x, y)] and CT0 ` CS0[φS(x, y)/S(x, y)]

Proof. The only non-obvious part is to show that CT0 ` ∆0(φS(x, y)). By Proposition 56 it
is enough to demonstrate that in each modelM of CT0, φMS (x, y) is a class (in the sense of
Definition 55). So let us fix arbitraryM |= CT0 and c ∈ M . By the collection principle inM
there is d such that for every x, y such that 〈x, y〉 < c, if x is a formula and y is an assignment
for y, x[y] is less than d. Let e be such that

M |= ∀z < d
(
T (z) ≡ z ∈ e

)
(the existence of such an e follows from the fact thatM |= ∆0(T )). Then inM it holds that for
all x, y such that 〈x, y〉 < c

φS(x, y) ≡
(
FormLPA(x) ∧ y ∈ Asn(x) ∧ x[y] ∈ e

)
Since the formula on the right-hand side is arithmetical wemay find the element coding the set

{〈x, y〉 ∈M | 〈x, y〉 < c ∧M |= FormLPA(x) ∧ y ∈ Asn(x) ∧ x[y] ∈ e}

which suffices by the above equivalence.
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It might seem that the converse to the above theorem should be obvious, as well: working
in Th, which can be any of CS−, PS−, WPS−, the formula

T (x) := S(x, ε)

should serve as an interpretation of the truth predicate of the respective theory of truth. This,
however, is not true for theories without induction and problematic for ∆0 inductive ones. The
delicate issue is that, having so restricted means, it is impossible (in the former case) or not
obvious (in the latter case) that for all φ(v) and all xwe have

S(φ(v), [v 7→ x]) ≡ S(φ(x), ε)

which is needed to prove the quantifier axiom of the respective theory of truth ([v 7→ x] denotes
the assignment sending v to x and undefined for the rest of variables). The fact that the above is
not provable in CS− can be demonstrated using Enayat-Visser techniques from [9]. In Chapter
4, we shall show that the above is provable in CS0 and later on, in Section 5.1, that it holds also
in PS0 and a strengthening of WPS0.

3.3.3 Strength of Classically Compositional Theories

Let us now present what is already known concerning the strength of classically compositional
theories. The most important theorem states that such theories without induction are proof-
theoretically weak. By Proposition 107 and Proposition 86, it is enough to state it for CT−.

Theorem108 (Krajewski-Kotlarski-Lachlan[29], Enayat-Visser[9],Leigh[31]). CT− is proof-theoretically
conservative over PA.

However, both theories, CT− and CS− are not completely innocent: from the class of all
models of PA they eliminate all non-standard models that are not recursively saturated. The
best source to the theorem below, witnessing semantical strength of CS− is [24], Theorem 15.5.
Once again, the analogous theorem for CT− is an easy consequence, since CS− is relatively
interpretable in CT−.

Theorem 109 (Lachlan). Every model ofCS− is recursively saturated. In particular,CS− is not model-
theoretically conservative over PA.

Putting together the above theorems and what was said about TB and UTB, we see three
very different theories of truth which share arithmetical consequences with PA (are proof-
theoretically weak), but all eliminate some models (are model-theoretically strong). It turned
out that they can be compared with respect to model-theoretical strength. The theorem below
can be seen as strengthening of Lachlan’s theorem, since it is a routine argument that every
model of UTB is recursively saturated.

Theorem 110 (Wcisło, [33]). UTB ≤M CT−.

Let us now pass to the extensions of CT−with induction scheme for formulaewith the truth
predicate. Sincewe know that every such extension is notmodel-theoretically conservative over
PA, in the rest of this subsection we shall often use "conservative" to mean "proof-theoretically
conservative over PA". We have the following folklore result:
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Theorem 111 ([20]). CT is not proof-theoretically conservative over PA.

A natural question arises: which extensions of CT− are conservative? The line demarcating
its conservative extensions from the non-conservative ones has been called the Tarski Boundary20.
In fact, the usual proof of Theorem 111 proceeds by demonstrating that the following principle,
called Global Reflection, is provable in CT:

∀φ
(
PrPA(φ)→ T (φ)

)
. (REF)

Obviously each extension of CT−, which proves (REF) is not conservative. Since CT is not
finitely axiomatisable21 the above sentence has to be provable in one of CTn’s. An inspection
of the proof quickly shows that

CT1 ` ∀φ
(
PrPA(φ)→ T (φ)

)
.

In principle, the Tarski Boundary must pass below CT1. In [28] Henryk Kotlarski presented a
proof of the following theorem:

Theorem 112. CS0 ` ∀φ(PrPA(φ)→ ∀β ∈ Asn(φ)S(φ, β))

The above theoremwould imply that also CT0 lies on the non-conservative side of the Tarski
Boundary. The proof was very sketchy, but suggestive and similar arguments (with references
to Kotlarski) were given also in [7] and [23]. The idea was very straightforward indeed: fix φ
and let φ0, . . . , φa be any proof of φ in PA. Let β ∈ Asn(φ0, . . . , φa). Use a version of proof
system with modus ponens as the only rule of reasoning (as the one we actually defined in the
last section). By induction on the length of proof, show that for every x ≤ a S(φx, β �φx). The
inductive assumption is a ∆0 formula because the size of each φx can be bounded by the code
of our proof. What is left to check is that all axioms of PA and First Order Logic are true. This
is where the problems begin: it is not clear at all that the notion of satisfaction as axiomatised
by CS0 is sufficiently well-behaved to prove this. Albert Visser and Richard Heck first noticed
the problem (independently) around 2008 and since then, even the question of conservativity of
CS0 over PAwas considered as an open question. This is because∆0 induction does not allow to
freely use induction on the build-up of formulae, since the step for quantifiers requires (at first
glance) Π1 induction. Bartosz Wcisło first showed that CT0 is a strong theory. More precisely,
he demonstrated the following theorem:

Theorem 113 (Wcisło, [46]). CT0 + ∀φ
(
PrPA(φ)→ T (φ)

)
is relatively truth definable in CT0.

Moreover, his proof can be adapted to the case of CS−. This still left open the problem of
whether Kotlarski’s claim is true and whether CT0 is strong enough to actually prove (REF). In
section 4 we show how to fix Kotlarski’s original proof.

20 Name proposed by Ali Enayat.
21 Being fully inductive, it cannot be for the same reasons as PA, see [24], [19].



3. Axiomatic Theories of Truth 52

3.3.4 Strength of Non-Classically Compositional Theories

Let us start by stressing that both PT− and WPT− are model-theoretically weaker than CT−:

Theorem 114. PT− andWPT− are model-theoretically conservative over PA.

We shall sketch the standard argument for PT−. Various its modifications for stronger the-
ories will be extensively used in Section 5. In particular, Theorem 209 will imply that WPT−

is model-theoretically conservative over PA. Let us recall the standard definition of a function
which generates possible extensions for the PT− truth predicate.

Definition 115. LetM |= PA.

ΘM(φ,A) := M |= ∃s, t[φ = (s = t) ∧ s◦ = t◦]

∨ M |= ∃s, t[φ = ¬(s = t) ∧ s◦ 6= t◦]

∨ ∃ψ ∈ SentMLPA [M |= φ = ¬¬ψ] ∧ ψ ∈ A

∨ ∃ψ1, ψ2 ∈ SentMLPA [M |= φ = (ψ1 ∨ ψ2)] ∧
(
ψ1 ∈ A) ∨ (ψ2 ∈ A)

)
∨ ∃ψ1, ψ2 ∈ SentMLPA [M |= φ = ¬(ψ1 ∨ ψ2)] ∧

(
¬ψ1 ∈ A) ∧ (¬ψ2 ∈ A)

)
∨ ∃ψ ∈ FormMLPA [M |= φ = ∃xψ] ∧ ∃s (ψ(s) ∈ A)

∨ ∃ψ ∈ FormMLPA [M |= φ = ¬∃xψ] ∧ ∀s ∈M (¬ψ(s) ∈ A)

Let ΓM : P(M)→ P(M) be the function defined

ΓM(A) = {φ ∈M | ΘM(φ,A)} (Γ)

Let us now define:

ΓM(0) = ΓM(∅)

ΓMα+1 = ΓM(ΓMα )

ΓMβ =
⋃
α<β

ΓMα , for β - a limit ordinal

It can be checked that for some ordinal α we must get ΓMα+1 = ΓMα ; i.e. ΓMα is a fixpoint of
ΓM (originally the argument has been presented in [30]; it is given also in [20]). In general, if A
is any fixpoint of ΓM, then

(M, A) |= PT−

Let αM denote the least ordinal α such that ΓMα is a fixpoint of ΓM. Then ΓMαM is the least
fixpoint of ΓM. Moreover

(M,Γ(αM)) |= PT− + Cons

Let us now elaborate on various properties of extensions for PT− obtained in the above
described way to better grasp both the advantages and limitations of this method. We have the
following property isolated in the context of KF already by Cantini in [3]:
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Proposition 116. LetM |= PA and A ⊆M be such that

(M, A) |= PT−

Then for B defined:
φ ∈ B ⇐⇒ φ ∈ SentMLPA ∧ ¬φ /∈ A

we have also
(M, B) |= PT−

Proof. Let A, B be as above. Let us check the axioms for the conjunction and the negation of
the universal quantifier. By definition and the fact that A is an extension for PT−, we have (for
arbitrary ψ1, ψ2, formula with at most one free variable φ and variable v)

ψ1 ∧ ψ2 ∈ B ⇐⇒ ¬(ψ1 ∧ ψ2) /∈ A

⇐⇒ ¬ψ1 /∈ A ∧ ¬ψ2 /∈ A

⇐⇒ ψ1 ∈ B ∧ ψ2 ∈ B

and

¬∀vφ ∈ B ⇐⇒ ¬¬∀vφ /∈ A

⇐⇒ ∃a ∈M φ(a) /∈ A

⇐⇒ ∃a ∈M ¬¬φ(a) /∈ A

⇐⇒ ∃a ∈M ¬φ(a) ∈ B

It transpires that there is a connection between αM and the recursive saturation: in [5] it
was shown that

Lemma 117. IfM |= PA is recursively saturated, then αM = ω.

The above reverses. To our best knowledge this is our original observation, however the
technique is rather standard.

Proposition 118. If αM = ω, thenM is recursively saturated.

Proof. We prove the contraposition: suppose that a non-standard modelM is not recursively
saturated. Let p(x) be a recursive type using parameters from ā which is omitted inM. Let
(φi(x, ȳ))i be an enumeration of formulae in p(x). Without loss of generality, assume that
φ0(x, ȳ) = (x = x). Let

ψi(x, ȳ) =
∧
j<i

φj(x, ȳ) ∧ ¬φi(x, ȳ)

Then every b ∈M satisfies exactly one ofψi(x, ā). Now, for everyn ∈ ωwe shall define formulae
θn(x):

θ0
n(x) = (x 6= x)

θk+1
n (x, ȳ) = ψn−(k+1)(x, ȳ) ∨ θkn(x, ȳ)

θn(x, ȳ) = θnn(x, ȳ)
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Let us observe that the above construction can be arithmetised and therefore for some b ∈M \N
there exists a (code of) formula θb(x, ȳ), which looks like

(ψ0(x, ȳ) ∨ (ψ1(x, ȳ) ∨ (ψ2(x, ȳ) ∨ (. . . (ψb−1(x, ȳ) ∨ x 6= x) . . .)

Then for each c ∈ M there exists n ∈ ω such that θb(c, ā) ∈ ΓMn , since each c satisfies some
ψi(x, ā) (because p(x) is omitted). But also for every i ∈ ω there exists c ∈M such that the least
n for which we have ψn(c, ā) is greater than i. Consequently, there is no k ∈ ω for which

θb(c, ā) ∈ ΓMk

for every c ∈M . In particular, ∀vθ(v, x̄) /∈ ΓMω , hence, αM 6= ω.

Let us stresswhy the above theorem is relevant to our study: in everymodel,Γω is the sumof
sets definable by a recursive sequence of arithmetical formulae. Most of conservativity results
(including Theorem 225 given in Section 5) obtained for extensions of PT− usemodels in which
such an extension for PT− can be found. Theorem 118 shows that our favourite techniques will
not work for models which are not recursively saturated. In particular, estimating the model-
theoretical strength of some extensions of PT− (for example by showing that they admitmodels
which are not recursively saturated) may require essentially new ideas.

We shall end this section with an easy observation on some non-conservative extensions of
PT− and WPT−:

Proposition 119. Both PT1 and WPT1 prove Tot and Cons. In particular, both theories are equal to
CT1.

The argument uses formal induction on n in the formula

∀φ(v̄)

(
Compl(φ) ≤ n→ ∀α ∈ Asn(φ)

(
tot(φ[α]) ∧ cons(φ[α])

))
which is admissible in both PT1 and WPT1, since the above is clearly a Π1 formula of LT . In
Section 5 we shall demonstrate that Tot and Cons are provable already in PT0 and a natural
extension of WPT0.

3.4 Reflection Principles

The strength of basic compositional truth theories extended with various reflection principles
involving the truth predicate provides particular interest for us in this dissertation. The Global
Reflection ((REF)), one such principle, was already mentioned in the subsection devoted to
strength of classically compositional truth theories. (REF) seems to be the most natural way of
expressing that all theorems of PA are true, in the language LT . However, if one would like to
justify such an assertion, another reflection principle seems to be involved: onewould probably
say that all theorems of PA are true, since all its axioms are and truth is preserved by reasonings in
First-Order Logic; i.e. true premises lead to true conclusions. Let us isolate the latter principle:
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Definition 120. The First-Order Logic Closure Principle is the following sentence of LT :

∀φ
(
PrT∅ (φ)→ T (φ)

)
,

where PrT∅ (x) is the provability predicate for the LT theory T (x).

At first glance, First-Order Logic Closure Principle seems to be neither implying, nor im-
plied by the Global Reflection. The former says nothing about the truth of axioms of PA, while
the latter is not a closure property: it does not seem to say that conclusions of true sentences
are true. The latter can be seen as a completeness principle, saying that all sentences from a cer-
tain class are true. Let us isolate the completeness principle corresponding to First-Order Logic
Closure Principle

Definition 121. The First-Order Logic Completeness Principle is the following sentence of LT :

∀φ
(
Pr∅(φ)→ T (φ)

)
.

That, when added to CT−, First-Order Logic Completeness Principle (and consequently, its
closure counterpart) proves that all axioms of PA are true (and, consequently, Global Reflection)
was first observed by Cezary Cieśliński:

Theorem 122 (Cieśliński, [7]). CT− + ∀φ
(
Pr∅(φ)→ T (φ)

)
` ∀φ

(
PrPA(φ)→ T (φ)

)
Much later, the same author showed that, over CT−, the two principles are in fact equivalent

Theorem 123 (Cieśliński, [4]). CT− + ∀φ
(
Pr∅(φ)→ T (φ)

)
` ∀φ

(
PrT∅ (φ)→ T (φ)

)
We shall give a proof of this Theorem in Section 4. In Section 5, we shall show that over PT−

completeness principles, such as (REF), are strictly weaker than the closure ones. Let us isolate
two more reflection principles obtained by weakening the logic we reason in:

Definition 124. Propositional Logic Completeness Principle is the following sentence oc LT :

∀φ
(
PrCPC(φ)→ T (φ)

)
Propositional Logic Closure Principle is the following sentence of LT :

∀φ
(
PrTCPC(φ)→ T (φ)

)
,

where PrTCPC is defined as in Definition 39.

Let us note that, similarly to PrT∅ , Pr
T
CPC expresses that true premises of reasoning inClassical

Propositional Calculus lead to true results. In the next subsection, we shall give the context in
which the two principles emerged and relate Propositional Logic Closure Principle to∆0 induction
for the truth predicate. It is one of the consequences of the result from Section 4 that the above
closure principle is, in fact, equivalent (overCT−) to previously introduced reflection principles.

Let us end this subsection by characterizing the set of LPA consequences of

CT− + ∀φ
(
PrPA(φ)→ T (φ)

)
.
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Theorem 125. CT− + ∀φ
(
PrPA(φ)→ T (φ)

)
` URω

Proof. By Theorem 123, it is sufficient to show that

CT− + ∀φ
(
PrTPA(φ)→ T (φ)

)
` URω

where PrTPA(x) is the provability predicate for the ∆1 LT theory x ∈ PA ∨ T (x). By induction
on nwe show that

CT− + ∀φ
(
PrTPA(φ)→ T (φ)

)
` ∀φ

(
PrURn(φ)→ T (φ)

)
which will suffice, since for arbitrary formula φ(x0, . . . , xn)

PA ` ∀x0, . . . , xn
(
SentLPA(pφ(x0, . . . , xn)q)

)
and

CT− ` ∀x0, . . . , xn
(
T (pφ(x0, . . . , xn)q) ≡ φ(x0, . . . , xn)

)
.

The base step for n = 0 is obvious, since UR0 = PA. Assume that the above holds for n. We
reason in CT− + ∀φ

(
PrTPA(φ) → T (φ)

)
. Since the set of true sentences is closed under First-

Order Logic, it is sufficient to show that for every sentence φ ∈ LPA, we have

T (PrURn(φ)→ φ)

So fix arbitrary sentence φ ∈ LPA. By our induction assumption we have

PrURn(φ)→ T (φ)

Using the compositional axiom for T we obtain

T (PrURn(φ)→ φ)

which ends the proof.

Let us now show that URω suffices for characterizing the set of arithmetical consequences
of CT− + ∀φ

(
PrPA(φ)→ T (φ)

)
.

Theorem 126 (Kotlarski, [28]). For every sentence φ of LPA, if CT− + ∀φ
(
PrPA(φ) → T (φ)

)
` φ,

then URω(PA) ` φ.

In such cases wewill also say, that CT−+∀φ
(
PrPA(φ)→ T (φ)

)
is proof-theoretically conserva-

tive over URω(PA) (stretching the scope of Definition 81 a little). Being more precise, Kotlarski
proved the above conservativity result for the above theory of truth and a different theory that
we shall define right now. However, the link between URω(PA) and Kotlarski’s theory is quite
clear, so we do not consider this modification an essentially new contribution of this disserta-
tion.
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Definition 127. We shall define a sequence of LPA formulae {Ξn(x)}n∈ω:

Ξ0(x) := PrPA(x)

Ξ′n+1(x) := x ∈ PA ∨ ∃ψ(v)
(
(x = ∀vψ(v)) ∨ ∀yΞn(ψ(y))

)
Ξn+1(x) := PrΞ′n+1

(x)

Now define Ξ(PA) = PA ∪ {¬Ξn(p0 = 1q) | n ∈ ω}.

Remark 128.

1. For every n, Ξn(x) is a formula of LPA of Σ2n+1 class.

2. By definition Con(Ξ′n) = ¬Ξn+1(p0 = 1q).

Proof of Theorem 126. Theorem 5.1 in [28] shows that CT− + ∀φ
(
PrPA(φ) → T (φ)

)
is proof-

theoretically conservative over Ξ(PA), so it suffices to show that

URω(PA) ` Ξ(PA).

To this end, by induction on nwe show that for all n

PA ` ∀φ
(
Ξn(φ)→ PrTrURn�2n+1(φ)

)
, (∗)

which obviously will suffice, since for each n, the consistency of TrURn �2n+1 is provable in
URn+1 (Proposition 72, TrURn �n is as in Definition 69). The base step for n = 0 follows by
definitions of respective theories. Now, assume that ∗ holds for an n. We reason in PA. Fix φ
and assume Ξn+1(φ). Then there exists ψ(v) such that

Ξn(∀vψ(v)→ φ)

∀x Ξn(ψ(x))

By induction assumption ∗ for n, we know that

PrTrURn�2n+1(∀vψ(v)→ φ)

∀x PrTrURn�2n+1(ψ(x))

Since ∀xPrTrURn�2n+1(ψ(x)) is a true Σ2n+3 sentence and TrURn �2n+1⊆2n+4 TrURn+1 �2n+3, then

PrTrURn+1�2n+3(∀vψ(v)→ φ) (∗∗)

PrTrURn+1�2n+3(p∀vPrTrURn�2n+1(ψ(v))q)

By the reflection axioms for TrURn �2n+1 in URn+1 (Lemma 71) we obtain

PrTrURn+1�2n+3(∀vψ(v))

Putting this together with (∗∗), we obtain PrTrURn+1 �2n+3(φ) as wanted.
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3.5 Additional Axioms

In addition to the above axioms, we will often consider two more different principles (together
with their variations). The first one is a straightforward generalisation of the axiom for disjunc-
tion admissible is compositional theories. Let us first define it and then justify its importance.

Definition 129 (PA). Let φ0, . . . , φx be a parametrized family of formulae (of length x+ 1). By∨
i≤x

φi

we denote the disjunction of φ0, . . . , φx, i.e. the following LPA formula

ψ0 = (φ0)

ψn+1 = (φn+1) ∨ ψn

and
∨
i<x φi = ψx. Moreover if c is any set of sentences then we will also write∨

φ∈c
φ

to denote ∨
i<x

φi

where x is the cardinality of c and φ0, . . . , φx−1 is the growing enumeration of formulae from
c. If φ0, . . . , φx is any parametrized family of formulae, then as expected we treat

∧
i≤x φi as the

abbreviation of
¬
∨
i≤x
¬φi

Definition 130 (Disjunctive Correctness for the Satisfaction Relation). The axiom ofDisjunctive
Correctness for the Satisfaction Relation is the following sentence of LS :

∀c
(
SetSent(c)→ ∀α ∈ Asn(c)

(
S
(∨
φ∈c

φ, α
)
≡ ∃φ ∈ c S(φ, α �.)

))
(DC(S))

Definition 131 (Disjunctive Correctness). The axiom of Disjunctive Correctness is the following
sentence of LT :

∀c
(
SetSent(c)→

(
T
(∨
φ∈c

φ
)
≡ ∃φ ∈ c T (φ)

))
(G
∨
)

The interest in both principles was initiated by a corollary to Kotlarski, Krajewski and Lach-
lan proof of Theorem 108, noticed already in the original paper. It stated that DC(S) is not
provable in CS− and the proof gave a construction of a modelM |= CS−, such that for some
non-standard number a the pair

(
∨
i<a

0 = 1, ε)

is in the extension of S inM. Hence, a natural question can be asked: how strong are theories
that do not admit pathological models of this kind? Much later in [6] the strength of Proposi-
tional Logic Closure Principle (as in Definition 124) was studied precisely with this motivation.
It was shown that
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Theorem 132 (Cieśliński, [6]). CT0 and CT− + ∀φ
(
PrTCPC(φ)→ T (φ)

)
are deductively equivalent.

The above theorem, at the time itwas proven, was believed to show (compare our discussion
in Subsection 3.3.3) that CT− with the Propositional Logic Closure Principle added is a very
strong theory. It is worth emphasizing that, over CT−, the above principle is equivalent to the
conjunction of DC and the Propositional Logic Completeness Principle (as in Definition 124).
Unfortunately, the strength of both principles separately has yet to be determined.

Since in PT− we do not have the global axiom for the negation, then together with the usual
axiom G

∨
(see Definition 131), we have to add the axiom saying when the negation of a gener-

alised disjunction is true: i.e.

∀c
(
SetSent(c) −→

(
T (¬

∨
φ∈c

φ) ≡ ∀φ ∈ c T (p¬φq)
))

(G¬
∨
)

Let us now introduce the analogue of the Disjunctive Correctness matching the intuitions
behind the Weak Kleene Logic. As we will not consider disjunctively correct extensions of
WPS−, we introduce this principle only for LT :

Definition 133. TheWeak Kleene Disjunctive Correctness Principle is the following sentence of LT

∀c
(
SetSent(c)→

(
T
(∨
φ∈c

φ
)
≡
(
(∀φ ∈ c tot(φ)) ∧ (∃φ ∈ c T (φ))

)))
(G
∨
wk)

Let us define the disjunctively correct extensions of our theories:

Definition 134.

1. CT− + DC is the theory CT− +G
∨

2. PT− + DC is the theory PT− +G
∨

+G¬
∨

3. WPT− + DC is the theory WPT− +G
∨
wk +G¬

∨
.

For completeness, let us state the following proposition:

Proposition 135. Both PT− + DC and WPT− + DC (and, consequently, CT−) prove the following
sentence

∀c
(
SetSent(c)→

(
T
(∧
φ∈c

φ
)
≡ ∀φ ∈ c T (φ)

))
Moreover PT− + DC proves

∀c
(
SetSent(c)→

(
T
(
¬
∧
φ∈c

φ
)
≡ ∃φ ∈ c T (¬φ)

))

and WPT− + DC proves

∀c
(
SetSent(c)→

(
T
(
¬
∧
φ∈c

φ
)
≡
(
(∀φ ∈ c tot(φ)) ∧ (∃φ ∈ c T (¬φ))

)))
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The next additional axiom we will consider is the analogue of the Induction Axiom known
from Second Order Arithmetic (it is an axiom of e.g. ACA0).

Definition 136. The Internal Induction Axiom is the following sentence of LT :

∀v∀φ(v)

((
T (φ(0)) ∧ ∀x

(
T (φ(x))→ T (φ(x+ 1))

))
−→ ∀xT (φ(x))

)
(INT)

In the context of non-classically compositional theories, it makes perfect sense to consider
restricted versions of internal induction. One of such version was introduced in [12] and later
studied in [13] and [15]:

Definition 137. The Internal Induction Axiom for Total Formulae is the following sentence of LT :

∀v∀φ(v)

(
tot(φ)→

(
T (φ(0)) ∧ ∀x

(
T (φ(x))→ T (φ(x+ 1))

))
−→ ∀xT (φ(x))

)
(INT(tot))

Let PT− + INT(tot), be PT− with the above sentence added. The first study we know that
investigates this type of axiom is [2], where it was studied in the context of untyped composi-
tional truth theory KF. The problem of its strength over typed theories of truth was raised in
[12] (and later in [13],[14],[15]) where it was claimed that PT− + INT(tot) is an example of an
axiomatic theory of truth which is:

1. non-interpretable in PA (for the definition see the original paper [12]) but

2. model-theoretically conservative over it.

In order to see why the first one holds let us start by noticing that all the compositional truth
theories we consider, when extended with INT are finitely axiomatisable. More concretely:

Proposition 138. Let φ be the conjunction of compositional axioms of either PT−, or WPT−, or CT−.
Then the following theories are deductively equivalent:

1. PA + φ+ INT,

2. PA + φ+ INT(tot),

3. IΣ1 + φ+ INT,

4. IΣ1 + φ+ INT(tot).

The proof has essentially been given in [12] and [13] in the context of PT−, but analogous
reasoning works for the rest of theories considered. Its basic idea is that INT (and INT(tot))
expresses all the instantiations of induction scheme in a single sentence, hence, to axiomatise
Th− + INT we only need a finitely axiomatised basic theory of syntax (like IΣ1), finitely many
compositional axioms of Th and INT. What is more, this proof can be arithmetised, so PA
proves that every induction axiom can be deduced from the chosen axiom of the respective
truth theory. For the details, we refer the Reader to the literature.

However, PT− + INT(tot), contrary to what was claimed in [12], fails to realise the second
aim for which it was designed: it was proven to be model-theoretically stronger than PA.
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Theorem 139 (Wcisło,[5]). PT− + INT(tot) is not model-theoretically conservative over PA.

Wewill continue discussing the extensions of WPT− and PT− with INT in Section 5.2. One
of the original results of this section is thatWPT−+DC+INT ismodel-theoretically conservative
over PA and that its Strong-Kleene counterpart, PT− + DC + INT, is the same theory as CT0.
For now, let us indicate, that adding INT does not always proof-theoretically strengthen the
theory: we state it for CT−, since the rest of theories are its subtheories:

Theorem 140 (Kotlarski-Krajewski-Lachlan [29], Enayat-Visser, Leigh[31]). CT− + INT is syn-
tactically conservative over PA.

As in the case of Theorem 108, it was originally obtained in [29] for CS−. Arguments given
in [9] and [31] provide alternative proof methods.



4. CLASSICALLY COMPOSITIONAL TRUTH THEORIES

4.1 Classical Compositional Truth with the ∆0- induction

We shall estimate the strength of CS0 and CT0. Most importantly, we shall prove the following
theorem

Theorem 141. CT0 proves the Global Reflection Principle.

In fact, we shall demonstrate a strengthening of the above: we will prove

Theorem 142. The following sentence is provable in CS0:

∀φ PrPA(φ)→ ∀α ∈ Asn(φ) S(φ, α)

The latter theorem is the exact analogue of the former in the context of the satisfaction
predicate. The most important conclusion that is to be drawn from the main result of this
thesis is that induction for the ∆0-formulae of the extended language suffices to prove that the
satisfaction (truth) predicate is extremely well-behaved. The key point to do this is to establish
that a kind of induction on the build-up of formulae is admissible in CS0. The non-obviousness
of this result has already been discussed in Section 3.3.3. Themost important lemma on ourway
is to show that CS0 proves the generalised axiom for commutation of the satisfaction predicate
with blocks of universal quantifiers. It is the content of the theorem below, but it will be useful
to introduce a piece of notation first:

Definition 143 (PA). 1. σ, τ range over (internally) finite sequences (i.e. functions whose
domain is (internally) finite and closed downwards) of variables.

2. Ifφ is a sentence and σ is a sequence of variables, then ucl(σ, φ)denotes the universal closure
of φ w.r.t. σ, i.e. a sentence of the form

∀σ(0) . . . ∀σ(a)φ

where a = max(dom(σ)). Note that ψ = ucl(σ, φ) can be expressed with a ∆0 formula
(we examine the structure ofψ). We do not demand σ to be injective, neither to enumerate
only free variables of φ. Similarly, let bucl(σ, φ, t) denote the bounded universal closure of φ
w.r.t. σ, i.e. the sentence

∀σ(0) < t . . .∀σ(a) < tφ

3. If σ is a sequence and α, β are assignments, then α ∼σ β means that α differs from β at
most on the values assigned to variables occurring in σ and is defined on the variables
occurring in σ. We note that similarly to ∼v, this relation is also not an equivalence rela-
tion.
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4. If α is a assignment, σ is a sequence of variables and b is a number, then

α[σ 7→ b]

denotes the unique assignment which assigns b to all the variables from sequence σ and
does not differ fromα on the rest of variables. We note that β = α[σ 7→ b] can be expressed
as a ∆0 formula.

5. � denotes the following relation between assignments (this is a slight variation of stan-
dard product ordering):

α � β ⇐⇒ dom(α) ⊆ dom(β) ∧ ∀z ∈ dom(α)
(
α(z) ≤ β(z)

)
Note that � is arithmetically definable with ∆0-formula and that

PA ` ∀α∀β
(
α � β → α ≤ β

)
Theorem 144. The following sentence is provable in CS0

∀φ∀σ∀α ∈ Asn(ucl(σ, φ))

(
S(ucl(σ, φ), α) ≡ ∀β ∼σ α S(φ, β �φ)

)
It is convenient to split the proof into three lemmata. The first states that the generalised

axiom for commutation with blocks of universal quantifiers holds for bounded quantifiers:

Lemma 145. The following sentence is provable in CS0:

∀φ∀σ∀v ∈ Var \ Var(ucl(σ, φ))∀α ∈ Asn(bucl(σ, φ, v))(
S(bucl(σ, φ, v), α) ≡ ∀β

[(
β ∼σ α ∧ β � α[σ 7→ (α(v)− 1)]

)
−→ S(φ, β �φ)

])
Proof. We work in CS0. Let us fix φ, v, σ, α, let a = max(dom(σ)) and b = α(v) − 1. Moreover
let

γ := α[σ 7→ b]

We have to show that

S(bucl(σ, φ, v), α) ≡ ∀β
[(
β ∼σ α ∧ β � γ

)
−→ S(φ, β �φ)

]
Let σ �n denote first n elements of sequence σ(0), . . . , σ(a) i.e.

σ(0), . . . , σ(n− 1)

(σ �0 is the empty sequence, σ �a+1= σ.) Dually, let σ �n denote the sequence consisting of last
n elements of sequence σ, i.e.

σ(a− (n− 1)), σ(a− (n− 2)), . . . , σ(a)

(similarly σ �0 is the empty sequence, σ �a+1= σ). Similarly γ �n is

α[σ �n 7→ b].
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(γ �n is really a ∆0-formula γ(x, n). All the quantifiers are bounded by γ which is our parame-
ter.) Let us note that γ �0= α and γ �a+1= γ. We write φn for

bucl(σ �n, φ, v) (= ∀σ(a− n+ 1) < v . . .∀σ(a) < v φ).

(φ0 = φ). By induction on n from 0 up to a+ 1 we show that for every 0 ≤ n ≤ a+ 1

∀β
[
β ∼σ�a+1−n α ∧ β � γ �a+1−n−→ S(φn, β �φn)

]
≡

∀β
(
β ∼σ α ∧ β � γ −→ S(φ, β �φ)

)
(IND)

(we keep adding bounded quantifiers starting from that which is closest to φ.) Let us note that
the left-hand side of the above for n = a+ 1 is equivalent to

∀β
(
β ∼σ�0 α ∧ β � γ �0−→ S(φa+1, β �φa+1)

)
and hence to

S(bucl(φ, σ, v), α)

We have to justify that (IND) satisfies induction axiom. All quantifiers binding β are bounded
by γ �n which in turn can be bounded by γ (for every n). Moreover all formulae occurring
in S predicate are of the form φn, for n ≤ a + 1. The greatest such formula is φa+1, hence if
d = 〈φa+1, γ〉+ 1, then we have

IND(n) ≡ IND[S(x, y) ∧ 〈x, y〉 < d
/
S(x, y)](n)

for all n. The application of Remark 57 completes our justification. Let us verify the base and
the induction step. Observe that the former is trivial: for n = 0 we have the same formula on
both sides of the equivalence sign. We shall present the induction step for n = 1 first and then
the proof in full generality: hopefully it will help the Reader to keep track of progress in our
proof. We start from the left-hand side of IND:

∀β
[
β ∼σ�a α ∧ β � γ �a−→ S(φ1, β �φ1)

]
By the definition of φ1 and axioms of CS− the above is equivalent to

∀β
[
β ∼σ�a α ∧ β � γ �a−→ ∀ζ

[
ζ ∼σ(a) β ∧ (σ(a))◦ζ < (v)◦ζ → S(φ, ζ �φ)

]]
Now, by the properties of the assignment function, provable in PA and the fact that ζ(v) =

β(v) = α(v) = b, since v /∈ Var(ucl(σ, φ)) we have

∀β
(
β ∼σ�a α ∧ β � γ �a−→ ∀ζ

[
ζ ∼σ(a) β ∧ ζ(a) < b→ S(φ, ζ �φ)

])
By logic the above is equivalent to

∀β∀ζ
((
β ∼σ�a α ∧ β � γ �a ∧ ζ ∼σ(a) β ∧ ζ(a) < b

)
−→ S(φ, ζ �φ)

)
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Now, because if β ∼σ�a α and ζ ∼σ(a) β, then ζ ∼σ�a+1 α and if β � γ �a and ζ ∼σ(a) β and
ζ(a) < b, then ζ � γ �a+1= γ. So the above is equivalent to

∀β
(
β ∼σ α ∧ β � γ −→ S(φ, β �φ)

)
which is precisely what we wanted.

The proof of the induction step involves the same justifications, so we state it line by line
(we start with the left-hand side of (IND) for n+ 1 and the following are equivalent)

1. ∀β
[
β ∼σ�a+1−(n+1)

α ∧ β � γ �a+1−(n+1)−→ S(φn+1, β �φn+1)

]

2. ∀β
[
β ∼σ�a+1−(n+1)

α ∧ β � γ �a+1−(n+1)−→

−→ ∀ζ
[
ζ ∼σ(a+1−n) β ∧ (σ(a+ 1− n))◦ζ < (y)◦ζ → S(φn, ζ �φn)

]]

3. ∀β
(
β ∼σ�a+1−(n+1)

α ∧ β � γ �a+1−(n+1)−→

−→ ∀ζ
[
ζ ∼σ(a+1−n) β ∧ ζ(a+ 1− n) < b→ S(φn, ζ �φn)

])

4. ∀β∀ζ
((
β ∼σ�a−n α ∧ β � γ �a−n ∧ζ ∼σ(a+1−n) β ∧ ζ(a+ 1− n) < b

)
−→

−→ S(φn, ζ �φn)

)

5. ∀β
(
β ∼σ�a+1−n α ∧ β � γ �a+1−n−→ S(φn, β �φn)

)
By inductive assumption the last sentence in this sequence is equivalent to

∀β
(
β ∼σ α ∧ β � γ −→ S(φ, β �φ)

)
which ends the proof.

The next lemma is rather a straightforward application of Lemma 145.

Lemma 146. The following sentence is provable in CS0

∀φ(w̄)∀σ∀v ∈ Var \ Var(ucl(σ, φ))∀α ∈ Asn(ucl(σ, φ))(
S(∀vbucl(σ, φ, v), α) ≡ ∀β ∼σ α S(φ, β �φ)

)
Proof. We work in CS0 and let us fix φ, v, σ, α as in our assumptions. Then, by the axiom for
universal quantifier, we have

S(∀vbucl(σ, φ, v), α) ≡
(
∀γ ∼v α S(bucl(σ, φ, v), γ �.)

)
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Let us fix an arbitrary γ as in the above formula. Then, by Lemma 145, the above is equivalent
to

∀β ∼σ γ
(
β � γ[σ 7→ γ(v)] −→ S(φ, β �φ)

)
(4.1)

Now by the fact that γ was arbitrary and differed from α only on the value assigned to the
variable v (which occurs in neither of φ, σ) the above is equivalent to

∀β ∼σ α S(φ, β �φ) (4.2)

which ends the proof.

The last lemma closes the proof of Theorem 144. The fact that we can prove it by using
basically the same technique as in Lemma 145 was first observed by Bartosz Wcisło. However,
the strategy of proving Theorem 144 via Lemmata 145, 146, 147 was our original idea and we
(Bartosz Wcisło and the author) both agreed that the crucial insight was to isolate Lemma 145.

Lemma 147. The following sentence is provable in CS0:

∀φ∀σ∀v ∈ Var \ Var(ucl(σ, φ))∀α ∈ Asn(ucl(σ, φ))

(
S
(
ucl(σ, φ), α

)
≡ S

(
∀vbucl(σ, φ, v), α

))
Proof. Wework in CS0. Let us fix φ, σ, v and α, as in our assumptions and let a = max(dom(σ)).
The method is fully analogous to that used in the proof of Lemma 145: we inductively add
unbounded universal quantifiers to φ one in each step. More precisely, let σ �n and σ �n be as
in the proof of Lemma 145. Let φn now denote ucl(φ, σ �n), i.e.1

∀σ(a− n+ 1) . . . ∀σ(a) φ

By induction on n up to a+ 1 we show that

S(∀vbucl(σ �n, φa−n+1, v), α) ≡ S(ucl(σ, φ), α)

Let us note that bucl(σ �n, φa−n+1, v) is simply the result of bounding n first quantifiers in
ucl(σ, φ) with v, i.e.

∀σ(0) < y . . .∀σ(n− 1) < y∀σ(n) . . . ∀σ(a)φ

Observe also that for all n ≤ a+ 1,

〈∀vbucl(σ �n, φa−n+1, v), α〉 < 〈∀ybucl(σ, φ, v), α〉

hence, by Remark 57 we are allowed to use induction for the above formula. The base step is
once again trivial, since it reduces to

S(∀yucl(σ, φ), α) ≡ S(ucl(σ, φ), α).

1 It might be easier to understand what ucl(φ, σ �n) is when seeing it as generated by the following recursive
procedure

ucl(φ, σ �0) = φ

ucl(φ, σ �n+1) = ∀σ(a− n)ucl(φ, σ �n)
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Which is true by the axiom for universal quantifier in CS− and the fact that y does not occur in
ucl(σ, φ). In order to prove the inductive step it is sufficient to show that for every n ≤ a+ 1

S
(
∀ybucl(σ �n, φa−n+1, v), α

)
≡ S

(
bucl(σ �n+1, φa−n, v), α

)
So let us fix n ≤ a+ 1 and write the following chain of equivalences

S
(
∀vbucl(σ �n, φa−n+1, v), α

)
(4.3)

∀β ∼v α S(bucl(σ �n, φa−n+1, v), β �.) (4.4)

∀β ∼v α∀γ ∼σ�n β
(
γ � β[σ �n 7→ β(v)] −→ S(φa−n+1, γ �.)

)
(4.5)

The equivalence between the first two is by Lemma 145. By compositional axioms the last
sentence is equivalent to

∀β ∼v α∀γ ∼σ�n β
(
γ � β[σ �n 7→ β(v)] −→ ∀ζ ∼σ(n) γS(φa−n, ζ �.)

)
Since β is universally quantified we can bind the size of ζ using it and see that the above is in
turn equivalent to

∀β ∼v α∀γ ∼σ�n β∀ζ ∼σ(n) γ

(
γ � β[σ �n 7→ β(v)] ∧ ζ � γ[σ(n) 7→ β(v)] −→ S(φa−n, ζ �.)

))
Now it can be easily seen that γ plays only an intermediary role and can be eliminated altogether
from the above formula. Hence the above is equivalent to

∀β ∼v α∀ζ ∼σ�n+1 β
(
ζ � β[σ �n+1 7→ β(v)]→ S(φa−n, ζ �.)

)
Pushing quantifiers inside S (which we are allowed to do by Lemma 145), the above is equiva-
lent to

∀β ∼v α S(bucl(σ �n+1, φa−n, v), β �.)

Which by axiom for universal quantifier is equivalent to

S(∀vbucl(σ �n+1, φa−n, v), α)

which ends the proof.

Remark 148. Let us observe that, in the proof, we did notmake any important use of the general
axiom for negation admissible in CS−. Indeed, the only ingredients needed were the following
statements:

1. ∀v∀φ(w̄)∀α ∈ Asn(p∀vφq)
(
S(p∀vφq, α) ≡ ∀β ∼v αS(φ, β �φ)

)
2. ∀v∀φ(w̄)∀α∀y

(
S(∀v < yφ, α) ≡ ∀β ∼v α

(
β(v) < y → S(φ, β �φ)

))
and the presence of induction for ∆0 formulae containing the truth predicate.

We obtain the following corollary:
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Corollary 149. The following sentence is provable already in PS0:

∀φ(w̄)∀σ∀α ∈ Asn(ucl(σ, φ))

(
S(ucl(σ, φ), α) ≡ ∀β ∼σ α S(φ, β �φ)

)
Corollary 150. Repeating the same proof for ∃ instead of ∀ one can show that PS0 (and CT0. conse-
quently) proves

∀φ(w̄)∀σ∀α ∈ Asn(ecl(σ, φ))

(
S(ecl(σ, φ), α) ≡ ∃β ∼σ α S(φ, β �φ)

)

Theorem 144 is really a key to using induction on the build-up of formulae almost freely.
Proof of the theorem below neatly illustrates this technique.

Theorem 151. The following sentence is provable in CS0:

∀φ(w̄)∀ψ∀α ∈ Asn(φ)∀β ∈ Asn(ψ)
(
φ[α] = ψ[β]→ S(φ, α) ≡ S(ψ, β)

)
Let us note two important consequences of Theorem 151 first:

Corollary 152. The following sentence is provable in CS0:

∀φ(w̄)∀v∀α ∈ Asn(∀vφ)
(
S(∀vφ, α) ≡ ∀xS(φ[x/v], α)

)
Proof. Let us fix φ, v and α as in the assumptions. Then for every β ∼v α, such that β(v) = y

we have
S(φ, β �φ) ≡ S(φ[y/v], α)

by Theorem 151 since φ[β] = φ[y/v][α]. Hence(
∀β ∼v α S(φ, β �φ)

)
≡
(
∀yS(φ[y/x], α)

)
which is precisely what we wanted to prove.

Before formulating next corollary, let us adopt one more convention: by saying, inside CS0,
that sentence φ is true, we mean that it is satisfied by the empty assignment.

Corollary 153. CS0 proves that all the axioms of PA are true. In particular, the following sentence is
provable in CS0:

∀φ(w̄)∀v
(
S(Ind(v, φ), ∅)

)
where Ind(v, φ) is as defined in Definition 29.

Proof. We work in CS0. Let us fix φ and a variable v. We shall start by eliminating the (possi-
bly non-standard) quantifier prefix. Let us denote by ind(v, φ) the formula Ind(v, φ) with ∀ȳ
omitted. By Theorem 144 we have:

S(Ind(v, φ), ∅) ≡ ∀β ∼ȳ ∅ S(ind(v, φ), β �φ)
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Note that if γ inAsn(∀vφ) then, γ assigns values to ȳwith the exception of v. Hence, by Theorem
151 the right-hand side of the above is equivalent to

∀γ ∈ Asn(∀xφ) S

(
ind
(
v, φ[γ]

)
, ∅
)
.

Since φ[γ] is a formula with precisely one free variable, without loss of generality we may con-
sider only such formulae. This will reduce the complexity of expressions a little bit. So let φ
be any formula in which v is the only free variable. Assignments for φ can be identified with
numbers, hence we will freely use expressions such as

S(φ, y)

meaning

∀β ∈ Asn(φ)

((
β(v) = y)→ S(φ, β)

)
and so on. (Note that in the above x is fixed and is not a free variable. The only free variable is y.)
Let us observe that the above is equivalent to a ∆0 formula since the size of β can be bounded
by {〈v, y〉} (the function mapping x to y). Let us observe that

S(Ind(φ), ∅)

is, by compositional axioms and our conventions, equivalent to[(
∀y
(
S(φ, y)→ S(φ[v + 1/v], y)

))
→
(
S(φ[0/v], ∅)→ ∀yS(φ, y)

)]
Moreover, by Theorem 151

∀y
(
S(φ[v + 1/v], y) ≡ S(φ, y + 1)

)
and

S(φ[0/v], ∅) ≡ S(φ, 0)

Hence the above is equivalent to(
∀y(S(φ, y)→ S(φ, y + 1)

)
→
(
S(φ, 0)→ ∀yS(φ, y)

)
which is an axiom of CS0, since S(φ, y) is a ∆0 formula.

Remark 154. Equivalently, one could reduce S(Ind(φ(x)), ∅) to

∀y
(
S(φ(y), ∅)→ S(φ(y + 1), ∅)

)
→
(
S(φ(0), ∅)→ ∀y S(φ(y), ∅)

)
which ismore natural if one thinks of S(φ, ∅) as of a truth predicate. We chose the other strategy
because we think of S(φ, x) as of a satisfaction predicate, but we treat it as a purely aesthetical
choice.

We shall now prove Theorem 151. Before that we need some preparations:
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Definition 155 (PA). A generalised numeral is any term of the form

1 + (1 + (1 + . . . (1 + x)))

where x is a variable or 0. In particular, each variable is a generalised numeral. In other words,
a generalised numeral is any term that

1. contains exactly one free variable

2. if we substitute an arbitrary numeral for this free variable, then the result is a numeral.

If s is a generalised numeral, then the length of s is the number of 0 and 1 symbol used in s.

Let φ be a formula. An occurrence of a term lφπ is called a bounded generalised numeral if lφ(π)

is a generalised numeral, but not a numeral and some prefix of π is labelled by lφwith a formula
starting with ∃v. Otherwise the occurrence of a generalised numeral in φ is called free.

Example 156. 1 + (1 + (1 + 0)) has length 4, and 1 + (1 + (1 + v)) has length 3. The only
generalised numerals of length 0 are variables. Any occurrence of a closed term in a formula is
a free generalised numeral.

Proposition 157. If φ, ψ are two formulae such that for some α, β,

φ[α] = ψ[β]

the there exists third formula ω such that

1. for some assignment γ, ω[γ] = φ[α] = ψ[β];

2. FV(ω) ∩ FV(φ) = ∅, FV(ω) ∩ FV(ψ) = ∅;

3. the only free generalised numerals occurring in ω are variables.

Proof. We work in PA. Let v be any variable that does not occur in φ. We will treat v as an
additional free variable for marking places for numerals in a formula. Formally: let φ′ result
from φ by formally substituting v for every free variable of φ. Now, let φ̄ result from φ′ by
formally substituting v for every (occurrence of a) term which is either a numeral or a free
generalised numeral which contains v as the only free variable. Define ω to be the formula
resulting from substituting vi1 , vi2 , vi3 , . . . in φ̄ for the first, the second, the third, . . . occurrence
of v, respectively, where the respective ordering of occurrences of free variables is ≺φ defined
in Definition 21 and vi1 , vi2 , vi3 , . . . are variables with consecutive least possible indices that do
not occur (either as free or bounded ones) in φ or ψ. So defined ω satisfies 2 and 3 in the thesis
of our proposition. Additionally it has the following property: each variable that occurs as a
free variable in ω, occurs exactly once in ω. We define γ: for j > i let lωπj denote the occurrence
of a variable vj in ω. Let us put

γ(vj) =
(
lφ(πj)

)◦
α

Where lφ is as defined in Definition 20. Let us observe that ω and γ are uniquely defined in
terms of φ, ψ and α. Let us denote the respective functions by ω(φ, ψ) and γ(φ, ψ, α). Let us
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check that ω[γ] = φ[α]. Let nφ1 denote the number of free generalised numerals in φ of maximal
length and nφ2 the maximal length of a free generalised numeral occurring in φ. The proof
proceeds of by induction on

nφ = max{nφ1 , n
φ
2}

If nφ = 0, then the only free numerals in φ are free variables. Consequently, for any ψ, α, β
such that φ[α] = ψ[β], ω(φ, ψ) differs from φ at most with respect to shapes of free variables. In
particular, the full skeletons (as defined in Definition 20) of ω(φ, ψ) and φ are the same. Let us
abbreviateω(φ, ψ)withω and γ(φ, ψ, α)with γ. To see that ω[γ] = φ[α] it is enough to check if lωπ
is a free occurrence of a variable, then γ(lω(π)) = α(lφ(π)). But this is clear from the definition
of γ.

Let us suppose that nφ = k + 1 and for any φ, ψ, α, if nφ < k + 1 then ω(φ, ψ)[γ(φ, ψ, α)] =

φ[α]. Let lφπ be the ≺φ-least occurrence of a maximal free numeral in φ. If lφ(π) contains a
variable which occurs in φ exactly once, then let v be that variable. Otherwise, let v be a variable
which does not occur in φ, ω and ψ. Define φ′ to be the result of substituting v for lφπ . Now
ω(φ′, ψ) = ω(φ, ψ) and nφ′ < k + 1. Define the assignment α′

dom(α′) = dom(α) ∪ {v}

α′(x) = α(x) if x 6= v

α′(v) =
(
lφπ

)◦
α

Now we have φ′[α′] = φ[α] and γ(φ′, ψ, α′) = γ(φ, ψ, α). The thesis follows by our induction
assumption.

Before stating the next proposition, let us have a word of comment which will clarify its
meaning: given a binary sequence π and formulae φ, ψ let us say that π determines ψ in φ if and
only if lφ(π) = ψ. Then the next proposition says, inter alia, that if π determines a disjunction
in ω(φ, ψ), then it determines a disjunction in φ, as well.

Proposition 158 (PA). Let φ, ψ be two formulae and ω = ω(φ, ψ) be the formula from Proposition 157.
Then the following hold

1. if lωπ is an occurrence of bounded variable in ω, then lφ(π) = lω(π)

2. if lωπ is an occurrence of free variable in ω, then lφπ is an occurrence of a free numeral in φ.

3. if � ∈ {·,+} and lω(π) = lω(π_0)� lω(π_1) then lφ(π) = lφ(π_0)� lφ(π_1);

4. if lωπ is any occurrence of a formula of the form s = t in ω, then

lφ(π) = R(lφ(π_0), lφ(π_1)

5. if lωπ is any occurrence of a formula of the form θ0 ∨ θ1 in ω, then

lφ(π) = lφ(π_0) ∨ lφ(π_1)
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6. if lωπ is any occurrence of a formula of the form ¬θ in ω, then

lφ(π) = ¬lφ(π_0)

7. if lωπ is any occurrence of a formula of the form ∃vθ in ω, then

lφ(π) = ∃vlφ(π_0)

Definition 159 (PA). Let φ be a formula and lφπ an occurrence of its subformula or a term. σφ(π)

is a sequence of variables (listed in the order of increasing indices) such that v appears in σφ(π)

if and only if for some ρ

1. ll
φ(π)
ρ is a free occurrence of v in lφ(π) and

2. lφπ_ρ is a bounded occurrence of v in φ.

Example 160. Let φ = ∃v1∃v2

(
v1 = 0 ∧ ∃v0(v0 = v1 + v2)

)
∨ ∃v0(v0 = v1 + v2). Let

π = [0, 0, 0, 1]

π′ = [1]

ρ = [0, 0, 0, 1, 0, 1, 1]

ρ′ = [1, 0, 1, 1]

Then lφ(π) = ∃v0(v0 = v1 + v2) = lφ(π′), and lφ(ρ) = v2 = lφ(ρ′) but

σφ(π) = [v1, v2]

σφ(π′) = ε

σφ(ρ) = [v2]

σφ(ρ′) = ε

The proposition below is simply a generalisation of point 1 from Proposition 158:

Proposition 161. Let φ, ψ be arbitrary formulae and let ω = ω(φ, ψ). Let lωπ be an arbitrary occurrence
of a subformula in ω. Then σφ(π) = σω(π).

Proof of Theorem 151. We work in CS0. Fix φ and ψ and α ∈ Asn(φ), β ∈ Asn(ψ) such that

φ[α] = ψ[β]

Let ω and γ be a formula and an assignment from Proposition 157We shall show that S(ω, γ) ≡
S(φ, α) which, by symmetricity of roles played by pairs (φ, α), (ψ, β), will suffice to end the
proof.

Since FV(φ) ∩ FV(ω) = ∅, then

dom(α) ∩ dom(γ) = ∅

Hence by compositional axioms of CS− we have(
S(ω, γ) ≡ S(φ, α)

)
≡ S(ω ≡ φ, γ ∪ α)
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where γ∪α is a set-theoretic sum of two functions (by assumption no clashes are possible). For
our convenience, let us denote γ ∪ α by δ. We have

ω[δ] = φ[δ]

Let σφ and σω be as defined in Definition 159. By Proposition 161 we may skip the super-
script above σ. Let k be the complexity of ω. By induction on n in the formula

∀π ∈ Skel(ω)

(
len(π) ≥ k − n→ S

(
ucl(σ(π), lω(π) ≡ lφ(π)), δ �.

))
(4.6)

we show that
∀π ∈ Skel(ω) S

(
ucl(σ(π), lω(π) ≡ lφ(π)), δ �.

)
Showing this our proof will be finished since:

1. ε is the unique sequence in Skel(ω) of length 0

2. σ(l(ε)) is the empty sequence and

3. lφ(ε) = φ, lω(ε) = ω.

∆0 induction suffices for this purpose, since, by collection we know that there exists u such that

∀π < Skel(ω) 〈ucl(σ(π), lω(π) ≡ lφ(π))), δ〉 < u

Hencewe can apply Remark 57 to justify the use of induction for 4.6.ss In the base step for n = 0

we have to show that if π is of length k, then

S

(
ucl(σ(π), lω(π) ≡ lω(π)), δ �.

)
.

If len(π) = k, then lωπ and lφπ are atomic formulae. Suppose lω(π) = (s = t) for some terms s, t.
Then lφ(π) = (lφ(π_0) = lφ(π_1). Observe that s, t and hence lφ(π_0), lφ(π_1) might contain
a non-standard number of variables which are bounded by a quantifier in ω (and hence in φ).
We have to show that for every β ∼λ(π) δ, β ∈ Asn

(
(s = t) ≡ (lφ(π_0) = lφ(π_1))

)
(

(s)◦β = (t)◦β

)
≡
((

lφ(π_0)
)◦
β

=
(
lφ(π_1)

)◦
β

)
This can be shown by induction on the build-up of s and t (the inductive step is trivial and the
base step uses the assumptions on β and ω).

Let us fix 0 < n < k and assume the thesis holds for n. Let us fix π of length k− (n+ 1). We
shall proceed in two steps, since the step for ¬ is trivial.

Step 1: Let lω(π) = lω(π_0)∨ lω(π_1), then lφ(π) = lφ(π_0)∨ lφ(π_1). To enhance readability
let us denote π_i by πi (i = 0, 1) and abbreviate

lω(π) with θω and lφ(π) with θφ

lω(πi) with θωi and lφ(πi) with θφi
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By induction assumption (len(π0) = len(π1) = k − (n+ 1) + 1 = k − n).

S

(
ucl(σ(πi), θ

ω
i ≡ θ

φ
i ), δ �.

)
where i = 0, 1. The above is equivalent to

∀ζ ∼σ(πi) δ �θωi ≡θ
φ
i

(
S(θωi , ζ �.) ≡ S(θφi , ζ �.)

)
We have to show that the above implies

∀ζ ∼σ(π) δ �θ

((
S(θω0 , ζ �.) ∨ S(θω1 , ζ �.)

)
≡
(
S(θφ0 , ζ �.) ∨ S(θφ1 , ζ �.

))
which is clearly the case. Observe that e.g. if ζ ∼σ(π) δ �θω≡θφ , then

ζ �
θωi ≡θ

φ
i
∼σ(πi) δ �θωi ≡θ

φ
i
.

Step 2: Now consider the case of lω(π) = ∃vlω(π_0). As in the above abbreviate π_0 with π0

and

lω(π) with θω and lφ(π) with θφ

lω(π0) with θω0 and lφ(π0) with θφ0

Then θφ = ∃vθφ0 , and, consequently, v is either listed in sequence σ(π0) or is neither a free
variable of θω0 nor of θφ0 . In both cases we have

im
(
(σ(π)

)
= im

(
σ(π0)

)
\ {v}.

By inductive assumption we have (pulling the quantifier prefix outside)

∀ζ ∼σ(π0) δ �θω0≡θ
φ
0

(
S(θω0 , ζ �.) ≡ S(θφ0 , ζ �.)

)
Every ζ ∼σ(π0) δ �θω0≡θ

φ
0
can be decomposed into ζ1 ∼σ(π0)−v δ �θω≡θφ and ζ2 ∼v ζ1, so we have

∀ζ1 ∼σ(π0)−v δ �θω≡θφ ∀ζ2 ∼v ζ1

(
S(θω0 , ζ2 �.) ≡ S(θφ0 , ζ2 �.)

)
The above implies

∀ζ1 ∼σ(π) δ �θω≡θφ

(
∃ζ2 ∼v ζ1 S(lω(π0), ζ2 �.) ≡ ∃ζ2 ∼v ζ1 S(lω(π1), ζ2 �.)

)
which by the compositional axiom for existential quantifier is equivalent to

∀ζ1 ∼σ(π) δ �θω≡θφ

(
S(θω, ζ1 �.) ≡ S(θφ, ζ1 �.)

)
This ends the whole proof.
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Remark 162. The crucial idea used in the above proof is that by Theorem 144 we can reduce
Π1-inductive assumption of type

∀β ∼σ δ S(φ, β)

to the ∆0-formula
S(ucl(σ, φ), δ),

where ucl(σ, φ) may be taken as a parameter.

The next regularity property solves the problem of term regularity. Let us adopt the follow-
ing conventions:

Definition 163 (PA). Let φ be a formula and let σ be any injective enumeration of some variables
that have free occurrences in φ. Let β be any sequence of closed terms of the same length as
σ (the set of such sequences will be denoted by Termsσ. Formally, σ is a parameter in this
formula). Then

1. By β◦ we mean a sequence of values of terms belonging to β.

2. By φ[σ/β] we mean a formula resulting from substituting β(i) for σ(i) in φ.

Theorem 164 (Term Regularity). The following sentence is provable in CS0

∀φ(w̄)∀τ∀α, β
(
im(τ) ⊆ FV(φ) ∧ α ∈ Termsτ ∧ β ∈ Termsτ ∧ α = β◦ −→

−→ ∀γ ∈ Asn(φ)
(
S(φ[τ/α], γ �φ[τ/α]) ≡ S(φ[τ/β], γ �φ[τ/β])

))
(4.7)

Proof. We apply the same strategy as in the proof of Theorem 151. Let φ, τ , α, β satisfy the
antecedent of the above implication. Let us fix γ. Let us observe that

Skel(φ) = Skel(φ[τ/α]) = Skel(φ[τ/β])

For π ∈ Skel(φ) let σφ(π) be the sequence from Definition 159. Let us observe that

σφ[τ/α](π) ≡ σφ[τ/β](π)

for every π ∈ Skel(φ), so we shall write simply σ(π) to denote any of the above. Let k be the
complexity of φ. By induction on n in the formula

∀π ∈ Skel(φ)

(
len(π) ≥ k − n→ S(ucl(σ(π), lφ[τ/α](π) ≡ lφ[τ/β](π)), γ �.)

)
we show

∀π ∈ Skel(φ)

(
S(ucl(σ(π), lφ[τ/α](π) ≡ lφ[τ/β](π)), γ �.)

)
imitating the proof of Theorem 151.

The last regularity property we would like to prove is the closure under α-conversion. Let
us recall that φ and ψ are α equivalent (denoted φ ≡α ψ) if and only if φ can be obtained from
ψ by, and only by, renumerating bounded variables (but no free occurrence of a variable may
become bounded). The following lemma is a variant of Proposition 158:
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Proposition 165 (PA). Let φ, ψ be two formulae such that φ ≡α ψ. Let χ be the relevant permutation
of variables. Then the following hold

1. if lφπ is an occurrence of bounded variable in φ, then lψ(π) = χ(lφ(π));

2. if lφπ is an occurrence of a free numeral in φ, then lφ(π) = lψ(π);

3. if � ∈ {·,+} and lφ(π) = lφ(π_0)� lφ(π_1) then lψ(π) = lψ(π_0)� lψ(π_1);

4. if lφπ is any occurrence of a formula of the form s = t in φ, then

lψ(π) = (lψ(π_0) = lψ(π_1));

5. if lφπ is any occurrence of a formula of the form θ0 ∨ θ1 in φ, then

lψ(π) = lψ(π_0) ∨ lψ(π_1);

6. if lφπ is any occurrence of a formula of the form ¬θ in φ, then

lψ(π) = ¬lψ(π_0);

7. if lφπ is any occurrence of a formula of the form ∃vθ in φ, then

lψ(π) = ∃χ(v)lψ(π_0).

In the proof of the α-correctness theorem we will need one more, easily provable, trait of
CS0: it is stated in the next proposition:

Proposition 166. CS0 ` DC(S)

Proof. Wework inCS0. Let us fix a set of sentences c and an assignmentα ∈ Asn(c). Let y = c �n
denote the arithmetical formula representing the relation: "y is a set of first n elements of c".
We use ∆0 induction on y in the formula

θ(y) := ∀n < y∀d < c

(
d = c �n→ S

(∨
φ∈d

φ, α �.
)
≡
(
∃φ ∈ d S(φ, α �.)

))

The proof of the base step is trivial and the proof of the induction step uses a routine argument,
for if d consists of first y elements of c, then, by Definition 131

∨
φ∈d φ is equal to ψ ∨

∨
φ∈e φ,

where ψ = max(d) and e = d \ {ψ}. Now if ψ is not satisfied by α �ψ, then
∨
φ∈e φ must be

satisfied by α �∨
φ∈e φ

and we may use our induction assumption, since e = c �y−1.

Corollary 167. The following sentence is provable in CS0

∀c
(
SetSent(c)→ ∀α ∈ Asn(c)

(
S

(∧
φ∈c

φ, α

)
≡ ∀φ ∈ c S(φ, α �φ)

))

Now we can start proving the theorem on α-correctness.
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Theorem 168. The following sentence is provable in CS0

∀φ(w̄), ψ(w̄)∀α ∈ Asn(φ)

(
φ ≡α ψ → S(φ, α) ≡ S(ψ, α)

)
(4.8)

Proof. Working in CS0 let us fix φ, ψ and α as required. We shall start with two reductions.
Firstly, by Theorem 151 it is sufficient to prove our theorem for φ, ψ such that the set of variables
which have free occurrences in φ (equivalently in ψ) is disjoint from the set of variables which
have bounded occurrences either in φ or in ψ. This is because we can exchange free variables in
φ and ψ changing α analogously. Secondly, we can demand that the set of variables which have
bounded occurrences in φ is disjoint from the set of variables which have bounded occurrences
in ψ. This is because for every φ, ψ we can always find third formula θ such that pairs

(φ, θ), (ψ, θ)

satisfy this requirement and argue similarly as in the proof of Theorem 151. So let us assume
that φ andψ satisfy both requirements. Letχ be a bijection between the set of bounded variables
of φ and ψ (by our assumptions on variables of φ and ψ we can stop talking about occurrences
in such contexts). For π ∈ Skel(φ) = Skel(ψ) let σφ(π) be a sequence defined in Definition 159.
Then

χ ◦ (σφ(π)) = σψ(π).

Let k be the complexity of φ. Let σ(π) abbreviate σφ(π)_σψ(π) and θ(π) abbreviate the formula:

ucl(σ(π),
( ∧
vi∈σφ(π)

vi = χ(vi)
)
→ lφ(π) ≡ lψ(π))

Let us observe that for every α ∈ Asn(θ(π)) S(θ(π), α �.) is equivalent to

∀β ∼σ(π) α �θ(π)

(
∀vi ∈ σφ(π)

(
β(vi) = β(χ(vi))

)
−→

(
S(lφ(π), β �.) ≡ S(lψ(π), β �.)

))
By induction on n in the formula

γ(n) := ∀π ∈ Skel(φ)

(
len(π) ≥ k − n −→ S

(
θ(π), α �.

))
we show that

∀π ∈ Skel(φ)

(
S
(
θ(π), α �.

))
The argument is fully analogous to that given in Theorem 151. In the base step for n = 0, when
lφ(π) and lψ(π) have to be atomic, we apply subinduction on the complexity of terms. More
precisely, if Aφ is the full tree of φ (as in Definition 20) and m the maximal length of its path
then by induction on n in

∀π ∈ Aφ
(
lφ(π) ∈ Terms(φ) ∧ len(π) ≥ m− n −→

−→ S

(
ucl(σ(π),

( ∧
vi∈σφ(π)

vi = χ(vi)
)
→ lφ(π) = lψ(π)), α �.

))
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we show

∀π ∈ Aφ
(
lφ(π) ∈ Terms(φ) −→ S

(
ucl(σ(π),

( ∧
vi∈σφ(π)

vi = χ(vi)
)
→ lφ(π) = lψ(π)), α �.

))

Let us show one step in the proof that ∀n
(
γ(n) → γ(n + 1)). Let us fix π of length k − (n + 1)

and assume that lφ(π) = ∃vlφ(π_0). If v /∈ σφ(π_0), then this case can be easily covered by our
induction assumption. Assume that v ∈ σφ(π_0). In such a case v /∈ σφ(π). Let us abbreviate
π_0 with π0. We have to demonstrate that

∀β ∼σ(π) α �θ(π)

(
∀vi ∈ σφ(π)

(
β(vi) = β(χ(vi))

)
−→

−→
((
∃γ ∼v β �lφ(π0) S(lφ(π0), γ �.)

)
≡
(
∃γ ∼χ(v) β �lψ(π0) S(lψ(π0), γ �.)

)))
Let us fix β satisfying the antecedent of the above implication. Assume that

∃γ ∼v β S(lφ(π0), γ �.)

Since v ∈ BV(φ), then by our assumption on φ, v /∈ FV(φ) and therefore v /∈ dom(β). Let us fix
γ witnessing the above existential quantifier. Since χ(v) ∈ BV(ψ), then χ(v) /∈ dom(γ). Let us
define assignment γ′ with domain dom(γ) ∪ {χ(v)} by putting

γ′(w) =

{
γ(w) if w 6= χ(v)

γ(v) if w = χ(v)

Then we have
γ′ ∼σ(π0) β

and
∀vi ∈ σφ(π0)

(
γ′(vi) = γ′(χ(vi))

)
So we may use our induction assumption (len(π0) = k − n) and conclude that

S(lψ(π0), γ′ �.)

Let us observe that γ′ �lψ(π0)∼χ(v) β. Indeed γ′ ∼χ(v) γ ∼v β, hence

γ′ ∼χ(v),v β

Hence γ′ �lψ(π0)∼χ(v) β �lψ(π0) and our proof is finished.

We are ready to prove Theorem 142:

Proof of Theorem 142. We have already shown that, provably in CS0, every axiom of PA is true.
What is left to show is that every consequence of those axioms is true; i.e. the following sen-
tence:

∀φ PrPA(φ)→ ∀α ∈ Asn(φ) S(φ, α)
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We have to show that generalisations of all formulae of the form 1-6 from Definition 41
are, provably in CS0, satisfied by every assignment for them. By Theorem 144 it is sufficient
that every formula from 1-6 is satisfied by every assignment for it. For 1 this is clear from
propositional axioms (if we want only axioms for propositional calculus) or the fact that by ∆0

induction we can perform the induction on the length of proofs. Theorem 151 and Theorem
164 together take care of 2 and 6. Compositional axioms themselves are enough to assure 3-5.
Now, let φ be a PA-provable formula and let α ∈ Asn(φ). Let d = φ0, . . . , φa = φ be a proof of
φ. Let σ(φi) be the sequence of variables which have free occurrence in φi and are not in the
domain of α (by assumption σ(φ) = ∅). By induction on n up to a, we show that

∀i ≤ a S(ucl(σ(φi), φi), α �.)

we use Remark 57 to justify that the induction axiom for the above formula is provable in CS0.
The base step was verified above. To do the induction step assume

S(ucl(σ(φi), φi), α �.) (4.9)

and S(ucl(σ(φi → φj), φi → φj), α �.). Then the latter sentence is equivalent to

∀β ∼σ(φi→φj) α �φi→φj S(φi, β �.)→ S(φj , β �.)

which implies(
∀β ∼σ(φi→φj) α �φi→φj S(φi, β �.)

)
→
(
∀β ∼σ(φi→φj) α �φi→φj S(φj , β �.)

)
The above is equivalent to(

∀β ∼σ(φi) α �φi S(φi, β �.)

)
→
(
∀β ∼σ(φj) α �φj S(φj , β �.)

)
because by taking restriction in S(φi, β �.), we ignore the irrelevant variables. The antecedent
of the above is equivalent to (4.9) and this step finishes our whole proof.

Corollary 169 (Theorem 141). CT0 proves the Global Reflection Principle.

Proof. Working in CT0 let us put

S(φ, α) ≡
(
FormLPA(φ) ∧ α ∈ Asn(φ) ∧ T (φ[α])

)
Then, by Proposition 107, S(φ, α) is a formula of LT satisfying the axioms of CS0. Hence by the
above theorem for any sentence φwe have

PrPA(φ)→ ∀α ∈ Asn(φ) S(φ, α).

Since φ is a sentence, then, in particular, we get

PrPA(φ)→ S(φ, ε),

and by the definition of S(φ, α)

PrPA(φ)→ T (φ)

which ends the proof.
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4.2 Many Faces of CT0

In this section we shall discuss various possible axiomatisations of CT0. The result proved
above will be used to complete the picture of interdependencies between various truth axioms
studied earlier by (inter alia) Cieśliński and Enayat.

Now the promised "Many Faces" theorem:

Theorem 170. The following theories have the same consequences:

1. CT0

2. CT− + ∀φ
(
PrPA(φ)→ T (φ)

)
3. CT− + ∀φ

(
PrTPA(φ)→ T (φ)

)
4. CT− + ∀φ

(
Pr∅(φ)→ T (φ)

)
5. CT− + ∀φ

(
PrTCPC(φ)→ T (φ))

)
6. CT− + DC + INT

Proof. (1)⇒ (2) has been proved in the last section. The proofs of

(3) ⇒ (2)

(2) ⇒ (4)

(3) ⇒ (5)

follows directly from the definitions of respective theories. Proofs of the rest of implications
require more subtle reasoning: (5)⇒ (1) has been proved in [7], whereas (4)⇒ (2) was shown
in [7]. The implication (2) ⇒ (3) was established in [4]: we sketch the proof for Reader’s con-
venience:

(2)⇒ (3): We work in CT− + ∀φ
(
PrPA(φ)→ T (φ)

)
. Since all axioms of PA are true, what is

left to show is that provability in First Order Logic preserves truth. Let ψ0, . . . , ψx = φ e a proof
of φ in First Order Logic such that for every i < xwe have

T (ψi)

By Deduction Theorem
(∧

i<x ψi → φ
)
is provable in PA, hence (by the axiom for disjunction

and negation and the Global Reflection Principle) we have

T

(∧
i<x

ψi

)
→ T (φ)

In particular, it is enough to demonstrate T
(∧

i<x ψi
)
. For j < x let us define

θ′j =
∧
i≤j

ψi

θj(v) = (v = j)→ θ′j

γ(v) =
∧
j<x

θj(x)

Let us make the following claim



4. Classically Compositional Truth Theories 81

Claim 1. For every j ≤ xwe have
T (γ(j)) ≡ T (θ′j)

Proof of Claim 1. Let us assume that j ≤ x. For every j 6= i ≤ xwe have

PA ` i 6= j

Hence for any such i
PA ` (i = j)→ θ′i

ad consequently
PA `

∧
i≤x,i 6=j

θi (4.10)

By the Global Reflection Principle we have T
(∧

i≤x,i 6=j θi
)
. Moreover PA proves that whether

conjunction holds does not depend on the way it is parenthesized, hence in particular, we have

PA ` γ(j) ≡
(( ∧

i≤x,i 6=j
θi
)
∧ θj

)
Hence by the above and 4.10 we get

PA ` γ(j) ≡ θj

Using the Global Reflection Principle and the compositional axioms of CT− we get

T (γ(j)) ≡ T (θj)

which ends the proof of the claim.

Let us observe that γ(v) is a formula of LPA, hence we have

T (ind(v, γ))

and applying finitely many times compositional axioms we obtain(
T (γ(0)) ∧ ∀x

(
T (γ(x))→ T (γ(x+ 1))

))
−→ ∀xT (γ(x))

By Claim 1 it is enough to demonstrate the antecedent of the above implication. Once again by
the claim and our assumption on ψi, T (γ(0)) holds. So let us fix arbitrary y and assume T (γ(y))

holds. If y + 1 ≥ x, then also T (γ(y + 1)) holds for for every i < x

PA ` y + 1 6= i

and, in particular, PA ` θi(y + 1) for every i < x. Hence PA ` γ(y + 1). So let assume that
y+ 1 < x. By the claim it is enough to demonstrate T (θy+1). By the Global Reflection Principle
the T (θy+1) is equivalent to

T (θy ∧ ψy+1)

By our induction assumption and once again the claim we have T (θy). Since by our initial
assumption T (ψy+1) holds as well, application of compositional axioms in CT− ends the proof.
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Proof of (1) ⇒ (6) is a rather straightforward application of ∆0 induction. Indeed, INT is
provable in CT0, since for every formula with at most one free variable φ

θ(x) := T (φ(x))

is a ∆0 formula of LT with parameter φ (it involves some bounded quantifiers since we have to
substitute x to φ for v). Hence for every φ,(

T (φ(0)) ∧ ∀x
(
T (φ(x))→ T (φ(x+ 1))

))
−→ ∀xT (φ(x))

is an axiom of of CT0. To demonstrate the Dicjunctive Correctness axiom we use the relative
truth definability of CS0 in CT0 (see Proposition 107) and the fact that CS0 ` DC(S) (Proposition
166).

Proof of (6) ⇒ (1) is an unpublished result due to Ali Enayat: let us outline the proof. By
Proposition 56 it is enough to demonstrate that in everymodel of CT−+DC+INT (the extension
of) T is a class. Let us fix arbitrary

M |= CT− + DC + INT

and c ∈ M . From now on we work inM. Let φ0, . . . , φa be any enumeration of sentences
smaller than c. We define for i ≤ a

ψi(v) := (v = i) ∧ φi
θ(v) :=

∨
i≤a

ψi

Claim 2. For every i ≤ a
T (θ(i)) ≡ T (φi)

Proof of Claim 2. Let us fix i ≤ a. Let us observe that by the axioms of CT−, T (φi) is equivalent
to

T (i = i ∧ φi)

Moreover if j 6= i, then we have ¬T (j = i) and consequently

¬T (j = i ∧ φj)

Hence, by Disjunctive Correctness T (θ(i)) is equivalent to T (ψi), which in turn is equivalent to
T (φi).

Let us define:

γ(v, w0) := (v ∈ w0) ≡ θ(v)

ζ(w1) = ∃w0∀v < w1

(
v ≤ a→ γ(v, w0)

)
Intuitively, ζ(w1) says that there exists a set of whose elements are indices of true (in the sense of
T ) sentences below c. Let us observe that, by compositional axioms ofCT−, T (ζ(b)) is equivalent
to

∃x∀y < min{b, a+ 1}
(
y ∈ x ≡ T (θ(y))

)
(4.11)
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and by our claim:
∃x∀y < min{b, a+ 1}

(
y ∈ x ≡ T (ψy)

)
In particular, T (ζ(a+ 1)) implies that there exists a code of all true sentences below c. By inter-
nal induction on z we shall show that ∀zT (ζ(z)) holds. By 4.11, T (ζ(0)) holds trivially. Let us
fix arbitrary z and assume that T (ζ(z)) holds. If z ≥ a+ 1, then, once again by 4.11 T (ζ(z + 1))

holds as well. Assume that z ≤ a. By our induction assumption there is a c such that

∀y < z
(
y ∈ c ≡ T (ψy)

)
Let us fix c. Define

d =

{
c, if ¬T (ψz+1)

c ∪ {z + 1}, if T (ψz+1)

For such dwe have
∀y < z + 1

(
y ∈ d ≡ T (ψy)

)
and the proof is finished.



5. NON-CLASSICALLY COMPOSITIONAL TRUTH THEORIES

As we already saw, in the absence of induction, resignation from the axiom for the negation
might result in weakening the theory: CT− is model-theoretically non-conservative over PA
whereas both PT− andWPT− aremodel-theoretically not stronger than PA itself. In the current
chapter, we will investigate the strength are various reflection principles when added to non-
classically compositional theories of truth. In particular, we shall revisit Theorem 170 and ask
whether it is still truewhen consideredwith PT−/WPT− playing the role of CT−. Moreover, we
will be interested whether the distinction between closure reflection principles and completeness
reflection principles becomes visible over non-classically compositional theories. We will start
by considering the strength of PT− and WPT− extended with ∆0 induction for LT .

5.1 Bounded induction

It is relatively easy to show that in the presence of Σ1 induction all the three theories, that we
call CT1 (CS1), PT1 (PS1) and WPT1 (WPS1), are the same - by an obvious use of induction on
the build-up for formulae (inside PA), one shows that non-classically compositional theories
prove that each formula is total and consistent. We shall prove that it is almost true for variants
of these theories equipped with ∆0- LT induction only. We have stated "almost" since our
result holds for CT0, PT0 and an extension of WPT0, which we call WPT++

0 . This modification
is, however, very natural and in our opinion is better crafted than one would normally call
WPT0. This change is motivated in the following way: in natural language, we usually express
propositions of the form "All P’s are also Q’s", the famous example being

All men are mortal. (∗)

Then, when taking first lessons in First Order Logic, we learn that the above can be translated
to the formal language as

∀x(Man(x)→Mortal(x))

or in the absence of the implication symbol

∀x(¬Man(x) ∨Mortal(x))

The last sentence literally says:

Every object in the world is either not a man or is mortal. (∗∗)
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The translation of ∗ into Classical First Order Logic, resulting in the sentence directly corre-
sponding to ∗∗, rests upon creating a new complex property "being not a man or being mortal"
and predicating it on every object in the world. There is, however, another way to render the
meaning of ∗: we can see the quantifier "Every" as needing two properties (formulae) to form
a sentence. The former property ("Being a man", in our example) restricts the range of quan-
tification while the second one is predicated on every objected from the new domain. Treating
universal quantifiers as (possibly infinitary) conjunctions, ∗ can be seen as∧

a: Man(a)

Mortal(a) (
∧
∗)

whereas ∗∗ as ∧
a

(¬Man(a) ∨Mortal(a)) (
∧
∗∗)

Now, the difference between (possibly infinitary) sentences becomes more clearly visible on
another example: consider the sentence "Every number less than 3 is prime"1. Analysed in the
fashion of

∧
∗ it can be presented as

Prime(0) ∧ Prime(1) ∧ Prime(2)

which can be written using finitely many symbols. This is clearly not the case of the analogue
of
∧
∗∗

(0 ≥ 3 ∨ Prime(0)) ∧ (1 ≥ 3 ∨ Prime(1)) ∧ (2 ≥ 3 ∨ Prime(2)) ∧ (3 ≥ 3 ∨ Prime(3)) ∧ . . .

Working in classical logic, we need not add those new binary quantifiers to the language, pro-
vided our aim is to describe the truth conditions for sentences such as ∗. However, if we would
like our formalism to mimic the superficial form of natural language sentences more closely,
there might still be good reasons to introduce these new means to the formal language. This
line was pursued e.g. by Stephen Neale in [37] where he reconstructed Russell’s theory of de-
scriptions in this enriched logic.2

How do the above remarks transfer to the setting of axiomatic truth theories? We shall
extend the arithmetised language with certain generalised quantifiers of the form {∃x : φ}ψ,
where φ is meant to restrict the range of quantification. The arithmetised language extended
with those additional symbols will be denoted byL++

PA . Consequently, FormL++
PA

(x), SentL++
PA

(x)

etc. are arithmetical formulae strongly representing the set of (Gödel codes of) formulae, sen-
tences etc. of L++

PA . We extend also our convention of using metavariables φ, ψ,. . ., φ(v), ψ(v),
. . . to this new language; i.e. when dealing with WPS++

0 and WPT++
0 , ∀φ . . . is to be read as

∀x
(
FormL++

PA
(x)→ . . .

)
.

New quantifiers {Qv : φ}ψ are to be treated as conjunctions (in the case of universal quan-
tifier) or disjunctions (in the case of the existential one) of all sentences of the form

ψ(a)

1 We did not promise mentioning only true sentences.
2 One of the standard arguments against Russellian analysis is that what Russell called the logical form of sen-

tences containing definite descriptions does not match their superficial subject-predicate form. Neale showed that
if we allow for binary quantifiers (more than those discussed), then a more natural logical form of sentences with
definite descriptions can be defined in a Russellian vein.
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for any object a such that φ(a). In order for such a conjunction to be fully determined, we should
know two things:

1. which sentences form the conjunction; i.e. what are the objects satisfying φ

2. whether ψ is well defined for those objects.

To formalise the second objective, let us define the generalised version of tot

totv(φ, ψ) := ∀y
(
T (φ(y/v))→

(
T (ψ(y/v)) ∨ T (¬ψ(y/v))

))
Then the truth conditions for {∃x : φ}ψ (as usual, {∀x : φ}ψ will be defined as the dual) in
Weak Kleene Logic should be:

G∃ ∀v∀φ(v)∀ψ(v)

(
T ({∃v : φ}ψ) ≡ totv(φ) ∧ totv(φ, ψ) ∧ ∃x

(
T (φ(x)) ∧ T (ψ(x))

))

¬G∃ ∀v∀φ(v)∀ψ(v)

(
T (¬{∃v : φ}ψ) ≡ totv(φ) ∧ ∀x

(
T (φ(x))→ T (¬ψ(x/v))

))
Let WPT++

0 denote the theory containing L++
PA −variants of axioms of WPT− (Definition 96). In

the context ofWPT++
0 we always unravel ∀φ(x̄)Φ(φ) as ∀x(FormL++

PA
(x)→ Φ(x)). We shall treat

{∀v : φ}ψ as the abbreviation of
¬{∃v : φ}¬ψ

for arbitrary formulae φ, ψ (this will be needed later on when introducing WPS++
0 ). With such

a definition, we have:

Proposition 171. The following conditions are provable inWPT++
0 :

1. ∀v∀φ(v)∀ψ(v)

(
T ({∀v : φ}ψ) ≡ totv(φ) ∧ ∀x

(
T (φ(x))→ T (ψ(x/v))

))

2. ∀v∀φ(v)∀ψ(v)

(
T (¬{∀v : φ}ψ(v)) ≡ totv(φ) ∧ totv(φ, ψ) ∧ ∃x

(
T (φ(x)) ∧ T (¬ψ(x))

))
Then we can prove the following theorems

Theorem 172. PT0 ` ∀φ
(
T (p¬φq) ≡ ¬T (φ)

)
Theorem 173. WPT++

0 ` ∀φ
(
T (p¬φq) ≡ ¬T (φ)

)
Remark 174. To compare theories formulated over various signatures, it will be useful to intro-
duce a notion thatwould allowus to saywhen two such theories are the same, up to the translation
of their logical symbols. For example, given Theorem 173, we would like to say that WPT++

0 and
CT0 are the same theories. This is not literally true, since CT0 does not contain axioms govern-
ing the use of new symbols dealt with in WPT++

0 . However, CT0 can define the appropriate
semantics for those new symbols; hence the difference between the two theories is purely nota-
tional. In the definition, below, we shall use the notion of a translation introduced in Definition
52.
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Definition 175. Let Th1 and Th2 be two truth theories with truth predicates T1 and T2 and let
L1
PA and L2

PA be two languages over the same set of variables Var and non-logical constants λ =

{0, 1,+, ·} (see Definition 50). Hence, L1
PA and L2

PA differ at most on propositional connectives
and quantifiers present in both languages. Assume that Th1 and Th2 define the truth conditions
for L1

PA and L2
PA respectively. Moreover let L be a language. We shall say that Th2 is a mod L

translational subtheory of Th1 if there exists a PA provable L-conservative translation ∗ such that
for every axiom Θ of Th2

Th1 ` Θ[T1(t∗)/T2(t)]

where (using Convention 2) T1(t∗) abbreviates ∃x
(
x = t∗∧T1(x)

)
(where x is some variable not

appearing in t) and z = t∗ is an arithmetical formula representing in PA the translation function.
In other words we might say that the formula T1(t∗) relatively truth defines Th2 in Th1. We
shall say that Th2 and Th1 are mod L mutual notational variants if Th1 is a mod L translational
subtheory of Th2 and vice versa.

The above definition is analogous for theories of satisfaction.

Let us observe that the above definition would be superfluous if we assumed that all the
truth (satisfaction) theories we consider are formulated over the same arithmetical language
and treat the additional symbols as simply internal abbreviations of certain constructions. For
example we could have stipulated that LPA contains the newly introduced quantifiers and in
CT− we have the following axiom at our disposal:

∀v∀φ(v)∀ψ(v)
(
T ({∀v : φ}ψ) ≡ T (∀v(φ→ ψ))

)
Under such an assumption, we could have obtained the conclusion that all theories considered
by us are equal. This solution is, however, a little bit artificial and we find it less elegant. The
current approach makes the relation between theories considered more explicit and reduces
the number of ad hoc assumptions.

Remark 176. WPT++
0 is a mod LPA translational subtheory of CT0. Indeed, we can define the

translation ∗ by putting

∀φ∀ψ∀v
(
({∀v : φ}ψ)∗ = ∀v(φ∗ → ψ∗)

)
∀φ∀ψ∀v

(
({∃v : φ}ψ)∗ = ∃v(φ∗ ∧ ψ∗)

)
Then for example CT0 proves

∀v∀φ(v)∀ψ(v) T (({∀v : φ}ψ)∗) ≡
(
totv(φ∗) ∧ ∀x

(
T (φ(x)∗)→ T (ψ(x)∗)

))

Aswe already announced, wewill prove both Theorem 172 and Theorem 173 for versions of
two theories with the satisfaction predicate. Let us first formulate the appropriate extension of
WPS0. As in the case of WPT++

0 it contains L++
PA − variants of WPS− axioms. To introduce two

specific axioms of WPS++
0 , let us generalise restricted totality to the language with satisfaction

predicate:
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Definition 177.

totv(φ, ψ, α) := ∀β ∼v α
(
S(φ, β �φ)→

(
S(ψ, β �ψ) ∨ S(¬ψ, β �ψ)

))

And now two additional axioms of WPS++
0 :

G∃S ∀φ(w̄)∀ψ(w̄)∀α ∈ Asn(φ, ψ)∀v(
S({∃v : φ}ψ, α) ≡ totv(φ, α �φ) ∧ totv(φ, ψ, α) ∧ ∃β ∼v α

(
S(φ, β �φ) ∧ S(ψ, β �ψ)

))
¬G∃S ∀φ(w̄)∀ψ(w̄)∀α ∈ Asn(φ(w̄), ψ(w̄))∀v(

S(¬{∃v : φ}ψ, α) ≡ totv(φ, α �φ) ∧ ∀β ∼v α
(
S(φ, β �φ)→ S(¬ψ, β �ψ)

))
Similarly to WPT++

0 case, we have the following proposition (we remind that quantifiers
∀φ(x̄) range over formulae of L++

PA ):

Proposition 178. The following sentences are provable inWPS++
0

1. ∀φ(w̄)∀ψ(w̄)∀α ∈ Asn(φ, ψ)∀v(
S({∀v : φ}ψ, α) ≡ totv(φ, α �φ) ∧ ∀β ∼v α

(
S(φ, β �φ)→ S(ψ, β �ψ)

))
2. ∀φ(w̄)∀ψ(w̄)∀α ∈ Asn(φ, ψ)∀v(

S({¬∀v : φ}ψ, α) ≡ totv(φ, α �φ) ∧ totv(ψ, φ, α) ∧ ∃β ∼v α
(
S(φ, β �φ) ∧ S(¬ψ, β �ψ)

))
Nowwe are about to prove (recall that, by our convention, ∀φ(w̄) in the first of the theorems

below has different meaning than ∀φ(w̄) in the second one).

Theorem 179. PS0 ` ∀φ(w̄)∀α ∈ Asn(φ)
(
S(¬φ, α) ≡ ¬S(φ, α)

)
Theorem 180. WPS++

0 ` ∀φ(w̄)∀α ∈ Asn(φ)
(
S(¬φ, α) ≡ ¬S(φ, α)

)
Remark 181. Wedo not knowwhether extendingWPS0 is necessary for proving that all formu-
lae are total and consistent. However, as we shall demonstrate soon, This aim is accomplished
by a much weaker than WPS++

0 extension of WPS0.

Let us show how theorems 172 and 173 follow from the two above:

Proof of Theorem 172 assuming Theorem 179. Working in PT0 let us define

S(φ, α) := FormLPA(φ) ∧ α ∈ Asn(φ) ∧ T (φ[α]) (5.1)

Then, by Proposition 107, the axioms of PS0 are provable in PT0 with so defined satisfaction
predicate. By Theorem 179 this satisfaction predicate satisfies the axioms of CS0. If φ is an
arbitrary sentence, then the following are equivalent (ε denotes the empty function):
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1. T (¬φ)

2. T (¬φ[ε])

3. S(¬φ, ε)

4. ¬S(φ, ε)

5. ¬T (φ[ε])

6. ¬T (φ)

Proof of Theorem 173, assuming Theorem 180, is identical. Before proving Theorem 179,
let us outline what is problematic in working with ∆0 induction only (we shall make precise
the remarks stated in Section 3.3.3): the routine proof that every formula is total and consistent
would use induction on the build-up of formulae. But to secure the induction step for the
existential quantifier, i.e. to show that

S(¬∃vφ, α) ≡ ¬S(∃vφ, α)

we should know that S(¬φ, β) ≡ ¬S(φ, β) holds for arbitrary β differing from α at most on
v. In this assumption however the size of β cannot be bounded; hence this formula is at least
Π1(PAT). We encountered the same problem when proving the Global Reflection Principle in
CT0 and we will show that the same technique of reducing the complexity of the induction
assumption can be used also in the present context.

Proof of Theorem 179. As observed in Corollary 149 PS0 proves the commutativity with blocks
of universal quantifiers. Working in PS0 let us fix an arithmetical formula φ and an assignment
α ∈ Asn(φ). For π ∈ Skel(φ) let σ(π) be the sequence define in Definition 159. Let k be the
complexity of φ. Let l(π) abbreviate lφ(π). We first show that φ is total, and then, via a dual
argument, that it is consistent. For the former part: by induction on nwe show

∀n ∀π ∈ Skel(φ)

(
len(π) ≥ k − n −→ S(ucl(σ(π), l(π) ∨ ¬l(π)), α �.)

))
︸ ︷︷ ︸

:=Ψ(y)

(∗)

The above, for n > k will imply that we have S(φ ∨ ¬φ, α) and hence, since φ and α were
arbitrary, Tot(S). The use of induction on n in Ψ(n) is legitimate in PS0 since by collection
axioms in PA there exists a u such that

∀π ∈ Skel(φ) ucl(σ(π), l(π) ∨ ¬l(π)) < u

hencewe can apply Remark 57 to justify the use of induction. The base step for n = 0 is obvious,
since atomic formulae are total provably in PS− and, by Corollary 149 this suffices to complete
the first step of induction. So let us fix n and assume that Ψ(n) holds. Let us fix arbitrary π of
length k − (n + 1) and let θ = l(π). By the axiom for double negation in PT− the case when
θ = ¬θ′ for some θ′ can be reduced to the step for θ′. We shall show the steps for ∨ and ∃.
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Suppose first that θ = θ1 ∨ θ2. Then by the commutativity with blocks of universal quanti-
fiers we have:

S(ucl(σ(π), θ ∨ ¬θ), α �.) ≡ ∀β ∼σ(π) α �θ∨¬θ S(θ ∨ ¬θ, β �.)

Let us fix β ∼σ(θ) α �θ∨¬θ and focus on S(θ ∨ ¬θ, β �.). We have:

S(θ ∨ ¬θ, β �.) ≡ S(θ, β �.) ∨ S(¬θ, β �.)

≡ S(θ1, β �.) ∨ S(θ2, β �.) ∨
(
S(¬θ1, β �.) ∧ S(¬θ2, β �.)

)
The last sentence is implied by

S(θ1 ∨ ¬θ1, β �.) ∧ S(θ2 ∨ ¬θ2, β �.)

which is true by our inductive assumption and the fact that im(σ(π)) ∩ FV(θ1) = im(σ(π_0))

and im(σ(π)) ∩ FV(θ2) = im(σ(π_1)).

Let us now suppose that θ = ∃vθ1. Then im
(
σ(π_0)

)
= im

(
σ(π)

)
∪{v}. Let us fix arbitrary

β ∼σ(θ) α �θ∨¬θ. Then
S(θ ∨ ¬θ, β �.) ≡ S(θ, β �.) ∨ S(¬θ, β �.)

The right-hand side is equivalent to

∃γ ∼v β �θ S(θ1, γ �.) ∨ ∀γ ∼v β �¬θ S(¬θ1, γ �.) (∗)

Let us observe that γ ∼v β and β ∼σ(θ) α hold jointly if and only if

γ ∼σ(θ′) α

holds. In particular,our inductive assumption implies that

∀β ∼σ(θ) α∀γ ∼v β
(
S(θ1, γ �.) ∨ S(¬θ1, γ �.)

)
,

which, in turn, clearly implies ∗.

Let us now turn to the other part of our proof. We use the same technique and by induction
on n show that

∀n∀π ∈ Skel
(
len(π) ≥ k − n −→ ¬S(ecl(σ(π), l(π) ∧ ¬l(π)), α �.)

)
That we are allowed to use induction can be justified in the same way as above. Let us show
the induction step for ∨ and ∃. Fix arbitrary π ∈ Skel of length n− (k + 1) and let θ = l(π). By
Corollary 150 we have

¬S(ecl(σ(π), θ ∧ ¬θ), α �.) ≡ ¬∃β ∼σ(π) α �θ∧¬θ S(θ ∧ ¬θ, β �.)

Assume that θ = θ0 ∨ θ1. Let us observe that for every β ∼σ(π) α �θ∧¬θ we have

S(θ ∧ ¬θ, β �.) ≡
(
S(θ0, β �.) ∨ S(θ1, β �.)

)
∧
(
S(¬θ0, β �.) ∧ S(¬θ1, β �.)

)
The sentence on the right implies

S(θ0 ∧ ¬θ0, β �.) ∨ S(θ1 ∧ ¬θ1, β �.)
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Hence, by induction assumption for θ0 and θ1 there can be no β ∼σ(π) α �θ such that S(θ∧¬θ, β).
Let us now turn to ∃ case: assume θ = ∃vθ0. For every β ∼σ(π) α �θ∧¬θ we have

S(θ ∧ ¬θ, β �.) ≡ ∃γ ∼v βS(θ0, γ �.) ∧ ∀γ ∼v βS(¬θ0, γ �.)

The right-hand side of the above implies

∃γ ∼v β
(
S(θ0, γ �.) ∧ S(¬θ0, γ �.)

)
which is impossible by the induction assumption on θ0 (π_0 to be precise). This ends thewhole
proof.

Let us now regard the WPS++
0 case. The proof strategy is essentially the same as in the case

of PS0, although we must indicate how to reprove Theorem 144 in the new setting. As stated
in Remark 148, to reconstruct our proof of Theorem 144 in an axiomatic theory of satisfaction
Th, it is sufficient that Th proves:

1. ∀φ(w̄)∀v∀α ∈ Asn(∀vφ)
(
S(∀vφ, α) ≡ ∀β ∼v αS(φ, β �φ)

)
2. ∀φ(w̄)∀v∀α ∈ Asn(∀vφ)∀y

(
S(∀v < yφ, α) ≡ ∀β ∼v α

(
β(v) < y → S(φ, β �φ)

))
3. ∆0 induction for LT .

The first one is an axiom ofWPS− and the third is, by definition, admissible inWPS0. However,
the second one fails in WPS− since in the arithmetised language ∀v < yφ is a short for

∀v
(
¬(v < y) ∨ φ

)
And hence in WPS− S(∀v < yφ, α) implies

totv(φ, α).

The above sentence obviously is not, in general, a consequence of

∀β ∼v α
(
β(v) < y → S(φ, β)

)
which can be easily seen by taking y = 0 and φ to be arbitrary formula which is not total with
respect to v. In WPS++

0 we can remedy this with our notion of generalised quantifiers. For
technical purposes it will be convenient to formulate next proposition and lemmata in greater
generality. Let L+

PA denote the extension of arithmetised language with bounded existential quan-
tifier; i.e. in this language we are allowed to build expressions of the form

{∃v : v < t}φ

where t is a term. Variant of WPS− defined for this language will be denoted with WPS−+

Remark 182. Warning: extension of this theory with ∆0 induction will be denoted by WPS+
0 :

unfortunately defining non-inductive theorieswith supserscript "−" is almost aswell-established
(e.g. PA−) as writing subscript "0" to denote their extensions with ∆0 induction.
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In context of this theory, we interpret ∀φ(x̄) as ranging over formulae of L+
PA; i.e. ∀φ(x̄)Φ(φ)

is to be unravelled as
∀x
(
FormL+PA(x)→ Φ(x)

)
.

WPS−+ containsL+
PA− variants of axioms ofWPS− and additionally theL+

PA−variants of the two
following axioms:

Gb∃S ∀φ(w̄)∀v∀t(w̄)∀α ∈ Asn(φ, t)(
S({∃v : v < t}φ, α) ≡ totv(v < t, φ, α) ∧ ∃β ∼v α

(
β(v) < (t)◦β ∧ S(φ, β �.)

)
¬Gb∃S ∀φ(w̄)∀v∀t(w̄)∀α ∈ Asn(φ, t)(

S(¬{∃v : v < t}φ, α) ≡ ∀β ∼v α
(
β(v) < (t)◦β → S(¬φ, β �.)

)
As usual we take

{∀v : v < t}φ

to be an abbreviation of
¬{∃v : v < t}¬φ

We can derive in WPS−+ the natural truth conditions for {∀v : v < t}φ and ¬{∀v : v < t}φ, i.e.
we have

Proposition 183. WPS−+ proves

1. ∀φ(w̄)∀v∀t(w̄)∀α ∈ Asn(φ, t)
(
S({∀v : v < t}φ, α) ≡ ∀β ∼v α

(
β(v) < (t)◦β → S(φ, β �.)

)
2. ∀φ(w̄)∀v∀t(w̄)∀α ∈ Asn(φ, t)(

S(¬{∀v : v < t}φ, α) ≡ totv(v < t, φ, α) ∧ ∃β ∼v α
(
β(v) < (t)◦β ∧ S(¬φ, β �.)

)
Provability of the above is really what we needed. Let us show that it is a consequence of

WPS++
0 :

Proposition 184. WPS++
0 `WPS−+

Proof. The statement follows by theG∃S and ¬G∃S axioms and the fact that for every variable
v and term t

v < t

is a formula of standard complexity, so

∀β ∈ Asn(t)
(
totv(v < t, β)

)
is provable in WPS−.
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With the above proposition in hand, we can prove an analogue of Lemma 145. To do this
we have to adapt bucl(·, ·, ·) function to the current arithmetised language. For a sequence of
variables σ, formula φ and number y let us put

bucl+(σ, φ, y) := p{∀σ(0) : σ(0) < y}{∀σ(1) : σ(1) < y} . . . {∀σ(a) : σ(a) < y}φq

where y = max(dom(σ)). Now, the following lemma follows by exactly the same proof as
Lemma 145:

Lemma 185. The following sentence is provable inWPS+
0 :

∀φ(w̄)∀σ∀v ∈ Var \ Var(ucl(σ, φ))∀α ∈ Asn(bucl+(σ, φ, v))(
S(bucl+(σ, φ, v), α) ≡ ∀β

[(
β ∼σ α ∧ β � α[σ 7→ (α(v)− 1)]

)
−→ S(φ, β �φ)

])

Similarly we can establish the analogues of Lemmata 146 and 147:

Lemma 186. The following sentence is provable inWPS+
0 :

∀φ(w̄)∀σ∀v ∈ Var \ Var(ucl(σ, φ))∀α ∈ Asn(ucl(σ, φ))(
S(∀vbucl+(σ, φ, v), α) ≡ ∀β ∼σ α S(φ, β �φ)

)
Lemma 187. The following sentence is provable inWPS+

0 :

∀φ(w̄)∀σ∀v ∈ Var \ Var(ucl(σ, φ))∀α ∈ Asn(ucl(σ, φ))(
S
(
ucl(σ, φ), α

)
≡ S

(
∀vbucl+(σ, φ, v), α

))

By Proposition 105, point 2. and Theorem 179 the proof of Theorem 180 will be finished as
soon as we demonstrate the following

Lemma 188. WPS+
0 ` Tot(S).

Proof. We adapt the same strategy as in the proof of Theorem 179. We work in WPS+
0 and

fix a formula φ and α ∈ Asn(φ). Let k be the complexity of φ. We use ∆0 induction on n to
demonstrate that

∀n ∀π ∈ Skel(φ)

(
len(π) ≥ k − n −→ S(ucl(σ(π), l(π) ∨ ¬l(π)), α �.)

))
︸ ︷︷ ︸

:=Ψ(n)

where the meanings of σ(π) and l(π) are the same as in the proof of Theorem 179. By the three
above lemmata, the base step for n = 0 is trivial since each atomic formula is total provably
in WPS−+. To verify the induction step let us fix π of length n − (k + 1) and assume that Ψ(k)

holds. Let θ = l(π). If θ starts with the negation sign, then the proof easily reduces to induction
assumption (by the double negation axiom in WPS−; as previously we have to use the three
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preceding lemmata to "pull" the quantifier prefix outside S). Let us show the steps for ∨, ∃ and
{∃v : v < w}. By generalised commutativity with universal quantifier we have

S(ucl(σ(π), θ ∨ ¬θ), α �.) ≡ ∀β ∼σ(π) α �θ∨¬θ S(θ ∨ ¬θ, β)

Let us fix arbitrary β ∼σ(π) α �θ∨¬θ . Let us abbreviate S(φ, β �.) with Sβ(φ). Then, using the
axioms for disjunction and double negation in WPS−, we have:

S(θ ∨ ¬θ, β �.) ≡
(
Sβ(θ) ∧ Sβ(¬θ)

)
∨ Sβ(¬θ) ∨ Sβ(θ)

≡ Sβ(θ) ∨ Sβ(¬θ)

Now we distinguish cases: assume that θ = θ0 ∨ θ1. Then, using the axiom for disjunction and
for the negation of disjunction we see that the last sentence is equivalent to

tot(θ0, β) ∧ tot(θ1, β)

which clearly follows fromour assumption on θ0 and θ1 (π_0 and π_1 being precise; once again
we use the fact that im(σ(π)) ∩ FV(θ0) = im(σ(π_0)) and im(σ(π)) ∩ FV(θ1) = im(σ(π_1))).
Let us now turn to the step for ∃. Suppose θ = ∃vθ0. By the axiom for the existential quantifier
and the negation of existential quantifier we get

totv(θ0, β) ∧
((
∃γ ∼v β Sγ(θ0)

)
∨
(
∀γ ∼v β Sγ(¬θ0)

))
The above is clearly equivalent to simply totv(θ0, β), which in turn is equivalent to our induction
assumption on θ0. Indeed, either v has a free occurrence in θ0, and in such situation v is listed
in σ(θ0), or not, and in such situation

totv(θ0, β) ≡
(
S(θ0, β �.) ∨ S(¬θ0, β �.)

)
which follows from our induction assumption, since σ(π) = σ(π_0). Let us now assume that
θ = {∃v : v < t}θ0 Then by the specific axioms of WPS−+ we have

∀γ ∼v β
(
γ(v) < (t)◦β → Sγ(¬θ0)

)
∨
(
totv(v < t, θ0, β) ∧ ∃γ ∼v β

(
γ(v) < (t)◦β ∧ Sγ(θ0)

))
The above is implied by totv(v < t, θ0, β) i.e.

∀γ ∼v β
(
γ(v) < (t)◦β →

(
Sγ(θ0) ∨ Sγ(¬θ0)

))
Aswe already justifiedwhile dealingwith ∃ case, our induction assumption on θ0 (π_0) implies
totv(θ0, β) and the latter in turn clearly implies the above restricted version of totality of θ0.

The above proposition completes the proof of Theorem 180. Let us summarize our findings:

Theorem 189.

1. Theories CT0 and PT0 have the same consequences. The same holds for CS0 and PS0.

2. Theories WPT++
0 , PT0, CT0 are mutual notational variants of each other. The same holds for

theoriesWPS++
0 , PS0 and CS0.
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Let us now justify the introduction ofWPS+
0 : it is a translational subtheory of another exten-

sion ofWPS−modelled after Feferman Logic. In [17] the theory FKF− has been introducedwhich
extendsWKF−with a strong implication. We shall define FPT− as its stratified counterpart and
FPS− as the respective theory of satisfaction.

Convention 11. Let L→PA be the language of PA extendedwith a new primitive symbol→. From
now on our metavariables φ, φ(x), t etc. range over the syntactic objects of L→PA.

Remark 190. Let us note that we have added → to the arithmetised language (the object-
language for our truth theories) while it need not be present in the language of theories we
work in. In the language we work in, we may treat φ→ ψ as the abbreviation of ¬φ ∨ ψ (hence
in the external language→ obeys the law of classical logic.)

Definition 191 (FPT−). FPT− consists of allL→PA−variants of axioms ofWPT− together with the
following specific axioms for→:

(→) ∀φ∀ψ
(
T (φ→ ψ) ≡

(
(T (φ) ∧ T (ψ)) ∨ T (¬φ)

))
¬(→) ∀φ∀ψ

(
T (¬(φ→ ψ)) ≡

(
T (φ) ∧ T (¬ψ)

)
Definition 192 (FPS−). FPS− consists of all L→PA−variants of axioms of WPS− together with the
following specific axioms for→:

(→)S ∀φ(x̄)∀ψ(x̄)∀α ∈ Asn(φ, ψ)
(
S(φ→ ψ, α) ≡

(
(S(φ, α �.) ∧ S(ψ, α �.)) ∨ S(¬φ, α �.)

))
¬(→)S ∀φ(x̄)∀ψ(x̄)∀α ∈ Asn(φ, ψ)

(
S(¬(φ→ ψ), α) ≡

(
S(φ, α �.) ∧ S(¬ψ, α �.)

)
Now we are about to prove the proposition implying that also the pairs

• FPT0 and CT0;

• FPS0 and CS0;

are modLPA notational variants. We shall prove it for the case of satisfaction theories, the proof
for their truth variants being fully analogous.

Proposition 193. WPS−+ is a translational subtheory of FPS−.

Proof. The proof is straightforward: working in FPS−, let us define the translation ∗ for arbitrary
formula φ, variable v and term t by putting:(

{∃v : v < t}φ
)∗

= ∃v¬(v < t→ ¬φ∗)

We also let ∗ commute with other connectives and being identity on atomic formulae. Transla-
tion defined in such a way is obviously LPA-conservative. Nowwe argue in FPS−: for arbitrary
formula φ, variable v, term t and an assignment α ∈ Asn({∃v : v < t}φ) we have (we use the
same convention as previously writing Sγ(θ) for S(θ, γ �.):

S(
(
{∃v : v < t}φ

)∗
, α) ≡ S(∃v¬(v < t→ ¬φ∗), α)

≡ totv(¬(v < t→ ¬φ∗), α) ∧ ∃β ∼v α Sβ(¬(v < t→ ¬φ∗))
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Now we analyse both conjuncts separately. We have:

totv(¬(v < t→ ¬φ∗), α) ≡ ∀β ∼v α
(
Sβ(¬(v < t→ ¬φ∗)) ∨ Sβ(v < t→ ¬φ∗)

)
The sentence on the right-hand side is equivalent to

∀β ∼v α
((
β(v) < (t)◦β ∧ Sβ(φ∗)

)
∨
(
(β(v) < (t)◦β ∧ Sβ(¬φ∗)) ∨ β(v) ≥ (t)◦β

))
The above is in turn equivalent to

∀β ∼v α
(
Sβ(v < t)→

(
Sβ(φ∗) ∨ Sβ(¬φ∗)

))
and hence to totv(v < t, φ∗, α). Since v < t is a standard formula, then we also have totv(v <
t, α). Let us now turn to the second conjunct: we have

∃β ∼v α Sβ(¬(v < t→ φ∗)) ≡ ∃β ∼v α Sβ(v < t) ∧ Sβ(¬¬φ∗)

and the last sentence is equivalent to

∃β ∼v α β(v) < (t)◦β ∧ Sβ(φ∗)

which ends this part of the proof. Let us occupy with ¬Gb∃S: we have (for arbitrary formula
φ, variable v, term t and an assignment α ∈ Asn({∃v : v < t}φ))

S(
(
¬({∃v : v < t}φ)

)∗
, α) ≡ S(¬∃v¬(v < t→ ¬φ∗), α)

Now, by the compositional axioms in FPS− we have:

S(¬∃v¬(v < t→ ¬φ∗), α) ≡ ∀β ∼v α Sβ(v < t→ ¬φ∗)

and the last sentence is equivalent to

∀β ∼v α
((
β(v) < (t)◦β ∧ Sβ(¬φ∗)

)
∨ β(v) ≥ (t)◦β

)
This in turn can equivalently be written as

∀β ∼v α
(
β(v) < (t)◦β → Sβ(¬φ∗)

)
which is the desired translation of ¬Gb∃S.

Corollary 194. FPS0 and CS0 are mod LPA notational variants. The same holds for FPT0 and CT0.

5.2 Disjunctive Correctness and Internal Induction

In this sectionwe shall occupywith apparently the weakest extensions of PT− andWPT− (from
those mentioned in Chapter 3): those resulting by adding (appropriate forms of) Disjunctive
Correctness and Internal Induction. We shall show that, contrary towhat happened previously,
the two extensions dramatically differ in strength. We start with a Strong Kleene logic.
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5.2.1 Strong Kleene Case

Quite surprisingly PT−+DC+INT is a very strong theory. Evenmore surprisingly, the internal
logic of this theory is fully classical:

Theorem 195. PT− + DC + INT ` CT0

By "Many Faces" theorem (Theorem 170), it is enough to show that

PT− + DC + INT ` CT−

In the following, let us abbreviate PT− + DC + INT with simply ePT−. We shall show that
this theory proves both Tot and Cons axioms, which suffices by Proposition 98, point 3. As in
the case of PT0, we will establish this by (a kind of) induction on the build-up of formulae. It
turns out that in the presence of the axioms for generalised disjunctions the internal induction
is a sufficient tool to legitimise this method. As previously, we start with proving two lem-
mata which show that ePT− proves that the truth predicate commutes with blocks of bounded
quantifiers. We will need a version of Definition 143 adapted to the present needs:

Definition 196 (PA).

1. As previously first lower case letters of Greek alphabet, α, β, γ, range over assignments
i.e. functions mapping variables to numbers. If φ is a formula and β an assignment, then
we say that β is an assignment for φ if and only if β assigns values to all variables which
have free occurrence in φ (but it might assigns value to variables which do not occur in φ).
The set of assignments for φwill be denoted by Asn(φ) (note that we are locally changing
Definition 87).

2. If φ is any formula and t is any term, bucl(φ, t) denotes the bounded universal closure of φ
with respect to t i.e. the formula

∀vik < t∀vik−1
< t . . .∀vi0 < t(φ)

where vi1 , . . . , vik are all free variables of φ listed in the order of decreasing indices (for
the sake of determinateness only) and, as usual,

∀v < tψ

is a short for ∀v(¬(v < t) ∨ ψ) (for arbitrary variable v, term t and formula ψ). Moreover
let bucl(x, φ, t) denote the formula resulting from φ by bounding last x free variables (first
x variables with least indices) of φ by universal quantifiers bounded by t.

3. If φ is any formula and t is any term, then becl(φ, t) denotes the bounded existential clo-
sure of φ with respect to t defined analogously to bucl(φ, t). becl(x, φ, t) is defined anal-
ogously to bucl(x, φ, t).

4. In contrast to previous sections, it will be convenient to isolate a class of constant assign-
ments together with a specific notation to deal with them. If v is any variable, then for
any x, ξvx denotes the unique assignment whose domain is {v} and which sends v to x.
If φ is any formula, then for every x, ξφx denotes the unique assignment whose domain is
FV(φ) and which maps all the free variables of φ to x.
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Remark 197. In some contexts, more than one substitution in the formula might be involved
and order of their application is important. For example, suppose

φ = ∀v1∃v0(v2 + v1 = v0)

ψ = ∃v0(v2 + v1 = v0)

and β is an assignment mapping v1 to 1 and v2 to 2. Then β ∈ Asn(φ) and

φ[β] = ∀v1∃v0((1 + (1 + 0)) + v1 = v0)

and in PT− we have
T (φ[β]) ≡ ∀xT (ψ[ξv1x ][β])

Now for x 6= 1 ψ[ξv1x ][β] is not equal to ψ[β][ξv1x ], since the latter is equivalent to simply

∃v0((1 + (1 + 0)) + (1 + 0) = v0).

Also note that writing [β] to the right of a formula means that values of β are substituted in the
whole formula to the left. In particular, in some cases it might happen that

∀x(θ)[β]

is different from
∀x(θ[β])

We shall consistently be using parentheses to disambiguate such expressions.

The proof of all the following lemmata is based on a well-known technique of eliminating
bounded quantifiers in favour of generalised conjunctions, which is possible in presence of
the "disjunctively correct" truth predicate. This technique was used, for example, by Cezary
Cieśliński in the proof of implication (5) ⇒ (1) in "Many Faces" Theorem, Ali Enayat in the
proof of the implication (6)⇒ (1) in "Many Faces" Theorem and Bartosz Wcisło in his proof of
non-conservativity of CT0. We only adapt it to the present context.

Lemma 198. The following sentence is provable in ePT−

∀φ(w̄)∀y
(
Tbucl(φ, y) ≡ ∀β ∈ Asn(φ)(β � ξφy−1 → Tφ[β])

)
Proof. We work in ePT−. Let us fix a formula φ and a. Let b be the number of free variables of
φ. Let us define

Suff(w0, w1) :=
(
(w0 ≤ b) ∧ w1 = bucl(w0, φ, a))

(Suff(w0, w1) is a formula in the sense of ePT−) and any x such that ∃zT
(
Suff(z, x)

)
will be

called a suffix of φ for short (being more precise such x is a suffix of bucl(φ, a).) We shall prove
the left-to-right implication first, so let us assume that

Tbucl(φ, a) (L-TO-R)

holds. Let us fix arbitrary β � ξφa−1. For n ≤ b let

φn :=

{
w0 = bucl(0, φ, a) ∧ φ[β], if i = 0

w0 = bucl(n, φ, a) ∧ ∀vin−1 < a . . . ∀vi0 < a(φ)[β] if n > 0
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and, using Definition 129
ψ(w0) =

∨
n<b

φn

Hence, ψ(w0) can be presented in the following way:

(w0 = ∀vib−1
< a . . . ∀vi0 < a(φ) ∧ ∀vib−1

< a . . . ∀vi0 < a(φ))∨

∨ ((w0 = ∀vib−2
< a . . . ∀vi0 < a(φ) ∧ ∀vib−2

< a . . . ∀vi0 < a(φ)[β])∨
. . .

∨ ((w0 = ∀vi0 < a(φ) ∧ ∀vi0 < a(φ)[β])∨

∨ (w0 = φ ∧ φ[β]) . . .)

The following claim exhibits the crucial use of Disjunctive Correctness axiom.

Claim 3. For every xwhich is a suffix of φwe have

T (ψ(x)) ≡ T (x[β])

Proof of Claim 3. Let x be a suffix of φ, i.e. for some cwe have

x = bucl(c, φ, a)

By Disjunctive Correctness axiom and the definition of ψ we have

T (ψ(x)) ≡
(
∃n ≤ b T (φn(x))

)
For each n, T (φn(x)) is by definition equal to

T
(
(x = ∀vin−1 < a . . . ∀vi0 < a(φ)) ∧ ∀vin−1 < a . . . ∀vi0 < a(φ)[β]

)
or T (x = φ ∧ φ[β]) if n = 0. Hence, by the axiom for conjunction:

T (φn(x)) ≡
(
T (x = ∀vin−1 < a . . . ∀vi0 < v(φ) ∧ T (∀vin−1 < a . . . ∀vi0 < a(φ)[β])

)
If y 6= c then

T (x = ∀viy−1 < a . . . ∀vi0 < a(φ))

is false (by compositional axioms for atomic sentences in PT−) and, consequently, wemust have

T (ψ(x)) ≡ T (x = ∀vic−1 < a . . . ∀vi0 < a(φ)) ∧ T (∀vic−1 < a . . . ∀vi0 < a(φ)[β])

By our choice of x, T (x = p∀vic−1 < a . . . ∀vi0 < a(φ)q) is true and hence we are left with

T (ψ(x)) ≡ T (∀vic−1 < a . . . ∀vi0 < a(φ)[β])

which by the choice of x is the same as

T (ψ(x)) ≡ T (x[β])
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Now let us define

θ(w2) := ∀w0 < w2∀w1

(
Suff(b− w0, w1)→ ψ(w1)

)
Let us observe that θ(w2) is a formula of LPA. Intuitively, θ(w2) says that all suffixes of φ with
more than b−w2 first quantifiers (equivalently less thanw2 first quantifiers erased) satisfyψ. We
shall demonstrate that ∀yT (θ(y)) holds which would end our proof. Indeed, suppose we know
that ∀yT (θ(y)) holds. Then, in particular, we have T (θ(b+ 1)) and hence by compositional
axioms of PT− and the fact that φ = bucl(b, φ)

T (ψ(φ[β])),

and T (φ[β]) follows by Claim 3.

To this end, we will use INT to demonstrate ∀yT (θ(y)). The base step is very easy: we have
T (θ(0)), since θ(0) is equal to

p∀w0

(
¬(w0 < 0) ∨ ∀w1

(
Suff(w0, w1)→ ψ(w1)

))
q

and in PT− the first disjunct is true for every x. We shall demonstrate that

∀y
(
T (θ(y))→ T (θ(y + 1))

)
.

So let us fix any y and suppose that T (θ(y)) holds. If y > b, then for every xwe have

T (¬Suff(y, x)).

Consequently, we have T
(
∀w1(¬Suff(y, w1) ∨ ψ(w1)

)
. By our assumption we have also ∀z <

y T (∀w1(¬Suff(z, w1)∨ψ(w1)) and hence T (θ(y + 1)). So assume y ≤ b and T (θ(y)) holds. We
have to demonstrate T (θ(y + 1)), i.e.

T

(
(∀w0

(
¬(w0 < y + 1) ∨ ∀w1

(
Suff(w0, w1)→ ψ(w1)

)))
Let us fix x of the form

∀vi(b−z)−1
< a . . . ∀vi0 < a(φ)[β]

If z < y, then T (ψ(x)) follows by our induction assumption. So let us assume that z = y (let
us stipulate that for y = b the quantifier prefix of the above formula is empty). By Claim 3 it is
enough to demonstrate

T (x).

If y = 0, then the above holds by our initial assumption, since bucl(b, φ, a)[β] = bucl(φ, a, [)β]

and the latter is true (in the sense of T ) by L-TO-R. If y > 0, then y − 1 < b and, since by
induction assumption T (θ(y)), for x′ of the form

∀vib−(y−1)−1
< a . . . ∀vi0 < a(φ)[β].

we have T (ψ(x′)). Once again invoking Claim 3 it follows that

T (∀vib−y < a∀vib−y−1
< a . . . ∀vi0 < a(φ)[β])
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By compositional axioms of PT− we have:

∀z < a T
(
∀vb−y−1

< a . . . ∀vi0 < a(φ[ξ
vb−y
z ])[β]

)
In particular, since β(vb−y) < a then we have

T
(
∀vb−y−1

< a . . . ∀vi0 < a(φ[ξ
vb−y
β(vb−y)])[β]

)
Since

∀vb−y−1
< a . . . ∀vi0 < a(φ[ξ

vb−y
β(vb−y)])[β] = ∀vb−y−1

< a . . . ∀vi0 < a(φ)[β]

the proof of one implication is finished.

Let us observe that in the course of induction process, we kept erasing bounded quantifiers
one by one and substituting the (numeral naming) the respective value of β. In the proof of
the reverse implication of Lemma 198, we will follow the same path, but in the reverse direc-
tion. We will use generalised conjunction to simulate bounded universal quantification over
assignments.

Let us assume that
∀β ∈ Asn(φ)

(
β � ξφa−1 → T

(
φ[β]

))
. (L-TO-R)

Let β0, . . . , βe be the increasing enumeration of all assignments for φ which are smaller than
ξφa−1 in the sense of � (by Definition 143 point 5 there can be only finitely many of them). Let
us define

γb :=
∧
i≤e

(φ)[βi]

and for c ∈ [0, b− 1]

γc :=
∧
i≤e
∀vib−c−1

< a . . . ∀vi0 < a(φ)[βi]

Finally:
ψ(w1) :=

∨
c≤b

(
(w1 = bucl(c, φ, a)) ∧ γc

)
Now, ψ(x) is much harder to depict than its antecedent. The crucial point is that wemay use

generalised conjunctions instead of bounded quantifier ∀β � ξφa−1 and in such a way present
ψ(w2) as an arithmetical formula. Now let us make the following

Claim 4. If x is any suffix of φ, then

T (ψ(x)) ≡ ∀β � ξφa
(
β ∈ Asn(x)→ T (x[β])

)
Proof of Claim 4. By a reasoning fully analogous to the one used in the proof of Claim 3 we see
that if x = bucl(c, φ, a), then

T (ψ(x)) ≡ T (γc)

By the truth conditions for generalised conjunction we have:

T (γc) ≡ ∀β � ξφa−1

(
β ∈ Asn(bucl(c, φ, a))→ T (bucl(c, φ, a)[β])

)
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hence by the choice of x it holds that

T (ψ(x)) ≡ ∀β � ξφa−1

(
β ∈ Asn(x)→ T (x[β])

)

Let us define:
θ(w2) := ∀w0 < w2∀w1

(
Suff(w0, w1)→ ψ(w1)

)
Let us observe that once again it is enough to demonstrate that ∀yT (θ(y)) holds. Indeed, as-
suming this, by dictum de omniwe get T (θ(b+ 1)) and, consequently, T (ψ(bucl(φ, a))) (choosing
z = b and x = bucl(b, φ, a) = bucl(φ, a)). Now by Claim4 we have

∀β � ξφa−1

(
β ∈ Asn(bucl(φ, a))→ T (bucl(φ, a)[β])

)
and since bucl(φ, a) does not contain any free variables, the external quantifier is superfluous,
and this is precisely what we wanted. To demonstrate ∀yT (θ(y)) we again use internal induc-
tion on y.

T (θ(0)) holds for the same trivial reasons as previously. Let us fix y and assume T (θ(y)).
Once again without loss of generality we may assume that y ≤ b. Let us fix arbitrary z < y+ 1.
Similarly to the proof of the first implication we have to show that

T (ψ(bucl(z, φ, a)))

holds. Now, by Claim 4 the above statement is equivalent to

∀β � ξφa−1

(
β ∈ Asn(bucl(z, φ, a))→ T (bucl(z, φ, a)[β])

)
. (∗)

Now, if z = 0 then this is our assumption L-TO-R, since bucl(0, φ, a) = φ. So let us assume that
z > 0. Then z − 1 < y and by our induction assumption and Claim 4 we have

∀β � ξφa−1

(
β ∈ Asn(bucl(z − 1, φ, a))→ T (bucl(z − 1, φ, a)[β])

)
(∗∗)

Let us observe that in order to demonstrate ∗ it is enough to focus on β assigning values only to
variables

vib−1
, . . . , vib−z

since these are the only free variables of bucl(z, φ, a). Let β′ be arbitrary such assignment. Then

bucl(z − 1, φ, a)[β′]

contains precisely one free variable vib−z , since this is the variable with least index which is not
bounded in bucl(z − 1, φ, a). But for arbitrary d < a, by ∗∗we have

T (bucl
(
z − 1, φ, a)[β′][ξ

vib−z
d ]

)
hence

∀x < aT
(
bucl(z − 1, φ, a)[β′](x)

)
In particular,invoking standard compositional axioms in PT− we have

T (bucl(z, φ, a)[β′])

which ends the whole proof.
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The following corollary is an easy consequence

Corollary 199. The following sentence is provable in ePT−

∀φ(w̄)∀v /∈ FV(φ)

(
Tp∀vbucl(φ, v)q ≡

(
∀β ∈ Asn(φ) Tφ[β]

))
The proof of the next lemma follows the same pattern as the proof of Lemma 198, so we

allow ourselves some sloppiness. The idea is the same: we use Disjunctive Correctness and
Internal Induction to perform induction on the build-up of formulae.

Lemma 200. ePT− ` Tot

Proof. We work in ePT−. Let us fix arbitrary sentence φ ∈ LPA and let ρ0, . . . , ρa be any enu-
meration of its subformulae. Let v be any variable which does not occur in φ (either as free or
a bounded one). Let us define

φ′i := ∀vbucl(ρi ∨ ¬ρi, v), for i ≤ a

φi(w) := w = ρi ∧ φ′i
ψ(w) :=

∨
i≤a

φi(w)

As in the previous lemmata let us isolate the following:

Claim 5. For every subformula ξ of φwe have

T (ψ(ξ)) ≡ ∀β ∈ Asn(ξ)
(
T (ξ[β]) ∨ T (¬ξ[β])

)
Proof of Claim 5. Let us fix ξ = ρi for some i. As in the proof of Claim 3 we have

T (ψ(ρi)) ≡ T (∀vbucl(ρi ∨ ¬ρi, v)).

Hence, Corollary 199 gives us

T (ψ(ρi)) ≡ ∀β ∈ Asn(ρi)
(
T (ρi[β]) ∨ T (¬ρi[β])

)
which ends the proof of our claim.

By the above claim it is sufficient to demonstrate that

T (ψ(φ))

holds. Let us put

θ(w2) := ∀w0 < w2∀w1

((
Subf(φ,w1) ∧ Compl(w1) = w0

)
→ ψ(w1)

)
Obviously θ is an arithmetical formula. Let b be the complexity of φ. As in the proof of preced-
ing lemmata, T (θ(b+ 1)) implies T (ψ(φ)). By internal induction on y we shall show

∀yT (θ(y))



5. Non-Classically Compositional Truth Theories 104

which will end the proof. As usual verifying that T (θ(0)) is trivial. Let us fix y and assume
T (θ(y)). In order to show T (θ(y + 1)) let us also pick z < y + 1 and ξ such that ξ is any subfor-
mula of φ of complexity z. Let i be such that ξ = ρi. By Claim 5 it is enough to demonstrate

∀β ∈ Asn(ρi)
(
T (ρi[β]) ∨ T (¬ρi[β])

)
(∗)

Let us fix any β ∈ Asn(ρi). Clearlywe can assume that β assigns values only to the free variables
of ρi. Now the proof proceeds by cases: if ρi is atomic, then (∗) follows by compositional axioms
for atomic sentences. So let us suppose that the complexity of ρi is non-zero. In such a situation
we further distinguish cases depending on themain connective of ρi. Without loss of generality
we may assume that ρi does not start with the negation sign. We shall show the steps for ∨ and
∃. Let ρi = ρk ∨ ρj for some k, j ≤ a. Consequently, max{Compl(ρk),Compl(ρj)}) < y, hence
by our induction assumption we obtain

T (ψ(ρj)), T (ψ(ρk))

and by Claim 5
∀β ∈ Asn(ρj)

(
T (ρj [β]) ∨ T (¬ρj [β])

)
(5.2)

∀β ∈ Asn(ρk)
(
T (ρk[β]) ∨ T (¬ρk[β])

)
(5.3)

By the compositional axiom for disjunction in PT− (∗) for the fixed β is equivalent to(
T (ρj [β]) ∨ T (ρk[β])

)
∨
(
T (¬ρj [β]) ∧ T (¬ρk[β])

)
which clearly follows from (5.2) and (5.3). So let us assume that ρi = ∃vjρk. In such a case our
induction assumption gives us

∀β ∈ Asn(ρk)
(
T (ρk[β]) ∨ T (¬ρk[β])

)
(5.4)

By compositional axioms in PT−, (∗) for the chosen β (we assumed that β assigns values only
to the free variables of ρi, hence vj /∈ dom(β)), is equivalent to

∀xT (¬ρk[β](x)) ∨ ∃xT (ρk[β](x)) (5.5)

(both above expressions are meaningful since ρk[β] contains at most one free variable.) Hence,
5.4 is equivalent to

∀β ∈ Asn(ρi)∀x
(
T
(
ρk[β](x)

)
∨ T

(
¬ρk[β](x)

))
from which it follows that

∀x
(
T
(
ρk[β](x)

)
∨ T

(
¬ρk[β](x)

))
where β is our fixed valuation. The above clearly implies (5.5) and our proof is finished.

Proof of the lemma below follows exactly the dual pattern to proof of Lemma 198: instead
of bucl we use becl.

Lemma 201. The following sentence is provable in ePT−

∀φ(w̄)∀y
(
Tbecl(φ, y) ≡ ∃β ∈ Asn(φ)(β � ξφy−1 ∧ Tφ[β])

)
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Sketch of the proof. We fix φ, a and define b to be the number of free variables of φ. Let

Suff(w0, w1) :=
(
(w0 ≤ b) ∧ w1 = becl(w0, φ, a)).

We show the right-to-left implication first. Let us fix arbitrary β ∈ Asn(φ) such that β � ξφa−1

and T (φ[β]) and define

φn(w1) :=
(
w1 = becl(n, φ, a) ∧ ∃vin−1 < a . . . ∃vi0 < a(φ)[β]

)
ψ(w1) :=

∨
n≤b

φn(w1)

Moreover put
θ(w2) := ∀w0 < w2∀w1

(
Suff(w0, w1)→ ψ(w1)

)
and via argument analogous to the one used in the proof of Lemma 198 show that ∀yT

(
θ(y)

)
.

To show the converse implication assume that T (becl(φ, a)) holds. Let β0, . . . , βe be the enu-
meration of all elements of Asn(φ) smaller than ξφa−1 in the sense of �. For c ∈ [0, b] define:

γc :=
∨
i≤e
∃vib−c−1

< a . . . ∀vi0 < a(φ)[βi] if c < b

γc :=
∨
i≤e

φ[βi] if c = b

ψ(w1) :=
∨
c≤b

(
(w1 = becl(c, φ, a)) ∧ γc

)

Define θ(w2) = ∀w0 < w2∀w1

(
Suff(b−w0, w1)→ ψ(w1)

)
and using internal induction show

that ∀yT (θ(y)).

Corollary 202. The following sentence is provable in ePT−

∀φ(w̄)∀v /∈ FV(φ)

(
Tp∃vbecl(φ, v)q ≡

(
∃β ∈ Asn(φ) Tφ[β]

))
Lemma 203. ePT− ` Cons.

Proof. Working in ePT− let us assume that for some sentence φwe have

T (φ ∧ ¬φ)

Let ρ0, . . . , ρa be any enumeration of subformulae of φ and let us suppose that b = Compl(φ).
Define

φ′i := ∃vbecl(ρi ∧ ¬ρi)

φi(x) := (x = ρi ∧ φ′i)

ψ(x) :=
∨
i≤a

φi(x)

Exactly as in the proof of Claim 5 we can demonstrate the following:
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Claim 6. For every subformula ξ of φwe have

T (ψ(ξ)) ≡ ∃β ∈ Asn(ξ)
(
T (ξ[β]) ∧ T (¬ξ[β])

)
Let us now put

θ(w2) := ∃w0 ≤ b− w2∃w1

(
Subf(φ,w1) ∧ Compl(w1) = w0 ∧ ψ(w1)

)
Let us recall that by our convention, if a < z, then a− z = 0. Intuitively formula θ(y) says that
below the y−th level of the syntactic tree of φ we can see a subformula of φ which is inconsis-
tent. Let us observe that T (θ(b)) implies that there exists an inconsistent formula of complexity
0, which is impossible, since such formulae are atomic and PT− proves that atomic formulae
are consistent. We will demonstrate that ∀yT (θ(y)) by internal induction on y. If y = 0 then
T (θ(0)) is true by our assumption that T (φ ∧ ¬φ). Let us fix y and assume T (θ(y)) holds. In
particular,there exists a subformula ξ of φ of complexity at most b− y such that

T (ψ(ξ))

holds. By Claim 6 we have

∃β ∈ Asn(ξ)
(
T (ξ[β]) ∧ T (¬ξ[β])

)
(5.6)

Let us fix any β witnessing the above existential statement. Without loss of generality let us
assume that β is defined only on the variables which have free occurrence in ξ. As we already
observed, ξ cannot be atomic, since such formulae are consistent. Hence, ξ is compound andwe
distinguish cases depending onwhat is themain logical symbol in ξ. Without loss of generality
we may assume that ξ does not start with the negation sign, for if ξ = ¬ξ′, then T (¬ξ′[β]) ∧
T (¬¬ξ′[β]) is equivalent to

T (¬ξ′[β]) ∧ T (ξ′[β])

and ξ′ is of complexity at most b − y − 1. We shall show the steps for ∨ and ∃. Let us assume
first that for some i, j ≤ a ξ = ρi ∨ ρj . By (5.6) and the axioms for the negation in PT− we get:(

T (ρi[β]) ∨ T (ρj [β])
)
∧
(
T (¬ρi[β]) ∧ T (¬ρj [β])

)
(5.7)

The above clearly implies(
T (ρi[β]) ∧ T (¬ρi[β])

)
∨
(
T (ρj [β]) ∧ T (¬ρj [β])

)
Without loss of generality assume that we have T

(
T (ρi[β]) ∧ T (¬ρi[β])

)
. Once again by Claim

6 we obtain
T (ψ(ρi))

Since ρi is of complexity smaller than ξ, then it is of complexity at most a − (y + 1) and in
particular, we have

T (θ(y + 1))

which ends the step for ∨.
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Let us now suppose that ξ = ∃vjρi for some i ≤ a and some j. By axioms for ∃ in PT− we
have

∃x T (ρi[β](x)) ∧ ∀x T (¬ρi[β](x))

In particular, for some dwe have

T (ρi[β](d)) ∧ T (¬ρi[β](d))

Let us put γ = β ∪ {〈vj , d〉}. Then γ ∈ Asn(ρi) and we get:

T (ρi[γ]) ∧ T (¬ρi[γ])

Hence, by Claim 6: T (ψ(ρi)). Since ρi is of complexity smaller than ξ, then it is of complexity
at most a− (y + 1) and in particular, we have

T (θ(y + 1))

which ends the step for ∃ and the whole proof.

The above lemmata, together with Proposition 98, point 3, complete the proof of Theorem
204.

Digression 1: Restricting Internal Induction

We shall show that the full strength of internal induction is indeed needed to cross the Tarski
Boundary. The proof will be an easy modification of the one from [5] which demonstrated
Lemma 117.

Theorem 204. PT− + DC + INT(tot) is proof-theoretically conservative over PA.

We shall modify operator Θ from Definition 115 adding the conditions for generalised dis-
junction. LetM |= PA.

ΘMDC(φ,A) := M |= ∃s, t[φ = (s = t) ∧ s◦ = t◦]

∨ M |= ∃s, t[φ = ¬(s = t) ∧ s◦ 6= t◦]

∨ ∃ψ ∈ SentM[M |= φ = ¬¬ψ] ∧ ψ ∈ A

∨ ∃ψ1, ψ2 ∈ SentM[M |= φ = (ψ1 ∨ ψ2)] ∧
(
ψ1 ∈ A) ∨ (ψ2 ∈ A)

)
∨ ∃ψ1, ψ2 ∈ SentM[M |= φ = ¬(ψ1 ∨ ψ2)] ∧

(
¬ψ1 ∈ A) ∧ (¬ψ2 ∈ A)

)
∨ ∃c ∈ SetSentM[M |= φ =

∨
ψ∈c

ψ] ∧ ∃ψ ∈ c ψ ∈ A (5.8)

∨ ∃c ∈ SetSentM[M |= φ = ¬
∨
ψ∈c

ψ] ∧ ∀ψ ∈ c ¬ψ ∈ A (5.9)

∨ ∃ψ ∈ Form1
M[M |= φ = ∃xψ] ∧ ∃s ∈ Tmc (ψ(s) ∈ A)

∨ ∃ψ ∈ Form1
M[M |= φ = ¬∃xψ] ∧ ∀s ∈ Tmc (¬ψ(s) ∈ A)
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where the only added conditions are (4.8) and (4.9). ΓMDC, ΓMDC(α), αMDC are defined as in Defi-
nition 115 but using ΘMDC instead of ΘM. Now, similarly to the unmodified operator Θ it is easy
to observe that if A ⊂M is any fixpoint of ΓMDC then

(M, A) |= PT− + DC.

Now we prove a variant of lemma 117 for ΘMDC.

Lemma 205. IfM is recursively saturated, then αMDC = ω.

Proof. We check that ΓDC(ω) is a fixpoint of Γ (and skip the reference toM). All the steps are as
in the proof of Lemma 3.9 in [5] except for the generalised disjunctions. The only problematic
step is to demonstrate that for every c ∈ SetSent if

∀φ ∈ c
(
¬φ ∈ ΓDC(ω)

)
(5.10)

then ¬
∨
φ∈c φ ∈ ΓDC(ω). This will certainly be the case if there exists n ∈ N such that

∀φ
(
¬φ ∈ ΓDC(n)

)
(5.11)

So assume there exists c such that (5.10) holds, but (5.11) is not the case for every n. As in
the proof of Lemma 3.9 from [5] for each n there exists an arithmetical formula ΓnDC(x) which
defines ΓDC(n). Let us consider the following set of formulae with parameter c

p(x) := {x ∈ c ∧ ¬ΓnDC(¬x) | n ∈ ω}

p(x) is clearly recursive. Also, by our assumption it is finitely satisfiable, hence by the choice of
M there exists a ∈M such that a ∈ c and for every n

¬a /∈ ΓDC(n).

In particular,¬a /∈ ΓDC(ω) which contradicts (5.10).

A variant of this lemma, for operator ΘM, was proven in [5] (Lemma 3.10). What we give
below is just a modification of this proof.

Lemma 206. If αMDC = ω, then (M,ΓDC(ω)) |= PT− + DC + INT(tot).

Proof. Let us fixM such that αMDC = ω. We already know that

(M,ΓDC(ω)) |= PT− + DC

sowe have to verify the internal induction for total formulae. The proof is the same as in Lemma
3.10 in [5], but we reprove it for Reader’s convenience. Let us fix arbitrary φ(v) ∈ Form≤1

M and
assume that it is total i.e.

∀x
(
T (φ(x)) ∨ T (¬φ(x))

)
holds in (M,ΓDC(ω)). Since ΓDC(ω) is a fixpoint of ΓDC, then we have(

∀x(φ(x) ∨ ¬φ(x))
)
∈ ΓDC(n)
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for some n ∈ ω. Let k be the least n for which the above holds. In particular,we have

∀x
(
φ(x) ∈ ΓDC(k − 1) ∨ ¬φ(x) ∈ ΓDC(k − 1)

)
(k cannot equal 0, since the above is not an atomic formula). Since (M,ΓDC(ω)) |= Cons, then
we in fact have

∀x
((
φ(x) ∈ ΓDC(k − 1)

)
≡
(
φ(x) ∈ ΓDC(ω)

))
Since ΓDC(k − 1) is definable inM and for the formula defining ΓDC(k − 1) inM satisfies the
instantiation of the induction axiom, then the above observation ends our proof.

The above lemma completes the proof of Theorem 204 (we invoke Proposition 59). Let us
observe that one consequence of the above theorem is that PT− + DC is proof-theoretically
conservative over PA. Since PT− + INT is a subtheory of CT− + INT, then by Theorem 140, it
is also proof-theoretically conservative. Hence, we see two truth principles DC and INT, each
of which when added separately to PT− generate a proof-theoretically conservative theory but
adding them together results in a very strong theory. Consequently, it might be argued that this
is really the interplay between the two principles that is needed to obtain the strengthening (in
the proof-theoretical sense) of PT−.

5.2.2 Weak Kleene Case

We shall now occupy with the strength ofWPT−+DC+ INT. We shall slightly strengthen both
principles G

∨
wk and G¬

∨
, which, since we are making a conservativity claim, will also (also

slightly) strengthen the obtained result. Let us introduce the following definition:

Definition 207 (PA). Let

x =
∗∨
y

be an arithmetical formula (of two variables x and y) strongly representing the relation: y is a
set of sentences and x is a disjunction of formulae from y parenthesized in some way.

Let us note that for a fixed set of sentences y, there might be no unique x such that

x =

∗∨
y

For example, working in PA, if for some ψ0, ψ1, ψ2, y = {ψ0, ψ1, ψ2}, then we have

(
ψ0 ∨ (ψ1 ∨ ψ2)

)
=

∗∨
y(

(ψ0 ∨ ψ1) ∨ ψ2)
)

=
∗∨
y

Now we introduce stronger version of the two above correctness principles. The only nov-
elty is that the resulting theory will prove that the truth of a (generalised) disjunction does not
depend on the chosen way of parenthesizing it.
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∀x∀y
((
x =

∗∨
y
)
→ T (x) ≡

(
(∀φ ∈ y tot(φ))) ∧ (∃φ ∈ y T (φ))

))
(G
∨∗
wk)

∀x∀y
((
x =

∗∨
y
)
→ T (¬x) ≡ ∀φ ∈ y T (¬φ)

)
(G¬

∨∗
wk)

Definition 208. WPT−+DC+INT is the theoryWPT−+INTwithwG
∨∗ andwG¬

∨∗ added.
Theorem 209. WPT− + DC + INT is model-theoretically conservative over PA.

Let us fix arbitrary modelM. We shall modify operator ΘMDC and adapt it to the present
context. For the sake of readability, we will not introduce new symbol for this new version. For
A ⊆M we introduce the following abbreviations:

1. totv(φ,A) stands for ∀x
(
φ(x/v) ∈ A ∨ ¬φ(x/v) ∈ A

)
. As previously if φ is a sentence

then totv(φ,A) is equivalent to simply φ ∈ A ∨ ¬φ ∈ A.

2. ∨wk(φ, ψ,A) stands for totv(φ,A) ∧ totv(ψ,A) ∧
(
φ ∈ A ∨ ψ ∈ A

)
.

We define Θ :

ΘMDC(φ,A) := M |= ∃s, t[φ = (s = t) ∧ s◦ = t◦]

∨ M |= ∃s, t[φ = ¬(s = t) ∧ s◦ 6= t◦]

∨ ∃ψ ∈ SentM[M |= φ = ¬¬ψ] ∧ ψ ∈ A

∨ ∃c ∈ SetSentM[M |= φ =
∗∨
c] ∧

(
∀ψ ∈ c totv(ψ,A)

)
∧ ∃ψ ∈ c

(
ψ ∈ A

)
∨ ∃c ∈ SetSentM[M |= φ = ¬

∗∨
c] ∧ ∀ψ ∈ c

(
¬ψ ∈ A

)
∨ ∃ψ ∈ Form1

M[M |= φ = ∃vψ] ∧ totv(ψ,A) ∧ ∃s ∈ Tmc (ψ(s) ∈ A)

∨ ∃ψ ∈ Form1
M[M |= φ = ¬∃vψ] ∧ ∀s ∈ Tmc (¬ψ(s) ∈ A)

Let us observe that we do not need to add a special clause for ∨, since θ ∨ γ can be written
simply as ∨

φ∈c
φ

where c = {θ, γ} (forgetting about the order of formulae occurring in the disjunction).

Let ΓMDC, ΓMDC(α) be as defined in Definition 115 but with the above ΘMDC instead of ΘM. As
in the previous cases, we have the following proposition:

Proposition 210. If A is any fixpoint of ΓMDC, then (M, A) |= WPT− + DC.

Contrary to other operators, the fixpoint of ΘMDC is always reached after as few steps as
possible. We have the following:

Proposition 211. In everyM |= PA, ΓMDC(ω) is a fixpoint of ΓMDC.
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In the proof of the above proposition, we shall isolate one lemma that brings to the light
the crucial difference between operators Θ for Weak and Strong Kleene Logic. Let us redefine
the measure Compl, defined in Definition 24. We would like to make it possible to count gen-
eralised disjunction as, in a sense, one symbol. It would be most convenient to use a modified
version of the function Compl(φ) = n. Since it was based on Definition 20, we show how to
modify it:

Definition 212 (Generalized Syntactic Tree; PA). The generalised reduced syntactic tree of a
formula φ ∈ LPA is a pair 〈Aφ, lφ〉 where Aφ is a set of (arbitrary) sequences closed under
prefixes and lφ : Aφ → FormLPA such that conditions 1′, 2 and 4 from Definition 20 are satisfied
together with the generalised variant of condition 2:

2’ if φ =
∨
i<x+1 ψi for some formulae ψ0, ψ1, . . ., ψx then Aφ =

⋃
i<x+1 i

_Aψ1 , lφ(ε) = φ

and for every σ ∈ Aψi , lφ(i_σ) = lψ0(σ).

We shall denote the above measure with Compl∗(x).

Definition 213. LetM be any model of PA and φ ∈ FormM. We shall say that a set A ⊂ M

decides φ if for every β ∈ Asn(φ) we have either φ[β] ∈ A or ¬φ[β] ∈ A.

Nowwe can prove the following lemma which distinguishes Weak Kleene operator Θ from
its Strong version:

Lemma 214. LetM |= PA and φ ∈ FormM. For every n we have

ΓMDC(n) decides φ ⇐⇒ Compl∗(φ) ≤ n

Proof. Let us fixM and φ ∈ FormM and omit both the superscriptM and the subscript DC in
ΓMDC(n). Let us observe that for every n both Γ(n) and Compl∗(x) ≤ n are definable inM. We
will also use

tot(x,Γ(n))

(and (totv(x,Γ(n)))) as an arithmetical formula defining the set of sentences (formulae) which
are decided by Γ(n). We use (external) induction on n and from now on work inM. For n = 0

the thesis follows immediately, since Γ(0) contains exactly (codes of) true atomic sentences and
(codes of) negations of false atomic sentences. Let us assume that our thesis holds for k. Let
us fix arbitrary φ ∈ FormLPA and assume first that Γ(k + 1) decides φ. If φ is atomic or negated
atomic then it is certainly of complexity atmost k+1. If not, then by considering each connective
separately it is easy to demonstrate that Γ(k) decides all immediate subformulae of φ. Indeed
let us show the

∨
case: working inM suppose for some set c, φ =

∨∗ c. Let us fix arbitrary
β ∈ Asn(φ). By our assumption we have

φ[β] ∈ Γ(k + 1) ∨ ¬φ[β] ∈ Γ(k + 1)

Without loss of generality let us assume that the first holds. Then by the definition of Γ(k) for
every θ ∈ cwe have

tot(θ[β],Γ(k))
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(β is also an assignment for θ by Definition 196) which means that Γ(k) decides θ[β], hence by
our induction assumption every θ ∈ c is of complexity at most k. Hence, φ is of complexity at
most k + 1.

Let us now show ∃ case. Suppose φ = ∃vψ. Let us fix arbitrary β ∈ Asn(ψ). Let us call β′

the restriction of β to the free variables of φ. Then by our assumption we have

φ[β′] ∈ Γ(k + 1) ∨ ¬φ[β′] ∈ Γ(k + 1)

Let us assume that φ[β′] ∈ Γ(k + 1). In particular,we have

totv(ψ[β′],Γ(k))

which implies that Γ(k) decides ψ[β]. In the second case, i.e. ¬φ[β′] ∈ Γ(k + 1),we have

∀x(¬ψ[β′](x)) ∈ Γ(k).

In particular, since ¬ψ[β′](β(v)) = ¬ψ[β] we have ¬ψ[β] ∈ Γ(k). Hence, Γ(k) decides ψ and
by our induction assumption ψ is of complexity at most k. It follows that φ is of complexity at
most k + 1.

Let us now demonstrate the converse implication. Assume that φ is of complexity at most
k+ 1. Let us fix arbitrary β ∈ Asn(φ). If φ is atomic, then it is clearly decided by Γ(k+ 1), since
atomic formulae are decided already by Γ(0). Let us assume that φ is a compound formula and
distinguish cases:

Case 1 Assume that φ starts with a negation sign. Let φ = ¬ψ. In particular,Compl(ψ) ≤ k,
hence Γ(k) decides ψ. In such case β ∈ Asn(ψ). We have

ψ[β] ∈ Γ(k) ∨ ¬ψ[β] ∈ Γ(k)

If the first disjunct holds, then ¬φ[β] ∈ Γ(k + 1) (¬φ = ¬¬ψ). If the second one, then φ[β] ∈
Γ(k + 1), (φ = ¬ψ) since Γ(k) is monotone in k.

Case 2 Assume that for some set of sentences c, φ =
∨∗ c. Then every θ ∈ c is of complexity at

most k, hence Γ(k) decides every disjunct of φ. It means that we have

∀θ ∈ c tot(θ[β],Γ(k))

Of course β ∈ Asn(θ), for every θ ∈ c. Now, either for all θ ∈ c ¬θ[β] ∈ Γ(k) or there is θ ∈ c
such that θ[β] ∈ Γ(k). In the first case ¬

∨
ψ∈c ψ[β] ∈ Γ(k+ 1), in the second -

∨
ψ∈c ψ[β] ∈ Γ(k).

Case 3 Assume that φ = ∃vψ and ψ is of complexity at most k. By our assumption Γ(k) decides
ψ i.e. we have

∀β ∈ Asn(ψ)
(
ψ[β] ∈ Γ(k) ∨ ¬ψ[β] ∈ Γ(k)

)
Let us fix arbitrary β ∈ Asn(φ). By the above and the fact that ψ[β] has at most one free variable
we have

∀x
(
ψ[β](x) ∈ Γ(k) ∨ ¬ψ[β](x) ∈ Γ(k)

)
i.e. totv(ψ[β],Γ(k)). Hence, either

totv(ψ[β],Γ(k)) ∧ ∃x
(
ψ[β](x)

)
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or
∀x

(
¬ψ[β](x)

)
holds. By the definition of Γ(k + 1) it is now clear that either ∃vψ[β] ∈ Γ(k + 1) or ¬∃vψ[β] ∈
Γ(k + 1). Since β was arbitrary this step is finished, and so is the whole proof.

Corollary 215. LetM |= PA and φ ∈ FormM. For every n we have

∃β
(
φ[β] ∈ Γ(n) ∨ ¬φ[β] ∈ Γ(n)

)
⇐⇒ Compl∗(φ) ≤ n

Proof. Let us fixM and φ ∈ FormM. The right-to-left implication is an immediate corollary
from Lemma 214. Let us assume that for some n and some β ∈ Asn(φ) we have(

φ[β] ∈ Γ(n) ∨ ¬φ[β] ∈ Γ(n)

Since φ[β] is a sentence, then for any γ ∈ Asn(φ[β]) we have

φ[β][γ] = φ[β].

It follows that Γ(n) decides φ[β], hence by the left-to-right implication in Lemma 214 we have
that the complexity of φ[β] is at most n. But the complexity of a formula does not depend on
the terms occurring in it, hence the complexity of φ is also at most n.

In the following considerationsM is an arbitrarymodel of PA. Proof of the next proposition
is straightforward:

Proposition 216. Let φ ∈ FormM. ΓMDC(ω) decides φ if and only if for some n ΓMDC(n) decides φ.

Sketch of the proof. The implication from right to left follows frommonotonicity ofΓMDC(α). From
left to right we use Corollary 215: if ΓMDC(α) decides φ, then for some n and some β ∈ Asn(φ)

either φ[β] or ¬φ[β] is an element of ΓMDC(n). Fixing n, by Corollary 215, the complexity of φ is
at most n and, consequently, (once again invoking the corollary) Γ(n) decides φ.

Definition 217. Let c ∈ SetSentM. We say thatΓ(α) decides c if and only if for everyψ ∈M c,Γ(α)

decides ψ.

The following proposition is a crucial application of Lemma 214:

Proposition 218. For every c ∈ SetSentM, Γ(ω) decides c if and only if for some n Γ(n) decides c.

Proof. The proof of right-to-left implication is straightforward and follows from monotonicity
of Γ and the definition of Γ(ω). Let us fix c ∈ SetSentM and suppose that for every n ∈ ω, Γ(n)

does not decide c. Hence, for every n ∈ ω there exists a sentence ψn ∈M c such that Γ(n) does
not decide ψn. By Lemma 214 every ψn is of complexity strictly greater than n. Now, we use
induction inM: since Compl∗ is definable inM, we have

for all n ∈ ω,M |= ∃ψ ∈ c
(
Compl∗(ψ) > n

)
(5.12)

By the Overspill Lemma (see Lemma 54) there exists d ∈M such that for all n ∈ ω, d >M n and

M |= ∃ψ ∈ c
(
Compl∗(ψ) > d

)
(5.13)

In particular, by Lemma 214, there exists ψ ∈M c such that for no n, Γ(n) decides ψ. Hence,
Γ(ω) does not decide ψ and, consequently, Γ(ω) does not decide c.
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Now we can prove Proposition 211:

Proof of Proposition 211. The inclusion Γ(ω) ⊆ Γ(Γ(ω)) follows from the monotonicity of Γ. To
demonstrate the converse inclusion let us fix φ and assume that φ ∈ Γ(Γ(ω)). If φ is an atomic
sentence or negation of an atomic sentence (in the sense ofM), then it is decided already byΓ(0)

and hence it belongs to Γ(Γ(ω)) if and only if it belongs to Γ(ω). We shall split the proof in four
steps depending on the main connective of φ. The steps will jointly complete our reasoning:

Case 1. Let us suppose that φ =M
∨∗ c for some c ∈ M . Since φ ∈ Γ(Γ(ω)), then for every

ψ ∈M cwe have
tot(ψ,Γ(ω))

and for some ψ ∈ c, n ∈ ω, ψ ∈ Γ(n). By Proposition 218 there is k ∈ ω such that Γ(k) decides c.
In particular,it must be the case that φ ∈ Γ(k+1), since Γ(k) decides ψ and ψ ∈ Γ(n) (otherwise
Γ(ω) would be inconsistent). Hence, φ ∈ Γ(ω) as well.

Case 2. Let us suppose that φ =M ¬
∨∗ c for some c ∈ M . Since φ ∈ Γ(Γ(ω)), then for every

ψ ∈M cwe have
¬ψ ∈ Γ(ω)

In particular,c is decided by Γ(ω). By Proposition 218 there is k ∈ ω such that Γ(k) decides c.
Since Γ(ω) is consistent, it means that for every ψ ∈M c, ¬ψ ∈ Γ(k). Hence, φ ∈ Γ(k + 1) and,
consequently, φ ∈ Γ(ω).

Case 3.Assume φ = ∃vψ. Then it follows that for some a ∈M , ψ(a) ∈ Γ(ω). Hence, for some n,
ψ(a) ∈ Γ(n). Let us fix n. By Corollary 215 and Lemma 214, Γ(n) decides ψ. In particular,for
the chosen n ∃vψ ∈ Γ(n) and hence φ ∈ Γ(ω).

Case 4.Assume φ = ¬∃vψ. Then it follows that for every a ∈M , ¬ψ(a) ∈ Γ(ω). In particular,for
somen,¬ψ(0) ∈ Γ(n). Hence, by Lemma 214ψ is of complexity atmostn and as such is decided
by Γ(n). Let us fix n. It follows that for every a ∈ M , ¬ψ(a) ∈ Γ(n), for otherwise Γ(ω) would
be inconsistent. In particular,φ ∈ Γ(n+ 1) and hence also φ ∈ Γ(ω).

By the above proposition we know that for arbitraryM |= PA,

(M,ΓMDC(ω)) |= WPT− + DC.

Let us now show that suchmodels satisfy also internal induction, whichwill complete the proof
of model-theoretical conservativity of WPT− + DC + INT.

Proposition 219. For everyM |= PA, (M,ΓMDC(ω)) |= INT.

Proof. Let us fixM and φ ∈ Form≤1
M . Assume that φ(0) ∈ Γ(ω) and for every a ∈ M , if φ(a) ∈

Γ(ω), then φ(a+ 1) ∈ Γ(ω). By our assumption there is an n ∈ ω such that φ(0) ∈ Γ(n). Let us
fix n. Since the complexity of a formula does not depend on which terms occur in it, by Lemma
214 we can conclude that φ is of complexity at most n. In consequence, Γ(n) decides φ and we
have

for every a ∈M φ(a) ∈ Γ(n) ⇐⇒ φ(a) ∈ Γ(ω)
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Hence, for every a ∈ M , if φ(a) ∈ Γ(n), then φ(a+ 1) ∈ Γ(n). Since Γ(n) is definable inM,
then

θ(x) := φ(x) ∈ Γ(n)

is an arithmetical formula and we have

M |= θ(0) ∧ ∀x
(
θ(x)→ θ(x+ 1)

)
Hence, by induction inMwe getM |= ∀xθ(x) and in particular, for every a ∈M , φ(a) ∈ Γ(n).
Hence, also for every a ∈M , φ(a) ∈ Γ(ω) and our proof is finished.

Digression 2: Comparing Weak and Strong Kleene Logic

One of the most interesting questions in axiomatic truth theories is whether compositional the-
ories based on Weak Kleene Logic are weaker than the respective compositional theories based
on Strong Kleene Logic. The question was originally posed by Volker Halbach (personal com-
munication) in the context of WKF− and KF− and used the notion of relative truth definability
as the explication of the notion of "strength". More concretely, the question was:

Is KF− relatively truth definable in WKF−?

Fujimoto (in [17]; WKF− was introduced there) showed that the converse holds. In partic-
ular, in the context of typed theories of truth we may ask the following variant:

Is PT− relatively truth definable in WPT−?

Also, in this case one can demonstrate that WPT− is Fujimoto definable in PT−. Answers to
both questions about the opposite direction are yet to be found. What we were able to discover
so far is that, in some contexts, applying theWeakKleene Logic instead of the Strong one results
in weaker theory: we have shown thatWPT−+DC+INT ismuchweaker than PT−+DC+INT;
in particular,

Theorem 220. PT− + DC + INT is not relatively truth definable in WPT− + DC + INT.

This proposition follows easily from the proof-theoretical non-conservativity of the former
theory and model-theoretical conservativity of the latter (jointly with Proposition 85). In fact,
the above theorem may be strengthened: even PT− + INT(tot) is stronger than WPT− + DC +

INT (although not as much as PT− + DC + INT): as was shown by Bartosz Wcisło (Theorem
2.1 in [5]) adding to PT− internal induction only for total formulae suffices to yield a model-
theoretically non-conservative theory (over PA). 3 Consequently, PT−+INT(tot) is not relatively
truth definable in WPT− + DC + INT.

3 It can be shown that every model of PT− + INT(tot) is short recursively saturated.
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5.3 Reflection principles

In this subsection we shall study the strength of various reflection principles when added to
PT− andWPT−. Since our primary objective is to verify whether "Many Faces" theorem can be
transferred to the partially compositional settingwe shall work solelywith truth theories (as not
all equivalences in this theorem are known for CS−). Let us make one preliminary observation
that, from the very beginning simplifies our considerations. Let us recall that

PrCPC(x)

is an arithmetical predicate representing in PA the property

"x is an instantiation of formula provable in CPC with formulae of LPA."

(where CPC stands for Classical Propositional Calculus).

Proposition 221. PT− + ∀φ
(
PrCPC(φ)→ T (φ)

)
` Tot. The same holds forWPT−.

Proof. The proof is immediate: since (PA proves that) for each φ ∈ SentLPA , φ ∨ ¬φ is an instan-
tiation of a CPC provable formula, then both in PT− as well as in WPT− case we get

PT− + ∀φ
(
PrCPC(φ)→ T (φ)

)
` ∀φ T (φ ∨ ¬φ)

the same being true for WPT−. Since both theories prove

∀φ
(
T (φ ∨ ¬φ)→

(
T (φ) ∨ T (¬φ)

))
our proof is finished.

In particular, by Proposition 105 we see that if Θ is an arbitrary reflection principle (of type
considered in Section 3.4, Chapter 3), then

PT− + Θ and WPT− + Θ

are deductively equivalent. Hence, without loss of generality in our considerations we can
focus exclusively on PT−. Let us make the following easy observation that will however bring
to light very interesting consequences.

Proposition 222. PT− + ∀φ
(
PrTCPC(φ)→ T (φ)

)
` CT0

Proof. By the "Many Faces" theorem togetherwith Propositions 221 and 105 all we need to show
is that

PT− + ∀φ
(
PrTCPC(φ)→ T (φ)

)
` Cons

The above is in fact very easy: working in PT− + ∀φ
(
PrTCPC(φ) → T (φ)

)
assume there exists φ

such that
T (φ) ∧ T (¬φ)
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then we have PrTCPC(φ ∧ ¬φ). Since also, by ex falso quodlibet, we have

PrTCPC((φ ∧ ¬φ)→ (0 = 1)),

we can invoke modus ponens inside PrTCPC(x) and obtain PrTCPC(0 = 1). Applying the closure
reflection principle we obtain

T (0 = 1)

and the just obtained contradiction ends our proof.

In particular, we can reconstruct this part of "Many Faces" theorem, which refers to closure
reflection principles:

Theorem 223. The following theories have the same consequences:

1. PT− + ∀φ
(
PrTCPC(φ)→ T (φ)

)
2. PT− + ∀φ

(
PrT∅ (φ)→ T (φ)

)
3. PT− + ∀φ

(
PrTPA(φ)→ T (φ)

)
4. CT0

Let us observe that, by the results of the last section, any above-listed theory is deductively
equivalent to PT0 and is a notational variant of WPT++

0 . In particular, its set of arithmetical
consequences is deductively equivalent to the first reflective closure of PA, URω(PA), as defined
in Section 3.4. Let us now turn to the completeness reflection principles, as here the differences
emerge. To begin with, we shall show the obvious lower bound on the arithmetical strength of
the resulting extensions of PT−. Since our proofs are, in a sense, uniform in the theory we take
the uniform reflection over, we will formulate the following theorems in greater generality. In
what follows, Th is any arithmetically definable arithmetical theory (see Definition 7).

Proposition 224. PT− + ∀φ
(
PrTh(φ)→ T (φ)

)
` UR(Th)

Proof. Let us fix arbitrary formula φ(x0, . . . , xn). We work in PT− + ∀φ
(
PrTh(φ)→ T (φ)

)
: for

arbitrary x0, . . . , xn, by the reflection principle we have

PrTh(φ(x0, . . . , xn))→ T (φ(x0, . . . , xn))

Hence, since PT− ` UTB−, the succedent of the above implication is equivalent to φ(x0, . . . , xn)

and we get
PrTh(φ(x0, . . . , xn))→ φ(x0, . . . , xn)

which ends the proof.

It turns out that, contrary to the CT− case4, in the contexts where PA+UR(Th) ` SCon(Th)

(see Proposition 72), PT− does not prove any more than the above proposition shows.
4 By "Many Faces" Theorem CT− + ∀φ

(
PrPA(φ)→ T (φ)

)
is deductively equivalent to CT0, hence arithmetically

much stronger than UR(PA).
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Theorem 225. PT−+∀φ
(
PrTh(φ)→ T (φ)

)
is proof-theoretically conservative over PA+SCon(Th).

Proof. We shall demonstrate that for each model K |= PA + SCon(Th) there exists a model
K′ |= PT−+∀φ

(
PrTh(φ)→ T (φ)

)
which is LPA-elementarily equivalent toK. If PA+SCon(Th)

is inconsistent, then there is nothing to prove, so let us fix K |= PA+ SCon(Th). By Proposition
67 there exists M |= UTB + SCon(Th) such that K �LPA M. Then, by Theorem 66, M is
recursively saturated. We shall use the fact that in such models there are particularly simple
extensions of PT− truth predicate. Intuitively their simplicity rests upon the fact that each
their approximation is definable (in fact we used this property while proving Theorem 204 and
Theorem 209). Let ΓM be the operator defined in 115. By Lemma 117 ΓM(ω) ⊆M is a fixpoint
of ΓM and hence an extension for the PT− truth predicate. Let us define (as we keepM fixed
we shall skip the superscript in Γ):

Γ( ω) := {φ ∈M | ¬φ /∈ Γ(ω)} (5.14)

Now, by Proposition 116, (M,Γ( ω)) |= PT−. We shall show that

(M,Γ( ω)) |= ∀φ
(
PrTh(φ)→ T (φ)

)
which will end the whole proof. Let us fix arbitrary sentence φ in the sense ofM and assume
that

¬T (φ)

This implies that p¬φq ∈ Γ(ω). Hence, there is an n such that ¬φ ∈ Γ(n). Now, as we already
observed in Lemma 205, for every n there exists an arithmetical formula x ∈ Γ(n) such that

x ∈M Γ(n) = Γ(n)

In particular,we have
M |= ¬φ ∈ Γ(n)

LetN be any model satisfying the thesis of Theorem 70. Then, sinceM≺ N and ¬φ ∈M then

N |= ¬φ ∈ Γ(n)

and the same is true also inM, i.e.

M |=
(
N |=N ¬φ ∈ Γ(n)

)
(5.15)

Now by the external induction on k ∈ ω in the (ZFC) formula

Θ(k) :=

(
M |= ∀ψ(v̄)

(
N |=N ∀v̄

(
(ψ(v̄) ∈ Γ(k))→ ψ(v̄)

)))
(5.16)

we show that
∀k Θ(k)

which, using 5.15 and the fact that ¬φ is a sentence, will end the proof, since we will get

M |=
(
N |=N ¬φ

)
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which impliesM |= ¬PrTh(φ) by the Arithmetised Completeness Theorem (Theorem 49). Let
us decipher the meaning of Θ(k): in M it has to be satisfied that for every formula ψ (i.e.
every formula in the sense of M) in N the one-way uniform Tarski biconditional hold for ψ. In
particular,∀v̄ is meant to bind all the free variables in ψ and ψ(v̄) denotes the unique formula
(in the sense ofM) of the following kind

∃wi0 . . . ∃wik
(
(
∧
j≤k

wij = vij ) ∧ ψ[wi0/vi0 , . . . , wik/vik ]
)
.

Let us note that this time the (possibly non-standard) quantifier prefixes need not trouble us:
since

N |=N ∀v̄
(
(ψ(v̄) ∈ Γ(k))→ ψ(v̄)

)
is an LPA formula (possibly with parameters) for a fixed k the argument can be carried out in
PA. The base step for k = 0 follows easily, because in such a case (M satisfies that) any ψ such
that (M satisfies that N satisfies that) for some x̄

ψ(x̄) ∈ Γ(0)

has to be an atomic formula of type s = t, for some (not necessarily closed) terms s, t (s, t are
terms in the sense of M.) By the definition of Γ(0)

M |=
(
N |=N (s(x̄)◦ = t(x̄)◦)

)
By the PA provable properties of satisfaction relation and the fact that for every x, x◦ = x, the
above is equivalent to

M |=
(
N |=N (s(x̄) = t(x̄))

)
.

In the proof of the induction step we use the fact that each Γ(k) is defined by induction on the
build-up of φ in terms of Γ(k − 1). We distinguish cases (and all the time reason inM).

Case 1: Assume ψ(x̄) = ¬(ψ1(x̄) ∨ ψ2(x̄)) then we have for arbitrary ā ∈ N :

N |=N
(
¬ψ(ā) ∈ Γ(k)

)
⇐⇒ N |=N

(
¬ψ1(ā) ∈ Γ(k − 1) ∧ ¬ψ2(ā) ∈ Γ(k − 1)

)
⇐⇒ N |=N ¬ψ1(ā) ∈ Γ(k − 1) ∧N |=N ¬ψ2(ā) ∈ Γ(k − 1)

⇐⇒ N |=N ¬ψ1(ā) ∧N |=N ¬ψ2(ā)

=⇒ N |=N (¬ψ1 ∧ ¬ψ2)(ā)

⇐⇒ N |=N ¬(ψ1 ∨ ψ2)(ā)

Case 2: Assume ψ(x̄) = (ψ1(x̄) ∨ ψ2(x̄)) then we have for arbitrary ā ∈ N :

N |=N
(
ψ(ā) ∈ Γ(k)

)
⇐⇒ N |=N

(
ψ1(ā) ∈ Γ(k − 1) ∨ ψ2(ā) ∈ Γ(k − 1)

)
⇐⇒ N |=N ψ1(ā) ∈ Γ(k − 1) ∨N |=N ψ2(ā) ∈ Γ(k − 1)

=⇒ N |=N ψ1(ā) ∨N |=N ψ2(ā)

⇐⇒ N |=N (ψ1 ∨ ψ2)(ā)
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Case 3: Assume ψ(x̄) = ∃yψ1(x̄), then for arbitrary ā ∈ N we have

N |=N
(
ψ(ā) ∈ Γ(k)

)
⇐⇒ N |=N

(
∃y(ψ1(ā, y) ∈ Γ(k − 1))

)
⇐⇒ ∃y ∈ NN |=N ψ1(ā, y) ∈ Γ(k − 1)

=⇒ ∃y ∈ NN |=N ψ1(ā)(y)

⇐⇒ N |=N ∃yψ1(ā)

Case 4: Assume ψ(x̄) = ¬∃yψ1(x̄), then for arbitrary ā ∈ N we have

N |=N
(
ψ(ā) ∈ Γ(k)

)
⇐⇒ N |=N

(
∀y(¬ψ1(ā, y) ∈ Γ(k − 1))

)
⇐⇒ ∀y ∈ NN |=N ¬ψ1(ā, y) ∈ Γ(k − 1)

=⇒ ∀y ∈ NN |=N ¬ψ1(ā, y)

⇐⇒ ∀y ∈ NN |= ∀y¬ψ(ā)

⇐⇒ N |= ¬∃yψ(ā)

This ends the whole proof.

Let us note two particularly interesting corollaries

Corollary 226. PT− + ∀φ
(
PrPA(φ)→ T (φ)

)
is conservative over UR(PA).

Proof. This easily follows from the above theorem and Proposition 72.

Corollary 227. PT− + ∀φ
(
Pr∅(φ)→ T (φ)

)
is conservative over PA.

Proof. This is an easy consequence of the above theorem, Proposition 72 and Theorem 62.



6. SUMMARY: THE BIG PICTURE

Themain aimof our research in this dissertationwas to determine the proof-theoretical strength
of extensions of three basic compositional theories of truth: CT−, PT− and WPT−. We studied
which arithmetical sentences becomes provable when we add principles of the following three
kinds to these theories:

1. ∆0 induction for LT ;

2. Reflection Principles, which can be subdivided into

(a) Completeness Reflection Principles:

i. Global Reflection: ∀φ
(
PrPA(φ)→ T (φ)

)
;

ii. First-Order Logic Completeness Principle: ∀φ
(
Pr∅(φ)→ T (φ)

)
;

iii. Propositional Logic Completeness Principle: ∀φ
(
PrCPC(φ)→ T (φ)

)
;

(b) Closure Reflection Principles:

i. First-Order Logic Closure Principle: ∀φ
(
PrT∅ (φ)→ T (φ)

)
;

ii. Propositional Logic Closure Principle: ∀φ
(
PrTCPC(φ)→ T (φ)

)
;

3. Additional axioms:

(a) DisjunctiveCorrectness (for every basic compositional truth theorydefined in a slightly
different way, see Definition 134);

(b) Internal Induction: ∀φ
((

T (φ(0))∧∀x
(
T (φ(x))→ T (φ(x+ 1))

))
→ ∀xT (φ(x))

)
.

The first of the original results of this dissertation was presented in Chapter 4. It stated
that when ∆0 induction for LT is added to CT−, then the resulting theory proves the Global
Reflection (we proved a slightly stronger statement, that Global Reflection is derivable in the
respective theory of satisfaction (CS0)). Our contribution consists of directly fixing the gap
in Kotlarski’s proof from [28]. The gap was discovered in 2008. Jointly with the results of
Cieśliński and Enayat, this allows us to conclude that extending CT− with any principle of
the above list results in the same theory (up to deductive equivalence). This is the content of
"Many Faces" Theorem 170. In Theorem 126, with the major help of Kotlarski’s earlier result,
we characterized the set of arithmetical consequences of CT0 as theorems of URω(PA).

Having realised that, over CT−, many intuitively different principles yield the same theory,
in Chapter 5, we studied whether this phenomenon transfers to the setting of non-classically
compositional truth theories. Below, we summarize the findings of this chapter:
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1. ∆0 Induction:

It was shown that extending PT− with ∆0 induction for LT results in the theory deduc-
tively equivalent to CT0. The problem for the analogous extension of WPT− is open.
However, we showed that if WPT− is extended with compositional axioms for bounded
quantifiers (which are added to the arithmetised language as new primitive symbols;
we called this theory WPT−+) or strong implication (which is added to the arithmetised
language as a new primitive symbol; we called this theory FPT−), then the ∆0 inductive
extensions of these theories are "the same" as CT0, modulo the translation of arithmetised
languages. To formalise this relation, we introduced the notion of a notational variant of
a theory of truth; hence, proving that FPT0, WPT+

0 and CT0 are mutual notational vari-
ants of each other. We showed that all these results transfer to the setting of theories of
satisfaction.

2. Reflection Principles

We started by observing that if φ is any reflection principle listed in point 2 of the above
list, then PT− + φ is deductively equivalent to WPT− + φ; hence, without loss of gener-
ality, we may concentrate on the extensions of PT−. We showed that, over PT−, closure
reflection principles are strictly stronger, than their "completeness" analogues. More con-
cretely: if φ is any closure reflection principle, then PT− + φ is deductively equivalent to
CT0. However,

(a) the arithmetical consequences of PT− + ∀φ
(
PrPA(φ) → T (φ)

)
are the same as con-

sequences of UR(PA). Hence, PT− + ∀φ
(
PrPA(φ) → T (φ)

)
is proof-theoretically

weaker than CT0;

(b) PT− + ∀φ
(
Pr∅(φ)→ T (φ)

)
is proof-theoretically conservative over PA.

3. Additional Axioms:

We have shown that PT−+DC+INT is a onemore theory of truth deductively equivalent
to CT0. However,

(a) WPT− + DC + INT is model-theoretically conservative over PA (we remind that in
this case the disjunctive correctness axioms are adjusted to Weak Kleene logic).

(b) PT− + DC + INT(tot) is proof-theoretically conservative over PA.

In particular, both the above theories are strictly weaker than PT− + DC + INT.

Let us end this dissertation by pointing to possible lines of continuation of our work. We
ask the following questions:

Question 1 What is the proof-theoretical strength of CT− + DC?

Question 2 What is the proof-theoretical strength of CT−+∀φ
(
PrCPC(φ)→ T (φ)

)
; i.e. CT− extended

with the completeness principle "All tautologies of Propositional Logic are true"?

Question 3 IsWPT0 deductively equivalent toCT0 (as PT0 andWPT+
0 are)? If not, is it proof-theoretically

conservative over PA?
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